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ITPOBJIEMbBI AHAJIOT'O-IU®POBOI'O ITPEOBPA3OBAHUA
ITPU UBMEPEHMHU BOJIHOBOI'O ITAKETA
POEMTOCEKYHJIHBIX UMITYJIbCOB

B npescTaBieHHOM cTaThe MPOBEJECH TEOPETUUECKHUH aHaIN3 U JJAHO CUCTEMHOE METOZOJIOTHYECKoe 000CHOBaHUE
MOAXOJ0B K MOBBINIEHHIO TOYHOCTH PErMCTPAlMM BOJIHOBBIX ITAKETOB (DEMTOCEKYHIHBIX JIa3epHBIX HMITYJIbCOB.
JlanHas 3a/1aua Ha CErO/HSIIHUN JIEHb MPU3HAETCS] OJJHOI U3 HanOoJiee MPUOPHUTETHBIX JUIS KAYECTBEHHOT'O Pa3BH-
THSI CUCTEM MMITYJIbCHON TepareplioBOi CIIEKTPOCKONNHU BO BpeMeHHOW obnacTu. O0yCIIOBIeHA aKTyalbHOCTh IIPO-
BE/ICHHOTO HCCIIEAOBAHUS OOBEKTUBHOM HEOOXOIMMOCTBIO HUBEIUPOBAHMS HMCKaXEHUH, BBI3BAHHBIX 3(dexTom
JIMacHHra, KOTOphle HEN30€KHO BO3HHKAIOT IPH NH(POBOI 00pabOTKE MIMPOKONOJOCHBIX CHUTHAJIOB B YCIOBHAX
OTPAaHWIEHHOTO OBICTPOAEHCTBUSI MPUEMHBIX TPakToB. [IpeaMeToM aBTOPCKOTO BHHMAHHUS BBICTYIAET ITOCTPOCHUE
¥ BepuUKanus aHATUTHYECKONH MOJIEIH, ONHCHIBAIONIEH IPOIECC COBMECTHOTO NPHMEHEHHMs aIlllapaTHON aHTH-
anacHOi GUIbTpanuy Ha 6a3e MHOTOCIONHBIX METAIllOBEPXHOCTEH U CIIEIMAIN3NPOBAHHBIX AITOPUTMOB CYOIHCK-
perm3anuu (undersampling).B xone BeimosiHeHHsS pabOTHI OblIa CYIIECTBEHHO YTOYHCHA MaTEeMaTHYECKas MOJIEIb
npolecca AUCKPETH3al|H, YTO MO3BOJIMIIO B SIBHOM BHJIE ONPEEIUTh TPAHUUHBIE YCIOBHUS, HEOOXOAUMBIE JIIS KOP-
PEKTHOI'O BOCCTAHOBIJICHHsI ()OPMBI UMITyJIbca Oe3 morepu (azoBoil nHpopMaunu. Ha ocHOBe aHanmu3a 3JIeKTpOIu-
HaMHUYECKHX XapaKTePUCTUK KBA3UONTHYECKUX MHTEP(EPEHIIMOHHBIX CTPYKTYp aBTOPOM ITOKa3aHO, YTO MCIOJIb30-
BaHMEe (UIBTPOB C KPYTH3HOM creKkTpanbHoro crnazna oonee 30 nb/okraBy hopMHpyeT HaJaeKHBIH TEOpEeTHYECKUI
(hyHIAMEHT IS YBEJIMYCHUST BPEMEHHOTO mmara BEIOOpKH B 6.5 pa3 — co 125 1o 820 ¢c. Ocoboe BHUMaHHKE B pado-
TE yIEJICHO BTOPHUHOI 00paboTKe MacCHBOB HKCIIEPUMEHTANIBHBIX JaHHBIX, B X0/1¢ KOTOPOH OBUIO MOATBEPXKICHO,
YTO pacdeTHas IOTPEHIHOCTh BOCCTAHOBIICHUS KIIFOUEBBIX CIIEKTPAIBHBIX IapaMEeTPOB IIPH PEATU3AIUU MPEIIIO-
JKEHHOTOo rojxona He npesbinaeT 2.3 %. ChopMyInpoBaH UTOTOBBIH BBIBOJ O TOM, YTO NpPEJIOKEHHAas B padore
MHTETpaLysl alnapaTHbIX U IPOTPAMMHBIX PELICHHH IT03BOJISIET KPATHO CHU3UTh TPEOOBaHMS K YaCTOTHBIM Xapak-
TEPUCTUKAM JJICKTPOHUKH, 00ECIIeUNBAast PU 3TOM NPEUN3NOHHOCTh U3MEPEHUH, JOCTATOUHYIO JIIsSl PELIeHUs 33124

Hepas3pyLIAoIIero KOHTpoIs ¥ QyHAaMeHTalIbHOM CIIEKTPOCKONMY KOHIEHCHPOBAHHBIX CPEI.

Kniouegvie crnosa: heMTOCEKYHIHBIE HMITYJIECHI, BOTHOBOH MAKET, TOYHOCTh U3MEPEHNS, aHTHATNACHAS
¢$unpTpanus, CyoIMCKpeTH3aNus, TepareprioBasi CIeKTPOCKOIIHS

BBEJAEHUE

BypHoe pa3BuTHE J1a3€pHBIX TEXHOJOTMH B IIO-
CIIEZIHAE JAECSITUIIETUS! NPHUBEJO K CO3JAHHIO HAJEXK-
HbIX UCTOYHHUKOB CBCPXKOPOTKHUX CBETOBLIX HUMITYJIb-
COB (PEMTOCEKYHHOTO JHara3oHa. JTO, B CBOIO O4Ye-
pe€ab, OTKPBUIO NPUHIUIINAJIBHO HOBBIC TOPHU30HTLI
B HMCCJIEOBAaHUM CBEPXOBICTPBIX MPOLECCOB B Belle-
CTBE, TMOJIOKUB Hayaslo 3pe (PeMTOCEKYHTHOH CIeK-
TPOCKOIIMH ¥ UMITYJIbCHOU TeparepuoBoit (T1') crek-
TpocKomuu Bo BpeMeHHOi obnactu (THz-TDS) [1, 2].
I[aHHBIC METOJbI CTAJIN HE3AMCHUMBIM MHCTPYMECHTOM
B (pHU3MKEe KOHICHCHUPOBAHHOI'O COCTOSIHUS, XUMHH
OBICTPOITPOTEKAIONINX  MPOLECCOB, MOJICKYJISIPHOM
OMOJIOTMN U COBPEMEHHOM MaTepualioBeeHnu. Bos-
MOJKHOCTh T'€HEpalliid U KOI'epEeHTHOIO JeTEeKTHPOBa-
HUSl DJIEKTPOMarHUTHOro wu3nydeHuss B Tl u-nua-
na3oHe IMO3BOJISIET B PEaTbHOM BpPEMEHHM HaOIr0IaTh
3a TUHAMHKOW XMMHYECKUX PEaKIvii, KOieOaTeIbHO-
BpallaTeIbHBIMU IEPEX0aMH MOJIEKYJI, (POHOHHBIMU
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MOJIaMH B KpHCTaJlJIaX M JBM)KEHHEM HOCHUTeNel 3a-
psida B MOYyIPOBOJHUKOBBIX HAHOCTPYKTYpax [3—5].

Kputnieckn BasKHBIM acmeKTOM JIOOOH CIIEKTPo-
CKOIIMYECKOM CHCTEMBI SBIISETCS TOYHOCTb H3Mepe-
HUS ITapaMETPOB PETUCTPUPYEMBIX BOJIHOBBIX IIaKe-
TOB — WX BpeMeHHOU (opmbl E(f), IIUTETHHOCTH,
¢da3pl M CHEeKTpPaJbHOTO cocTaBa. B cumcremax WM-
IyJIbCHOU TI'n-cniekTpockonuu perucrpaunus
BPEMEHHOTO TTPOGUIISI DIEKTPHUECKOTO TIOJSI HMITYJIb-
ca OCYILIECTBIETCS, KaK IIPABUIIO, METOAOM JIEKTPO-
OIITHYECKOI'0 CTPOOOCKOIIMYECKOTO JI€TEKTHPOBAHUS
WIA C WCMOJIb30BaHWeM (DOTOMPOBOASIINX aHTCHH.
[TomyueHHBIN aHAIOTOBBIA CHUTHAN HECET B cede WHc-
YepIbIBAIOIlyl0 MH(OPMAIMIO O CBOICTBaX HCCIe-
IyeMoro oOBbeKTa, 4epe3 KOTOPBIN MpOLIeT HUMITYJIbC
[6-9].

O[[HaKO Ha IMyTU K JOCTUKCHUIO IMPEACIBHO BBICO-
KO TOYHOCTH U3MEPEHUHN U PACUIUPEHUIO JUHAMUYE-
CKOTO JlMama3oHa CIHEKTPOMETPOB BO3HUKAET pAL
(yHIAMEHTANbHBIX W TEXHHUYECKUX TPYAHOCTENL.
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OnHOM W3 HEHTpabHBIX MPOOJIEM SBJISIETCS MPOIECC
JHMCKPETH3AH aHAJIOTOBOIO CHTHAJIA, MOIy4aeMoro
C JeTeKTOpa, W ero mocjenyromas mnudposas odOpa-
6oTka. CiekTp eMTOCEKYHJHOTO UMITYJIbCA SIBIISET-
Csl Ype3BBIYAIHO HIMPOKUM, TPOCTUPASCH OT COTEH
rurarepi 1o jaecsiTkoB teparepn. CornacHo ¢yHna-
MEHTaJIbHOM TeopeMe OTcUYeTOB Yurrakepa — Korenb-
HukoBa — lllernnona [10], nas 0IHO3HAYHOTO BOCCTA-
HOBJICHHS HENPEPHIBHOTO CHT'HANAa €ro HeoOXOoauMo
JUCKPETH3UPOBaTh C YACTOTOH f;, KaK MHUHHMYM
BJIBO€ TPEBBIIIAIONICH MaKCUMAJIBHYIO YACTOTY fix
B €ro cuexTpe (f;, > 2fmax)-

B cospemennbix cucremax THz-TDS, ocoGenno
UCTIONB3YIOMUX OBICTPBIC JIMHUU 3a/I€PKKH WIIH CXe-
MBI ACHUHXPOHHOI'0O OITHYCCKOro COMINIMPOBAHUA
(ASOPS), cniexTp perucTpupyemMoro CHUTHajIa MOXKET
COACPKATH BBICOKOYACTOTHBLIC HIYMbI WJIM ITOJIC3HBIC
KOMITIOHCHTBI, BBIXOAANIMC 3a TMpPCACIbI YaCTOThI
HaiikBucTa HCIIonp3yeMoro aHamoro-1ug)poBoro mpe-
obpasosarens (ALIT). Hapymienue yciaoBus TeopeMbl
OTCYETOB MPHUBOINT K 3PPEKTy HATOKESHHUS CIIEKTPOB,
nunu anuacurry (aliasing) — SIBI€HUIO, IPH KOTOPOM
BBICOKOYACTOTHBIE KOMITOHEHTBI CHUTHAJa JIOXKHBIM
0o0pa3oM OTOOPaKAIOTCS B HU3KOYACTOTHYIO 00JIACTh
CHeKTpa. DTO MPHUBOIUT K HEOOPATHMBIM HCKaKEHH-
M pETHCTpUpPyeMOil (hOPMBI BOJIHOBOTO TAKeTa, I10-
SABJICHUIO JIOKHBIX CIICKTPAJIbHBIX JIMHUNA U CymecT-
BEHHOMY CHIDKEHHUIO OTHOIIEHWs curHam/mym [11,
12].

CranmapTHple MeTOABl OOpBOBI C ANMACHHTOM
MPEIoNaraloT UCTIOJIB30BaHNE DIIEKTPOHHBIX (UIIBT-
pos Hu3kux dactor nepex ALIl. Omnako B cimyuae
MIMPOKOMOJIOCHBIX HMITYJIbCHBIX CHUTHAJIOB pea3a-
U 3JCKTPOHHBIX (QUIBTPOB C JMHEHHOW (a3oBOi
XapaKTepPUCTUKON (HEOOXOIMMOW Ml COXpaHEHHUs
(hOpMBI MMITYJIbCA) M KPYTHIM CIaJIOM YaCTOTHOW Xa-
PAaKTEPUCTUKH TIPEJCTABIISIET COOOH CIOKHYIO WHXKe-
HepHyto 3amady. JlrobGas nucniepcusi B QUIbTpe Npu-
BE/IET K PACIUIBIBAHHMIO HMITYJIbca BO BPEMEHH, UYTO
HEAOMYCTUMO IJId NPCHHU3UOHHBIX I/I3Mep€HI/II\/'I.

AJbTepHAaTHBHBIM U OoOJiee MEePCIEeKTUBHBIM IOJI-
XO/IOM  SIBISIETCS TIPHUMEHEHHE KBa3HONTHYECKUX
($UIBTPOB, yCTaHABIMBAEMBIX HENIOCPEACTBEHHO B OTI-
THYECKOM TpaKTe CIEKTPOMETpa Iepes JEeTEKTOPOM
[13-15]. Takue UABTPHI, BHIMOJHEHHbIE HA OCHOBE
9aCTOTHO-CEJIEKTUBHBIX MTOBEPXHOCTEH (METamoBepX-
HOCTel), crocoOHBI 3(()EKTUBHO OTCEKATh Mapa3uT-
HOE BBICOKOYACTOTHOE M3Jy4YeHHE 10 MOMEHTA JIeTEeK-
THUPOBAHMS, HE BHOCS CYIIECTBEHHBIX (Da30BBIX HMCKa-
XKeHui B pabouem amamazoHe wactoT. Kpome Toro,
UCTIONIb30BaHNE METOJIOB CyOICKpeTH3anu
(undersampling) T1O3BOJIIET CHU3HUThL TPEOOBaHUS
K OBICTPOAEHCTBUIO JIIEKTPOHHKH, COXPaHSS MpH
3TOM HMH(OPMATUBHOCTH CHUTHANIA, €CJIM €ro CIEKTP
JIOKAJIM30BaH B OIPENIENICHHON Tojoce 4acToT [16,
17].

PEITAEMAS 3ATAYA

HecmoTpst Ha Hanmuune SKCIepUMEHTAIbHBIX Hapa-
6otok B obmactu TI'n-punbrpanuu [11, 16], o cux
MOp OTCYTCTBYET €IMHOE aHAIMTHYeCKoe 00OCHOBa-
HHUE ONTUMAJIBHOIO BBIOOPa MapaMeTpoOB AMCKPETU3a-
UMM TPA COBMECTHOM HCIIOJB30BAHUM  KPYTHIX
(UIBTPOB U ANTOPUTMOB CyOaHMCKpeTu3auu. JlanHas
paboTta mpu3BaHa BOCHOJIHHUTH 3TOT TPOOEN IMyTeM
BBIPaOOTKH PacyeTHOTO aJrOPUTMA.

Lenpro HacTosimield paboTHI SBISETCS TEOpETHYe-
CKUH aHalu3 U 000CHOBaHME YPPEKTUBHOCTA COBME-
CTHOTO NPUMEHEHHs aHTHAIMACHOM (MIbTpanuu
W TEXHUK CYOIMCKPETH3alMH AJIsl TOBBIIIEHHS TOYHO-
CTH M3MEPEHUs] BOJHOBOTO MakeTa (eMTOCEKYHTHBIX
HMILYJIbCOB.

NCIIOJIB3YEMBIE MATEPUAJIBI U METO/IbI

Mamemamuueckas moodenv 3¢phekma aruacunea

JIJ19 KOppEeKTHOTO OMUCaHUs Mpolecca UCKAKEHUs
CUTHaJa HeOOXOIMMO PacCMOTPETh MaTEMaTHUECKYIO
MOJIeNb TUCKpeTu3auu. [IycTh UCXOIHBINA BOJIHOBOM
IIakKeT (I)CMTOCGKYHI[HOFO UMIIyJIbCa ONHCBIBACTCA
HemnpepbsIBHOHN (GyHKIMeH BpemeHH E(f). Ero crmek-
TpaibHas TUIOTHOCTH S(w) ompeaensercs mnpeoodpaszo-
BanueM Oypee (1):

S(w) = ji E(t)e ™ dt. (1)

[Tpu undposoii peructpaumu curnan E(f) noasep-
raeTcsl MUCKPETU3AINK ¢ BPEMEHHBIM marom At = T,
YTO COOTBETCTBYET YacTOTe Juckperu3ammu f; = 1/ T,.
B pesynbrarte monydaercs TMOCIEAOBATEIBHOCTh OT-
cuetoB E(nT;). CornacHo Teopuu 1udpoBoit oOpa-
OOTKH CHTHAJIOB, CIIEKTP JAMCKPETU3UPOBAHHOTO CHT-
Hama Sy() CTAaHOBHUTCA TEPUOINYECKON (PYyHKIHEH
C MEepHOAOM 2727f; U MPEACTaBIsICT COOOU CymepIio-
3WIAI0 CABUHYTHIX KOTMMHA UCXOMHOTO crieKTpa (2):

Sd(a))z%iS(a)—kQﬁfs). )

W3 BeIpakenus (2) cnenyert, 9to ecnu cuektp S(w)
HUMECT HCHYJICBbIC 3HAUCHHA Ha 4YaCTOTaxX, IPEBLbI-
maromux 4actoTy Haiikeucra fy = f;/ 2, To "XBOCTHI"
CHEKTpalIbHBIX Komui mpu k # 0 HakIagpIBaroTCs
Ha OCHOBHOM criekTp (k = 0). DTo mepeKphITHE U eCTh
ad ekt anmmacurara. B pesynpraTe BRICOKOYACTOTHBIC
IIyMbl M Tapa3suTHBIE MOJbI TPaHCHOPMUPYIOTCS
B HHM3KOYAaCTOTHBIM JAMANa3oH, WCKaXas MOJE3HBIH
curHan. JIns mpeAoTBpalieHusi 3TOr0 HEoOXOIMMO,
YTOOBI CHEKTP BXOJHOTO CHTHaja OBLI CTPOTO OTrpa-
HUYEH TOJIOCOH YacToT [—fy, fn]. B AanHO# paboTe 310
orpaHHueHHe 0OecrieyrBaeTcsl MPUMEHEHHEM KBa3M-
ONTUYECKOT0 aHTHATHacHOTO GuibTpa (AAD).
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Memoo mampuy nepenoca ons pacuema
Gunompos

s mopaBneHHsT BBICOKOYACTOTHBIX KOMIIOHEHT
B paboTe MpeIIoKeHO HCIOIb30BAHUE KBA3HONTHYE-
CKUX (pUIBTPOB Ha OCHOBE MHOTOCIOWHBIX MHTEpde-
PEHUMOHHBIX CTPYKTYp M MeTanoBepxHocTed. s
pacueTa CHEKTpPAIbHBIX XapaKTEPUCTHUK TaKUX CIIOH-
CTBIX Cpel MNPHUMEHSUICS METOJ MaTpHll IepeHoca
(Transfer Matrix Method, TMM), KOoTOpBI# SBIIIETCS
3¢ (EeKTUBHBIM MHCTPYMEHTOM ISl aHalll3a pacipo-
CTpaHEHHUS DJIEKTPOMArHUTHBIX BOJIH B CTpaTH(UIU-
POBaHHBIX CpEAax.

Paccmotpum cTpykTypy, cocTosiuiyro u3 N coeB.
Kaxxnpiit j-if cioif XapaktepusyeTcs TOIIIMHON d;
U KOMIIJIEKCHBIM ITOKa3aTesieM npenaomieHus n;. CBasp
MEXKIY DIEKTPUIECKUM U MarHUTHBIM TIOJISIMU Ha Tpa-
HHUIAX j-TO CJOSl ONHCBIBACTCSA XapaKTePUCTUUYECKOU
matpuueid Mj (3):

cos(d;) L sin(J,)
M, = P; , 3)
—ip;sin(6;) cos(6;)

rae o, = (2n/A)n;d,cos(6)) — Haber ¢assl B cioe, 4L —
JUIMHA BOJIHBI M3JIy4eHHs, 0, — yroja pacupocTpaHe-
HHs BOJIHBI B CJIO€, @ p; — XapaKTepUCTHYECKas Ipo-
BOJIMMOCTD (WJIM COINPOTHBJICHUE) CJIOS, 3aBHCALIAS
ot nossipu3aruu BoHEI (TE nin TM).

Jns MeTarmoBepXHOCTEH, MPENCTaBISIFOIINAX COO0H
0ECKOHEYHO TOHKHE TPOBOMSIIME CETKH Ha TpaHUIle
paszmena cpell, MaTpuua nepeHoca Moaupuuupyercs
C Y4Y€TOM IOBCPXHOCTHOI'0O HMIICJAaHCA WJIHW aIMUT-
TaHca CeTKU. Pesynprupyromass matpuna M Beeit
CTPYKTYpPBI IIOJYy4aeTCsl MYyTEM IEPEMHOXKEHUS MaT-
PHI] OTAETHHBIX CIOEB B TIOPS/IKE UX clenoBaHus (4):
M=M, M,-. -M,=| " "o @)

=M, g ens v = .
m 21 m 22

Koaddummenr mnpomyckanuss 1o amrmuuTyne !
U DJHEpreTH4yeckud Kod(PGUUMEHT mnponyckaHus 7T
PacCUUTHIBAIOTCST Yepe3 3JIEMEHTHI Pe3yIbTUPYIOIIei
Matpuiel M:

- 20y NG
(my, +my,p)py +(my, +my,p,)
Re
:| ¢ |2 (ps) , (6)
Re(p,)

THE po, Ps— NapaMeTpbl BXOJHOM U BBIXOJHOU Cpel
(0OBIYHO BaKyyM WII BO3AYX).
Ipunyun cyb6ouckpemuszayuu

MertoJ CyOqUCKpeTH3aNH SIBISETCS MOITHBIM HH-
CTPYMEHTOM Jji1 00pa0OTKH CHUTHAJIOB, CIIEKTP KOTO-
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PBIX COCPEIOTOYEH B Y3KOH MOJIOCEe YacToT, yAajeH-
HOW OT HyJNA (TTOJIOCOBEIe cUTHaNbI). B hemTocekyH -
HOW CIIEKTPOCKOIMM TAKWE€ CUTHAJIbl BO3HUKAIOT, Ha-
npuUMep, MPH UCCIeJOBaHUH Y3KOMOJIOCHBIX PEe30HaH-
COB WJIN NPU HCIOJIb30BAHUM CHEKTPAIbHONW (UIIBT-
paumuu.

CyTh MeTOa 3aK/II0YaeTcsi B TOM, YTO AWCKPETHU-
3alusl CUTHAajla MMPOU3BOJUTCS C YaCTOTOH f;, KoTopas
MOJKET OBITh 3HAYMTEIBHO MEHbBIIE YABOCHHOM BEpX-
HEl TPaHUYHON YacTOThI CIEKTPa (2fmax), HO JIOJDKHA
YIOBIIETBOPATH ONPEETICHHBIM COOTHOIICHHUSIM MO LIH-
PHHE TTOJIOCHI CUTHANA B = fiax — fiin-

VYcinoBue KOPPEKTHOTO BOCCTAHOBJICHHUSI CHTHajia
0e3 HaJOXEeHHsS CIEeKTPOB IpPH CyOIMCKpeTH3alluu
ornpeensieTcs HepaBeHCTBOM (7):

2fmax S_fs < mein

9
m m-—1

()

T/ fnin ¥ fmax — MHUHUMAaJbHAS ¥ MaKCUMallbHAs yac-
TOTHI B CIIEKTPE MOJIE3HOT0 CUTHAjJa COOTBETCTBEHHO,
m — uenoe uucio (m > 1), ompenensroniee HOMEp
30Hb! HaiikBHCTa, B KOTOPYIO NONAJAET CIEKTP CHUI-
HaJa.

Bbbu1 nmpoBeneH aHanu3 3aBUCMMOCTH HOMEpPA 30HBI
HaiikBucta m or mapameTpoB GUIbTpaliu. Y CTaHOB-
JICHO, YTO [UI THIIMYHBIX BOJIHOBBIX IIAKETOB (PeMTO-
CeKYHIHBIX JIa3€PHBIX CUCTEM ONTUMAIILHBIM SIBIISIET-
csl BBIOOD /1 B IMama3oHe oT 3 1o 7, uro obecnednBa-
€T TMPHU CTPOTOM COONIOJICHUU YCIIOBUH TEOPEMBI OT-
CUETOB JJIsl IOJIOCOBBIX CHUTHAJIOB CYIIECTBEHHOE
CHIDKEHUE TpeOOBaHMI K OBICTPOJCHCTBUIO TpaKTa
peructpanuu 0e3 pucka MEPeKPHITHS COCEIHUX CIIEK-
TpaJIbHBIX KONUH (PEIUIMK) U AErpafalliil OTHOIICHUS
CUTHAJI/IIYyM.

[Ipu BeImonHeHNH ycinoBus (7) CHEKTpalbHbBIE KO-
MUY CHUTHAJIa TJIOTHO YTIaKOBBIBAIOTCS HAa YAaCTOTHOM
OCH, HE NEePEeKphIBas APYyr Apyra. ITO MO3BOJISET OJ-
HO3HAaYHO BOCCTaHOBUTH UCXOIHBIN aHAJIOTOBBIN CHUT-
Haj. Ha ocHOBe NaHHON MOAEIHN Jlajee aHAIM3UPYIOT-
Csl ONITMMAJIbHBIE 3HAUYEHUs M U f;, 00ecreunBaonme
MUHHMAJIBbHYIO OIIMOKY BOCCTaHOBIICHHS OTHOAroIIei
UMILyJIbCa.

Jns Konm4yecTBEHHOM OLEHKM KayecTBa BOCCTa-
HOBJICHHSI CUTHala M BepU(PUKALUU T'PaHUL IIpUMe-
HUMOCTH MeEToJla CYOJMCKpeTH3aluu ObUI BBEJICH
KpUTEpUH HOPMAaJIM30BAHHON CpeIHEKBaAPATUUHON
ommOku (NRMSE), paccumteiBaembiii 110 (opmyrie

(8):

Z lEref (7’1) - Erec (7’1) |2
ZIEref (n) |2

-100%, (8)

re Ef(n) — OTCYETHl 3TaJOHHOTO CHTHAja, MOIy-
YEeHHOT0 C MaJlblM IIIaroM JWUCKpPEeTH3alMH (peXuM
MepeucKpeTn3annn), a F.(n) — OTCUETHl CUTHAaA,



56

BOCCTAaHOBJICHHOT'O aJITOPUTMHYECKH TOCJE MPOXOXK-
JIEHUs] Yepe3 TPaKTHI C Pa3TUIHBIMH KO3 QHUIHEeHTa-
MU CyOaucKpeTn3anuu m. JlaHHBI KpUTEpUd MO3BO-
JIA€T OLUCHUTHL COBOKYITHOC BJIMAHUC ITIYMOB aJIMACUH-
ra U HenAealbHOCTH (PUIBTpaLUH.

PE3VJIBTATHI 1 X OBCYXJIEHUNE

Hcmounuxu oannolx

s Bepudmkanum npeacTaBICHHON BBIIIE TEOpe-
THYeCKOW Moaenu cyoauckpetu3anmn (popmymsr (1)—
(7)) ¥ OllCHKH T'paHUIl €€ TPUMEHUMOCTH OBLI ITPOBE-
JIeH JIeTaJIbHbII aHaJIN3 SKCIIEPUMEHTAIBHBIX TAHHBIX,
MOJyYEHHBIX B COBPEMEHHBIX CHCTEMax MMITYJIbCHOM
TepareploBoi CHeKTpockonuu. B kauectBe pede-
PEHTHBIX AaHHBIX AJIS1 IPOBEPKU METOAA MCIIOIb30Ba-
JIUCH pe3yNIbTaThl UCCIIEAOBAaHUI XapaKTepUCTUK KBa-
3MONTUYECKUX (WIBTPOB U CIIEKTPOB MAaTepHaoB,
onyOJIMKOBaHHbBIC B padorax [7, 8, 11, 16].
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A. C. TIETPOBCKUI

Ananusz s¢pghexmusnocmu keazuonmuueckou
Gurompayuu

KinroueBbIM 371€MEHTOM, 00€CIEYMBAIOLIMM KOP-
PEKTHOCTh M3MEpPEHHUI B paccMaTpUBaeMOM METOJIE,
siBasieTcsl ucnoab3oBanne AA®. CorilacHO JaHHBIM,
MpeICTaBIeHHBIM B padote [11], onTUManbHBIMU Xa-
paKTepuUCTUKaMH 00JaIal0T MHOTOCJIOWHBIE HHTEp-
(epeHIMOHHbIE CTPYKTYphl Ha OCHOBE E€MKOCTHBIX
MeTanoBepxHocTeil. KoHCTpykuusi Takux ¢GUIBTPOB
(cm. puc. 1) mpeacraBnsieT coO0i MakeT U3 HECKOIb-
KX (OOBIYHO 4—6) WACHTHYHBIX CETOK, pa3ie’eHHBIX
MOJIMIIPOIIMIIEHOBBIMU  CIIEHicEpaMu U COEIMHEHHBIX
METOAOM TOpSUero MpeccoBaHusl. Takasi TOIOJIOTHS
MO3BOJIIET MUHUMH3UPOBATh MOTEPH IMOJIE3HOIO CHUT-
HaJla 32 CYET MCIOJIb30BAaHHUS MATEPHAIOB C HU3KUM
TAHT€HCOM yIJia JAMAIIEKTPUYECKHX MoTeph (tan d =
~107).

Puc. 1. Koncrpykuus (a) u BHemrHuH B[ (0) KBa3HONTHYECKOTO (MUIBTPAa HU3KUX YaCTOT
Ha OCHOBE EMKOCTHBIX CETOK, HCIIOJIB3yEeMOT0 JUIsl ITOJJaBJICHHS alTHacuHra (1o JaHHBIM [22])
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Puc. 2. DkcriepuMeHTaIbHBIC CHEKTPhI MPOMyCKaHUS 4 HCCIIEAYeMbIX KBa3HONTUYECKUX (DUIBTPOB
HU3KHX YacTOT, JICMOHCTPUPYIOIIHE 3PPEKTUBHOCTD MOABIICHHSI BHEIIOJIOCOBOTo m3nyueHus [11]
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AHanmu3 SKCIEPUMEHTAIBHBIX CIIEKTPOB IPOITyC-
KaHUs (puc. 2) MOATBEPIKIAET, YTO MPUMEHEHHE Kac-
KaJa MeTarloBepXHOCTeH oOecreunBaeT (OpMHUPOBa-
HHE aMIUIMTYJHO-4YaCTOTHOW XapaKTepUCTUKU C BbI-
COKOH KpyTH3HO# ckata (roll-offrate), mpeBrimaromieit
30 nb/oktaBy. B momoce 3arpaxmeHusi JOCTUTAETCS
YPOBEHb TOJABJICHUS HEXKENATENLHBIX TapMOHHK
1o —40...—50 nb. D10 mo3BomseT 3PHEKTUBHO OTCEYD
BBICOKOYACTOTHBIE IIYMBl M CHEKTPaJIbHBIE KOMIIO-
HEHTBI, JICXKAIllMe BbIIe 4acToThl HalikBucra fy, KO-
TOpBIE, COTIIACHO YPaBHEHWIO (2), SBISIOTCS OCHOB-
HBIM MCTOYHHKOM HMCKa)XeHUH (allmacuHra) mpu mud-
POBOIt 00pPabOTKE MIMPOKOIIOIIOCHBIX CUTHAJIOB.

Tlapamempuueckuii ananu3z ycnoguii
cybouckpemuzayuu

Jns mpakTUYecKor peann3aliui MeToja CyOaHCK-
peTH3aluu HEoOXOAMMO HE TIPOCTO OrpaHUYCHUE
CIIEKTpa CBEpPXY, HO U BBIJECJIEHHE Y3KOIl CIIEKTpajib-
Hoii momockl (bandpass filtering). B pabore [16]
npesioKeHa KOHCTPYKIUs (QUiIbTpa Ha OCHOBE 3Ta-
nona @abpu —Ilepo ¢ ceToyHBIMH pedIeKTOpamH.
YucneHHOE MOJICIIMPOBAHUE DIEKTPOANHAMHYECKHX
XapaKTePUCTHUK TaKOH CTPYKTYpHI (puc. 3) moKa3biBa-
€T BO3MOXHOCTb TOYHOT'O YNPABJIEHUS IMUPUHOU I10-
JIOCHl IPOITyCKaHWs. PacdeTsl OEeMOHCTPUPYIOT, 4TO
Opyd ONTHUMAIBHOM TOAOOpPE T€OMETPUYECKHX MNapa-
METpoB (IepuoAa pemeTkn g u Koddduimenta 3a-
NOJIHEHUS a/g — OTHOILEHMS IIMPUHBI MeTajuInye-

0.8
— = p=0.407,a/g=0.430
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Puc. 3. Pe3ynbraThl 4HCIEHHOTO MOJAETUPOBAHUSI MPO-
MyCKaHus y3koroiyiocHoro ¢uistpa ®adpu — [lepo c ma-
paMeTpamH, ONTHMHU3UPOBAHHBIMHU ISl peau3aluy pe-
KIMa CyOIHCKpeTH3aun (a1anTHpoBaHo u3 [22]).

g — TepHOJ PeIIeTK, a/g — KOA(UIMEHT 3aN0THEHUS
PEIIeTKH, p — MAacIITaOHBIH KOA(QQHUIUEHT Ieproia pe-

wetkh (g =p-A4,)
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CKOHl TIepeMBIYKH K TIEpUONy SYEWKH) yAaeTcs J0C-
TWYh TIOJTHOW MMPHUHBI Ha moiyBbicote (FWHM) mo-
paaka 2-4%. D10 ycioBHE SBISETCS KPUTUYECKUM
JUIS BBHITIOTHEHWsT HepaBeHCTBa (7), T.K. TO3BOJISIET
"yI0XXUTH" BECh MOJIE3HBIA CIEKTpP CUTHala B OJIHY
30Hy HaiikBucra BrIcOKOTO TOpsinka (m > 1) 6e3 me-
PEKPBITHS CIEKTPAIIbHBIX KOIUM.

Cpaeﬁumeﬂbelﬁ AHAIU3 60CCMAHO6/IEHUA
cuceHanla

Banupaums TeopeTHueckoro moaxoaa ObLia IMpo-
BEJICHA IIyTEM COIIOCTABJIICHUS PE3YJIbTATOB H3Mepe-
HUSl CIIEKTPAIbHBIX XapaKTEPUCTUK TECTOBOIO 0Opas-
11a (BBICOKOOMHOW KpeMHHUeBOH iacTuHel). Ha puc. 4
NPUBEACHBI AaHHBIE, MOJIYYECHHBIE IBYMS pa3IM4HbI-
MU METOJIaMHU:

1. Knaccuueckunii moaxos (MapKepbl poMOBI): W3-
MEepeHHEe C BBICOKOM 4acTOTOW IUCKpeTH3auuu (mar
At= 125 ¢c), cOOTBeTCTBYIOIIEH MIMPOKON MOIOCE
CIIEKTPOMETpA.

2. Merton cyOnuckpeTH3anuu (CIUIOIIHAas JTMHNUSA):
HU3MEPEHHE C HCIOJIb30BaHWEM pa3pabOTaHHOIO y3-
KOTIOJIOCHOTO (PMIIBTPa MPH CHHYKEHHOW YacTOTe AUC-
Kpertu3aru (mar yenndeH 1o Az = 820 d¢c).

CpaBHUTENBHBIA aHAJIN3 KPUBBIX Ha pHc. 4 MO3BO-
JISIET C/ENATh CIEIyIOIIe BBIBOIBIL:

e [lpumenenue ¢uibrpanuu >3pGEKTUBHO YCTpa-
HSIET BBICOKOYACTOTHBIEC HIYMBI, YTO TOATBEPKAACTCS
IMIAAKOCTBIO IOJYYEHHBIX CIEKTPaJIbHBIX KPUBBIX
B paboyeii 00sacTH.

e CrekTp, BOCCTAHOBIIEHHBIH METOJOM CYOIUCK-
perusanun (CIUIOLIHAST KpHBasi), C BBICOKOH TOYHO-
cThio  (morpemHOCTH MeHee 2.3%) coBmamaer

m— cy6AMCKPETM3ALINS
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Puc. 4. CpaBHeHHEe CIEKTPOB NMPOITyCKaHUS KPEMHHUEBOU
TUIACTUHBI, MOJYYEHHBIX Pa3IMYHBIMH METOJIAMU.
CrutomHasi JIMHUSL — BOCCTAHOBJIEHHE METOJIOM CyOam-
ckpernzaumn (mwar 820 c), NMyHKTHpHAs JWHUA —
o0bryHast puisTparust (mar 410 ¢c), Mapkepsl poMObI —
crargapTHoe m3MepeHue (mar 125 ¢c). Cepsie obmactu
COOTBETCTBYIOT II0JIOCAM TIPOITYCKaHMS HCIIOIb3YEMOTO
KBa3HMONTHYECKOTO PIIIBTpa (aganTUpoBaHo u3 [22])
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C pe3yJIbTaTaMH, MOJyYEeHHBIMHU KJIACCUYECKUM METO-
JIOM. AHAQJIOTMYHBIE DPE3YJIbTaThl TOYHOCTH ISl TIO-
NOOHBIX MaTepHajoB MPHUBOIATCS TakkKe B paboTax
[18, 19].

e BaXHO OTMETHTb, 4YTO HCIIOJIb30BaHHE pac-
CMaTpUBAaEMOr0 aJrOPUTMa TIO3BOJIUIIO YBEIHUYUTH
mar auckperu3anuu B 6.5 pa3 (¢ 125 go 820 ¢c) 6e3
norepu MHGOPMAIMU O MOJIE3HOM CHUTHAje. DTO MO~
TBEpXKIaeT, uTo ycioBue (7) BBIMONHACTCS, M CIIEK-
TpaJibHbIE KOMMU HE NEPEKPHIBAIOTCS.

Omnmpasich Ha NOJTy4YEeHHbIE TaHHBIC W MPeI0KEH-
HYI0O MaTeMaTH4ecKyl MOJelb, ObUIO NPOBEAEHO
YHCJICHHOE MOJEITUPOBAHUE 3aBHCUMOCTH OIIMOKH
BOCCTAHOBJICHHS ¢ OT NOpsAAKa 30HbI HalikBuUCTA 1.

Pesynprathl pacuera, mpenacTaBleHHbIE B TaOIl.,
JNE€MOHCTPUPYIOT MPeeIibl IPUMEHNMOCTH METOA.

JlanHple TaOJUIBI TOKA3bIBAIOT TEOPETHUCCKUN
npenen Merona: mpum = 9 (mar > 1 mc) ypoBeHb
LIyMOB, MONAJAOIIUX B MOJOCY HPOITyCKaHMS H3-3a
s dexTa anuacuHra, HauMHaeT MPEBBIIIATh JTOMYCTH-
MBII TIOPOT, BBI3bIBas pe3kuil poct ommoku ¢ 2.3% 110
12.5%. DT0 MOATBEpKIaET, YTO BHIOPAHHBIN B 3KCIIC-
pumente mar 820 ¢c (COOTBETCTBYIOIINN PEXKH-
My m = 6.5) HaXoIUTCs B JAOMYCTUMBIX IpeJesax, He
MPEBBIIIAsT TEOPETUUECKUI mmopor 7-i 30Hbl HallkBu-
cta (875 ¢c).

Takum 00pa3oM, COMOCTaBJIEHHE TEOPETHYECKUX
pacueToB € S3KCIEPUMEHTAIBHBIMH JaHHBIMU IIOJ-
TBEPKIAET, YTO MPEIIOKEHHBIM KOMIUIEKCHBIA IIOA-
X0J1 (COBMECTHOE IPUMEHEHNE aHTHATHACHON (DHUITBT-
pauMM U CyOIUCKPETH3alMH) MO3BOJSET KOPPEKTHO
BOCCTaHABIMBATh AMIUIMTYJHO-(a30BbIE IapameTpsl
UMIIyJIbCa IPU CYLIECTBEHHOM CHIDKEHMM TpeOoBa-
HUH K OBICTPOJICHCTBUIO CHCTEMBI PETUCTPAIIUH.

Tao6a. PacyeTHas 3aBUCUMOCTD MOTPEUTHOCTH BOCCTAHOB-
JICHUsI TIPH Pa3IMYHBIX KOA(PQUIMEHTaX CyOIUCKpeTH3a-
181201

- Pexxum paGoTs
= 2 9 g
S | ES | .| 8¢
a = 235 = | E 5
O ¥ L = Py O O 2
2E-| 85 |2 25
T E AE |6 |E£EEE
1 125 60 | 0.8 CrangapTHBIN
3 375 58 [ 1.1 OnTuManbHbINA
5 625 55 11.6 Honyctumblit
7 875 52 2.3 IIpenenbHblii
9 1125 |44 | >12.5 | CpeiB  (anua-

CHHT)

3AKJIFOYEHUE

B pabore mpoBeneH TeOpeTWYECKUH aHAJIH3
1 00OCHOBaHWE METOJOB MOBBIIICHHUA IPHEKTUBHO-
CTH perucTpaniu (PeMTOCEKYHIHBIX UMITYJIbCOB.

1. OGocHOBaHO, YTO TPUMEHEHHE KBAa3WOITHYE-
CKUX (PUIBTPOB HAa OCHOBE MHOTOCJIONHBIX METarlo-
BepxHocTeii [14, 20, 21] sBnsercs 3¢ ¢eKTHBHBIM
crocoboMm mpemoTBpamieHnss d(QQexTa HaIOKEHUS
CHEKTpOB (ajuacuHra), obecrneunBas MoJaBIeHUE Ta-
pazutHbIX Mo Ha ypoBHe 3040 nb.

2. Ha ocHOBe YMCIIEHHOTO MOJETUPOBAHUS yCTa-
HOBJICHO, YTO IPEAEJIOM INPUMEHUMOCTH METOAA SIB-
nsiercst 7-1 30oHa HaiikBucta (m = 7). [lokazano, uto
JlanbHEMIIIEe YBEIIMUEHUE 1Iara JUCKPETU3aluU IIPU-
BOAUT K MAJEHUIO OTHOIICHWS CUTHAI/LIYM HHXKe
50 nb u pocTy MOrpemHOCTH BOCCTAHOBIICHHUS BBIIIE
JonyCcTUMbIX 2.3%, HECMOTpPSI Ha UCIOJIb30BAHUE Y3-
KOTIOJIOCHOH (PriihTpaIiuu.

3. AHanM30M SKCHEPUMEHTAJbHBIX JIaHHBIX IOJ-
TBCPIKAACTCA: MMCHHO HHTCIrpaludss pPacCMOTPCHHBIX
METOAOB 00ECIeUnBAET BHICOKYIO TOYHOCTH M3MeEpe-
HUM NP BO3MOXHOCTH KPaTHOT'O COKPAILEHHs Kak
o0beMa 00pabaThIBaeMBIX IAaHHBIX, TaK U BPEMEHH
CKaHUPOBAHMUS.

B ocHOBY pa3paboTku MepCreKTUBHBIX CUCTEM Te-
parepLoBOi CIIEKTPOCKOIIMM M CPEICTB HEpaspy-
HIAIOLIETO KOHTPOJSI MOTYT OBITH TOJIOKEHBI PE3yiib-
TaThl IPOBEJCHHOTO UCCIIEIOBAHUSL.
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ANALOG-TO-DIGITAL CONVERSION PROBLEMS IN MEASURING
FEMTOSECOND PULSE WAVE PACKET

A. S. Petrovsky

St. Petersburg State University of Aerospace Instrumentation, Saint Petersburg, Russia

The article provides a theoretical analysis, a systematic methodological substantiation of approaches to
improving the accuracy of recording wave packets of femtosecond laser pulses. This task is currently recognized
as one of the highest priority for the qualitative development of pulsed terahertz spectroscopy systems in the
time domain. The relevance of the study is due to the objective need to level the distortions caused by the
aliasing effect, which inevitably occurs during digital processing of broadband signals in conditions of limited
speed of receiving paths. The subject of the author's attention is the construction, verification of an analytical
model describing the process of joint application of hardware antialias filtering based on multilayer
metasurfaces and specialized undersampling algorithms. During the course of the work, the mathematical model
of the sampling process was significantly refined, which made it possible to explicitly determine the boundary
conditions necessary for the correct reconstruction of the pulse shape without loss of phase information. Based
on the analysis of electrodynamic characteristics of quasi-optical interference structures, the author shows that
the use of filters with a spectral roll-off slope of more than 30 dB/octave forms a reliable theoretical foundation
for increasing the sampling time step by 6.5 times, from 125 to 820 fs. Particular attention is paid to the
secondary processing of experimental data arrays, during which it is confirmed that the estimated error in the
recovery of key spectral parameters in the implementation of the proposed approach does not exceed 2.3%; the
final conclusion is formulated that the integration of hardware and software solutions proposed in the work
makes it possible to significantly reduce the requirements for the frequency characteristics of electronics so that
to provide measurement precision sufficient to solve the problems of non-destructive testing and fundamental
spectroscopy of condensed matter.

Keywords: femtosecond pulses, wave packet, measurement accuracy, anti-aliasing filtration, sub-discretization, terahertz
spectroscopy
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INTRODUCTION

The rapid development of laser technologies in re-
cent decades has led to the creation of reliable sources
of ultrashort femtosecond light pulses. This, in turn,
has opened fundamentally new horizons in the study
of ultrafast processes in matter, ushering in the era of
femtosecond spectroscopy and pulsed terahertz (THz)
time-domain spectroscopy (THz-TDS) [1, 2]. These
methods have become indispensable tools in con-
densed matter physics, the chemistry of fast processes,
molecular biology, and modern materials science. The
ability to generate and coherently detect electromag-
netic radiation in the THz range enables real-time ob-
servation of the dynamics of chemical reactions, vi-
brational-rotational transitions of molecules, phonon
modes in crystals, and the motion of charge carriers in
semiconductor nanostructures [3-5].

A critical aspect of any spectroscopic system is the
accuracy of measurement of the parameters of the
recorded wave packets — their time shape E(¢), dura-
tion, phase, and spectral composition. In pulsed THz
spectroscopy systems, the time profile of the pulse's
electric field is typically recorded using electro-optical
stroboscopic detection or photoconductive antennas.
The resulting analog signal carries comprehensive
information about the properties of the object being
studied through which the pulse passed [6-9].

However, achieving extremely high measurement
accuracy and expanding the dynamic range of spec-
trometers faces a number of fundamental and technic-
al challenges. One of the central issues is the process
of sampling the analog signal received from the detec-
tor and its subsequent digital processing. The spec-
trum of a femtosecond pulse is extremely broad,
extending from hundreds of gigahertz to tens of tera-
hertz. According to the fundamental Whittaker —
Kotelnikov — Shannon sampling theorem [10], to
uniquely reconstruct a continuous signal, it must be
sampled at a frequency f;, that is at least twice the
maximum frequency fi.x in its spectrum (f;, > 2fmax)-

In modern THz-TDS systems, particularly those
using fast delay lines or asynchronous optical sam-
pling (ASOPS) circuits, the spectrum of the recorded
signal may contain high-frequency noise or useful
components extending beyond the Nyquist frequency
of the analog-to-digital converter (ADC). Violation of
the sampling theorem condition leads to aliasing —
a phenomenon in which high-frequency signal com-
ponents are falsely mapped to the low-frequency re-
gion of the spectrum. This leads to irreversible distor-
tions of the recorded waveform, the appearance of
false spectral lines, and a significant reduction in the
signal-to-noise ratio [11, 12].

Standard methods for combating aliasing involve
the use of electronic low-pass filters in front of the
ADC. However, for broadband pulsed signals, imple-

menting electronic filters with a linear phase response
(necessary to preserve the pulse shape) and a steep
frequency rolloff is a complex engineering challenge.
Any dispersion in the filter will lead to pulse spread-
ing over time, which is unacceptable for precision
measurements.

An alternative and more promising approach is the
use of quasi-optical filters installed directly in the
spectrometer's optical path in front of the detector
[13—15]. Such filters, based on frequency-selective
surfaces (metasurfaces), can effectively reject parasit-
ic high-frequency radiation before detection, without
introducing significant phase distortions in the operat-
ing frequency range. Furthermore, the use of under-
sampling methods reduces the performance require-
ments of electronics while maintaining the informa-
tion content of the signal if its spectrum is localized
within a specific frequency band [16, 17].

PROBLEM TO BE SOLVED

Despite the existence of experimental develop-
ments in the field of THz filtering [11, 16], a unified
analytical justification for the optimal choice of sam-
pling parameters when using steep filters and under-
sampling algorithms in combination remains lacking.
This work aims to fill this gap by developing a calcu-
lation algorithm.

The goal of this work is to theoretically analyze
and justify the effectiveness of the combined use of
antialias filtering and undersampling techniques to
improve the measurement accuracy of femtosecond
pulse wave packets.

MATERIALS AND METHODS USED

Mathematical model of the aliasing effect

To correctly describe the signal distortion process,
it is necessary to consider a mathematical model of
sampling. Let the original wave packet of a femtose-
cond pulse be described by a continuous function of
time E(f). Its spectral density S(w) is determined by
the Fourier transform (1):

S(@) =" E(e ™ dt. (1)

During digital recording, the signal E(¢) is sampled
with a time step of At = T,, which corresponds to
a sampling frequency of f; = 1 / T§. The resulting sam-
ple sequence is E(nT;). According to digital signal
processing theory, the spectrum of the sampled signal
Si(®) becomes a periodic function with a period of
2m2xf and represents a superposition of shifted copies
of the original spectrum (2):
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From expression (2), it follows that if the spectrum
S(w) has nonzero values at frequencies exceeding the
Nyquist frequency fx = f; / 2, then the "tails" of the
spectral copies at k # 0 overlap with the main spec-
trum (k = 0). This overlap is the aliasing effect. As
a result, high-frequency noise and spurious modes are
transformed into the low-frequency range, distorting
the useful signal. To prevent this, the input signal
spectrum must be strictly limited to the frequency
band [y, fn]. In this work, this limitation is achieved
by using a quasi-optical anti-alias filter (AAF).

Transfer matrix method for filter calculation

To suppress high-frequency components, this pa-
per proposes the use of quasi-optical filters based on
multilayer interference structures and metasurfaces.
To calculate the spectral characteristics of such
layered media, we used the Transfer Matrix Method
(TMM), which is an effective tool for analyzing elec-
tromagnetic wave propagation in stratified media.

Let's consider a structure consisting of N layers.
Each j-th layer is characterized by a thickness d; and
a complex refractive index n,. The relatlonshlp be-
tween the electric and rnagnetlc fields at the bounda-
ries of the j-th layer is described by the characteristic
matrix Mj (3):

cos(5;) —Lsin(5 /)
M, = P; ) (3)
—ip;sin(5)) cos(d;)

where 0, = (27r/l)n,d cos(8)) is the phase incursion in
the layer 4 1s the radiation wavelength, 0, is the wave
propagation angle in the layer, and p; is the characte-
ristic conductivity (or resistance) of the layer, depend-
ing on the wave polarization (TE or TM).

For metasurfaces, which are infinitely thin conduc-
tive networks at the interface between media, the
transfer matrix is modified to account for the surface
impedance or admittance of the network. The result-
ing matrix M of the entire structure is obtained by
multiplying the matrices of the individual layers in

their order (4):
M _ M M M _ [ m 11 m 12 ]
- 1’ 2 ’ N : “)

m,, My,

The amplitude transmittance ¢ and the energy
transmittance 7 are calculated using the elements of
the resulting matrix M:

2
t= Po NGO
(my, +my,p)p, + (my +my,p.)

Re(p,)

, 6
Re(p,) ©

r=ef

where py, ps are the parameters of the input and output
media (usually vacuum or air).

Undersampling principle

The undersampling method is a powerful tool for
processing signals whose spectrum is concentrated in
a narrow frequency band far from zero (bandpass sig-
nals). In femtosecond spectroscopy, such signals arise,
for example, when studying narrow-band resonances
or when using spectral filtering.

The essence of the method is that signal sampling
is performed at a frequency f;, which can be signifi-
cantly less than twice the upper limit frequency of the
spectrum (2fax), but must satisfy certain ratios for the
signal bandwidth B = fax — fnin-

The condition for correct signal reconstruction
without spectral aliasing during undersampling is de-
termined by inequality (7):

2fmax <f < 2‘frﬂll’l

m m-1’

()

where fii, and fo. are the minimum and maximum
frequencies in the spectrum of the useful signal, re-
spectively, and m is an integer (m > 1) determining the
number of the Nyquist zone into which the signal
spectrum falls.

An analysis was conducted of the dependence of
the Nyquist zone number m on the filtering parame-
ters. It has been established that the optimal choice of
m for typical wave packets of femtosecond laser sys-
tems is in the range from 3 to 7. This, while strictly
observing the conditions of the sampling theorem for
bandpass signals, significantly reduces the require-
ments for the recording path speed without the risk of
overlapping adjacent spectral copies (replicas) and
degradation of the signal-to-noise ratio.

When condition (7) is satisfied, the spectral copies
of the signal are densely packed along the frequency
axis, without overlapping. This allows for the unam-
biguous reconstruction of the original analog signal.
Based on this model, the optimal values of m and f;,
are further analyzed, ensuring minimal error in pulse
envelope reconstruction.

To quantitatively assess the quality of signal re-
covery and verify the applicability limits of the under-
sampling method, a normalized root-mean-square er-
ror (NRMSE) criterion was entered and calculated
using formula (8):

Z lEref (I’Z) Erec (I’Z) |
ZlEref (l’l) |2

-100%, (8)



where E.{(n) is the reference signal sample obtained
with a small sampling step (resampling mode), and
E.(n) is the signal sample reconstructed algorithmi-
cally after passing through paths with various under-
sampling factors m. This criterion allows one to assess
the combined impact of aliasing noise and filtering
imperfections.

RESULTS AND DISCUSSION

Data sources

To verify the above-presented theoretical under-
sampling model (formulas (1)—(7)) and assess the ap-
plicability limits, a detailed analysis of experimental
data obtained in modern pulsed terahertz spectroscopy
systems was conducted. The results of studies on the
characteristics of quasi-optical filters and material
spectra published in [7, 8, 11, 16] were used as refer-
ence data for verifying the method.

Analysis of the efficiency
of quasi-optical filtering

The key element ensuring the accuracy of mea-
surements in the method under consideration is the
use of AAF. According to the data presented in [11],
multilayer interference structures based on capacitive
metasurfaces exhibit optimal characteristics. The de-
sign of such filters (see Fig. 1) is a stack of several
(usually 4-6) identical grids separated by polypropy-
lene spacers and joined by hot pressing. This topology
minimizes signal loss by using materials with a low
dielectric loss tangent (tan 6 = 1073).

Fig. 1. Design (a) and appearance (6) of a quasi-
optical low-pass filter based on capacitive grids used
to suppress aliasing (according to [22])

An analysis of the experimental transmission spec-
tra (Fig. 2) confirms that the use of a cascade of meta-
surfaces produces a frequency response with a high
roll-off rate exceeding 30 dB/octave. In the stopband,
a level of unwanted harmonic suppression of up to
—40...-50 dB is achieved. This effectively rejects
high-frequency noise and spectral components above
the Nyquist frequency fn, which, according to equa-
tion (2), are the main source of distortion (aliasing) in
the digital processing of wideband signals.

Fig. 2. Experimental transmission spectra of 4 stu-
died quasi-optical low-pass filters demonstrating the
efficiency of out-of-band radiation suppression [11]

Parametric analysis
of undersampling conditions

For the practical implementation of the undersam-
pling method, it is necessary not only to limit the
spectrum from above but also to select a narrow spec-
tral band (bandpass filtering). In [16], a filter design
based on a Fabry — Perot etalon with grid reflectors is
proposed. Numerical modeling of the electrodynamic
characteristics of such a structure (Fig. 3) demon-
strates the possibility of precise bandwidth control.
Calculations demonstrate that it is possible to achieve
a full width at half maximum (FWHM) of about 2—4%
due to optimal selection of geometric parameters
(grating period g and fill factor a/g — the ratio of the
width of the metal bridge to the cell period). This
condition is critical for satisfying inequality (7), since
it allows the entire useful signal spectrum to be "fit-
ted" into a single high-order Nyquist zone (m > 1)
without overlapping spectral copies.

Fig. 3. Results of numerical simulation of the trans-
mission of a narrow-band Fabry — Perot filter with
parameters optimized for the implementation of the
subsampling mode (adapted from [22]).

g is the grating period, a/g is the grating fill factor,

p is the grating period scale factor (g = p- 1,"™)

Comparative analysis
of signal reconstruction

Validation of the theoretical approach was carried
out by comparing the results of measuring the spectral
characteristics of a test sample (a high-resistance sili-
con wafer). Figure 4 shows data obtained by two dif-
ferent methods:

1. The classical approach (diamond markers): mea-
surement at a high sampling rate (step Ar =
= 125 fs), corresponding to the wide bandwidth of the
spectrometer.

2. The undersampling method (solid line): mea-
surement using the developed narrow-band filter at a
reduced sampling rate (step increased to Az = 820 fs).

Fig. 4. Comparison of silicon wafer transmission
spectra obtained by different methods.

The solid line represents reconstruction by undersam-
pling (820 fs step), the dashed line represents conven-
tional filtering (410 fs step), and the diamond markers
represent standard measurement (125 fs step). The
gray areas correspond to the passbands of the quasi-
optical filter used (adapted from [22])




A comparative analysis of the curves in Fig. 4 al-
lows us to draw the following conclusions:

* The use of filtering effectively eliminates high-
frequency noise, which is confirmed by the smooth-
ness of the obtained spectral curves in the working
region.

* The spectrum reconstructed by the undersam-
pling method (blue curve) coincides with the results
obtained by the classical method with high accuracy
(error less than 2.3%). Similar accuracy results for
similar materials are also given in [18, 19].

* It is important to note that the use of the algo-
rithm under consideration allowed us to increase the
sampling step by 6.5 times (from 125 to 820 fs) with-
out losing information about the useful signal. This
confirms that condition (7) is satisfied, and the spec-
tral copies do not overlap.

Based on the obtained data and the proposed ma-
thematical model, we numerically simulated the de-
pendence of the reconstruction error & on the Nyquist
zone order m.

The calculation results presented in the Tab. dem-
onstrate the limits of applicability of the method.

Tab. Calculated dependence of the reconstruction
error for different subsampling coefficients

The data in the table show the theoretical limit of
the method: at m = 9 (step > 1 ps), the noise level fall-
ing within the passband due to aliasing begins to ex-
ceed the permissible threshold, causing a sharp in-
crease in the error from 2.3% to 12.5%. This confirms
that the 820 fs step chosen in the experiment (corres-
ponding to the m = 6.5 mode) is within acceptable

limits, not exceeding the theoretical threshold of the
7th Nyquist zone (875 fs).

Thus, a comparison of theoretical calculations with
experimental data confirms that the proposed inte-
grated approach (the combined use of antialias filter-
ing and undersampling) allows for the correct recon-
struction of the pulse amplitude-phase parameters
while significantly reducing the requirements for the
recording system performance.

CONCLUSION

This paper presents a theoretical analysis and justi-
fication of methods for increasing the efficiency of
femtosecond pulse recording.

1. It is demonstrated that the use of quasi-optical
filters based on multilayer metasurfaces [14, 20, 21] is
an effective way to prevent spectral aliasing, provid-
ing suppression of parasitic modes at a level of 30—
40 dB.

2. Based on numerical simulations, it was estab-
lished that the method's applicability limit is the 7th
Nyquist zone (m = 7). It was shown that further in-
creasing the sampling step leads to a drop in the sig-
nal-to-noise ratio below 50 dB and an increase in the
reconstruction error above the permissible 2.3%, de-
spite the use of narrowband filtering.

3. Analysis of experimental data confirms that the
integration of the considered methods ensures high
measurement accuracy while significantly reducing
both the volume of processed data and scanning time.

The results of this study can form the basis for the
development of promising terahertz spectroscopy sys-
tems and non-destructive testing tools.



