HAYYHOE IIPUFOPOCTPOEHUE, 2026, mom 36, Ne 1, c. 87-94

MATEMATHUHYECKHUE METO/bI

ISSN 0868-5886

N MOJAEJIMPOBAHME B NTPUBOPOCTPOEHUU

VIIK 681.586.4+544.638.2+004.94
EDN: PYNUNZ

© b. II. Hlapdapen, B. E. KypoukuH, 2025

YUCJEHHASI OLHEHKA P®®PEKTUBHOCTHU KUAKOCTHOI'O
M BO3AYUIHOI'O DJIIEKTPOKUHETHYECKHUX M3JIYUATEJIEMN.
CJYYAHN BS3KOH TEIJIOMPOBOJHOHU KUJIKOCTHU

HacTtosmas pabora mpomokaeT Cepur0 MOJEIbHBIX SKCIEPUMEHTOB Ha BBIYMCIMTENBHOM IMaKeTe, IMO3BOJISIOIINX
MPOBECTH MNPOTHO3 CPABHHUTENBHOH I(P(PEKTHBHOCTH DIIEKTPOKHHETHUECKHX 3BYKOBBIX H3JIydaTeiedl B KUAKOM
¥ BO3AYIIHOHM cpenax. PaHee Takoil MporHo3 ObII OCYIIECTBIECH aBTOPaMH NSl YCIOBHUSI HAIMYHUS B CPEAE TOJIBKO
BSI3KMX MOTEphb. B Hacrosmmieil paboTe ocyImecTBIEeHa MOIBITKA MOMYYEHUsI CPABHUTENIBHON 3()(EKTHBHOCTH dIIEK-
TPOKWHETHIECKHX M3JIydaTelell B )KUAKOH 1 BO3AYIIHOW cpenax Ha BerauciurenbHoM makere COMSOL Multiphys-
iCs TIpM HAIMYMHU B HUX HE TOJIBKO BSI3KHX, HO M TETUIOBBIX ITOTEPh. B pe3ynbraTe MPOBEICHHBIX YHCICHHBIX JKCIIe-
PUMEHTOB BBISIBJICHO HE3HAUHTENHHOE BIMSHUE YUeTa TEIJIOBBIX IMOTEPh HA TOYHOCTH BBIUUCICHUH. ITOT (aKkT Mo-
JKET 3HAYUTENILHO YCKOPUTH MIPOBEJCHUE CIIOKHBIX MOJICNIBHBIX 9KcneprMeHToB Ha nakere COMSOL Multiphysics.

Kniouegvie cnosa: DJICKTPOKMHETHYCCKUEC U3TYyHYaTCIIN, BA3KasA )KUJAKOCTb, HCC)KMMaACMasl TCIJIONPOBOJAHAA KUJAKOCTD

BBEJEHUE

Panee B pabote [1] paccmarpuBanachk MoJClIbHAs
OIIEHKa CpaBHUTENHHONW A(P(PEKTUBHOCTH JIIEKTPO-
KMHETHYECKOTO M3JIyyaTessl B BOJE M B BO3AYXE NPH
yueTe TOJBKO BSI3KUX MOTEph B cpene Oe3 ydera Ter-
JIOBBIX TMMOTeph. B HacTosmielr paboTe MpoW3BOAUTCS
MOJIeIbHAs OIICHKA CPaBHUTEILHOU 3((EKTUBHOCTU
3JIEKTPOKMHETUYECKOTO U3JIydaTelis B BOJE U BO3AYyXE
MIPU y4YeTe He TOJBKO BSI3KHUX, HO M TEIUIOBBIX MOTEPh
B TIPOLIECCE AIIEKTPOKMHETHYECKOTO MPeoOpa30BaHusl.
IIpu ostomMm, crmenys [2, 3], mpuMeHsieTCsS cucTeMa
YPABHEHUI TMIPOJUHAMUKHU IS YCIIOBUN BA3KOM He-
CKUMAEMOH TEIIONPOBOAHOM KUIKOCTH.

ITOCTAHOBKA TTPOBJIEMBI

BBuay cioXHOCTH MpOBENEHUSI HATYPHBIX 3KCIIe-
PUMEHTOB ONMCHIBAETCSI MOJENBHBIM 3KCIEPUMEHT
M0 ONpEACTICHUI0 CPaBHUTEIbHOW 3()(HEeKTUBHOCTH
JIEKTPOOCMOTHYECKOTO M3JIy4aTessd B BOJE U B BO3-
JlyXe B YCIIOBHUSIX Y4eTa BSI3KHX U TEIUIOBBIX MOTEPb.
MopenbHbli 3KCHOEPUMEHT OCYILIECTBISIETCS Ha BBI-
yucnutenpHoM rakere COMSOL Multiphysics. s
3TOT0 MCHOJIB3YeTCs cucreMa ypaBHeHuil Hasbe —
Croxca AJis BSI3KOM HEC)KUMAeMOW TEIUIOMPOBOIHOM
JKUJKOCTH. B KayecTBe NCTOYHUKA TEIUIOBOM 3HEPrun
paccMaTpuBaeTcd DKOYJIEB HAarpeB >KHIKOCTH, BBI-
3BaHHBIM TMPOTEKaHUEM 3JEKTPUYECKOrO0 TOKAa B Ka-
MUUISIPHOM KHJIKOCTH.

87

OCHOBHBLIE YPABHEHH A IUTA OTIMCAHN A
OJIEKTPOOCMOTHUYECKOTI'O ITPOLIECCA

PaccmarpuBaemas B paboTe TeMaTHKa OTHOCHUTCS
K KOMIIETEHITUH JOCTATOYHO MOJIO/IOH o0nacth (pusu-
ku — anexmpoauopoounamuxu (I1']1). Cornacuo [4,
c. 653], B cpemax ¢ O4eHb MaJIOW 3JIEKTPOIPOBOTHO-
CTBIO U 0€3 MPHUIIOKEHHOTO H3BHE OOJBIIIOTO MarHHT-
HOr'o moOJid IpU CKOPOCTAX HABUKCHHA KHUIKOCTH,
MHOTO MEHBIITNX CKOPOCTH CBETa, OIPENESISIFOIINM
BO B3aUMOJICHICTBHH DJIEKTPOMArHUTHOTO TIOJSI CO Cpe-
NOH SIBIISIETCS. HE MarHUTHOE, a DIIEKTPUYECKOE TOJIe.
Onektpudeckoe nojie B DI'J] omuceiBaeTcs 3aKOHAMHU
JNIEKTPOCTATUKH, a €ro BO3JCUCTBHE HA Cpery —

anekTpuueckoil uvacteio cwibsl Jlopenna p E, rae

p, — IUIOTHOCTb 3JIEKTPHYECKOTO 3apsAna B Cpere,

a E — BekTOop HanpsHKEHHOCTH HJIEKTPUYECKOIO OIS,
DJNEeKTpUYEeCKUH TOK ONpeAessieTcss Ipu 3TOM HE
TOJIBKO CaMOCTOSITEIbHBIM JIBH)KEHHEM 3apsA]0B, HO
U KOHBEKTHBHBIM IIEPEHOCOM 3apsAa >KUAKOCTHIO

P,V (V— CKOpOCTb TE€YEHHs >KHUAKOCTH) MU TOKOM

CMEIIEHUsI. YPaBHEHHSM JJIEKTPOTUAPOAUHAMUKH
(BI'l) mocBsIEHO MTOCTATOYHO MHOTO ITyOJUKAIUi
(oTHIOIF HE TOJHBIA MX MepevYeHb MPUBEACH
B pabore [5]). Jlanee mpuBeneM cucteMy ypaBHEHHUN
OI'/l, BeimucanHyo B [S], ¢ HEOOXOIUMBIMU KOMMEH-
TapusIMH, CBS3aHHBIMH C MOJEIHMPOBAHUEM IIPOIIEC-
coB Ha BeruuciauTensHoM nakere COMSOL.

[lepBBIME paccMOTPUM THUIPOAMHAMHUYECKHE YpaB-
HEHUsI: COXpaHeHUs uMmITyJibca (ypaBHeHHe HaBbe —
Crokca) W ypaBHEHHE HenpepbIBHOCTH. B o0mem
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CIy4yae CKMMaeMOW BSA3KOHM >KHMIIKOCTH, COTJIACHO [2,
c. 73], ypasHernne HaBbe — CToKca (COXpaHEHUS UM-
MylbCa) W ypaBHEHWE HempepeBHOCTH [2, c. 18]
HUMEIOT COOTBETCTBEHHO BUJI

p|:%+(VV)V} =
:—Vp+nAv+(§+%jV(Vv)+f, (1)

ﬁp+V(pv):0. #))
ot

[Ipyn ompeneneHHBIX YCIOBHUAX >KUAKOCTH MOXKHO
cyuTaTh HGC)KI/IMaCMOI‘/'I, YTO ONPUBOJUT K YIIPOIICHUIO
cucrembl ypaBHeHHH HaBpe — CTOKCa W ypaBHEHUS
HENpPEepPBIBHOCTH, KOTOPbIE B Cly4ae OJHOPOJHOU

KUJIKOCTH CBOJISITCS COOTBETCTBEHHO K BHAY [2, . 73]
u[2,c.37]:

p[%-F(VV)V:l:—Vp-FT]AV-Ff, 3)

Vv=0. 4)

B (1)~(4) nmpussTE 0003HaYEHHS: V — IIOJIE CKO-
pOCTEHN KUJIKOCTH; P — TOJIE JABJICHUS B KUJIKOCTH;
n=const U { =const — CIBUTOBast 1 OObEMHAs BsI3-
KOCTH JKHJKOCTH COOTBETCTBEHHO (ISl YIPOIICHUS
pacyeToB MPUHUMACTCA OONYHICHUC O IMOCTOSAHCTBEC
stux BemwuwnH); f =p,E — oObemHas moHmEepomMo-
TopHast cwia (cuiaa JlopeHna B JaHHOM ciydae st
OJTHOPOIHOM CpeIIbl), MeHCTBYIOIIas Ha IUHUILY 00b-
eMa KHJIKOCTH M XapaKTepHast JJIsl DIIEKTPOOCMOTHYIE-
CKuX 3a1ay; E = (O,O,EZ) — HAIPsHKEHHOCTH JJIEK-

TPUYECKOTO MOJIsA, MPUJIOKEHHAsI K TOPILIaM PacrioJio-
YKEHHOTO BJIOJIb BEPTHKAILHON och Oz HATIOJIHEHHOTO
KUJIKOCTBIO KaIWLIsIpa JUIMHOH /; 0, — IUIOTHOCTH
AIIEKTPUIECKOTO 3apsijia B KHUIKOCTH (DIEKTPUICCKUI
3apsj eIMHUIBI 00beMma >kujkoct). Kpome Toro,
B ciyyae (1), (2) p — moJie TUIOTHOCTH Cpeibl, B 00-

meM cinydae p#const, a B ciydae (3)—(4) mone
IUIOTHOCTH CPEIBI MOCTOSIHHO P = const .

YPABHEHUWE HABLE — CTOKCA
JUL TUIIMHAPHYECKOI'O KATIMJIJISIPA
JJ ITOCTOAHHOU 1 TIEPEMEHHOU
COCTABJAIOIINUX CKOPOCTU
U JABJIEHW S CPEJIbBI

[Ipu MoaenupoBaHUM 3IEKTPOKUHETUUYECKUX MPO-
1IECCOB OOJBINIOE MPUMEHEHHE TMONydniIa TakKas Mpo-
cTasg MOJEINb NMOPUCTON Cpeiabl, KAK OJAMHOYHBIA TOH-
KWW HWIMHAPUYECKUN KalWIISAP, HAIOJHEHHbBIN KU/I-
KocThi0. [Ipy OONBIIOM 3IEKTPOKWHETHYECKOM pa-

aunyce Kanwuisapa R =7, / A, (1, — paguyc Kanmuis-
pa; A, — TONIIMHA JBOWHOTO 3JIEKTPHYECKOTO CIIOST)

B LWIMHIPUYECKOM KallWULIPE SJIEKTPOOCMOTHYE-
CKO€ TEUYCHHE HMEEeT MPAKTUYECKH TOPIIHEBOM Xa-
pakrep. Tak, cormacHo [6], [7, c. 162], yxxe nipu Benu-
YUHE ANIEKTPOKUHETHYECKOoro paguyca R>100 snek-
TPOOCMOTHYECKOE TEUEHUE NPUHUMAET MPAKTHYECKHU
MOPIIHEBON (OJHOMEPHBIH) XapakTep, T.e. aMIUTUTY-
Jbl CKOPOCTEH U JABJICHUH COXPAHSIOT MOCTOSIHHOE
3HaUYCHHUE B MOMEPEUYHOM CcedeHuH Kammusipa. [lo-
3TOMYy Jnajnee OyJaeM TOJbh30BaThCS OJHOMEPHBIMH
ypaBHeHusiMu HaBbe — CToKca B OoJiee MPOCTOU IIH-
JIMHAPUYECKON CUCTEME KOOPAUHAT.

Kpome toro, Himke OyAeT rmoka3aHa BO3MOXKHOCTh
OTIMICaHUS TOBEJICHUS KUJAKOCTH B AJIEKTPOKHMHETHYE-
CKHX IpoLeccax THAPOJUHAMUYECKUMH YPaBHEHUSIMU
JUIA BSI3KOM HECKMMAEMOM JKMIKOCTU B JOCTATOYHO
IMPOKUX YACTOTHBIX Mpeaeiax.

3amumiem ypaBHenne Hamwe — Ctokca (3) u (4)
MNPUMEHUTENBHO K LWIMHIPUYECKOMY KalWUIsIpy,
3aMI0JIHEHHOMY HECKMMAEMOW BA3KOW IKHUJIKOCTBIO,
B Cllydyae OJHOMEPHOro TeueHus. [[ns Hecxumaemoi
KUJKOCTH B CIIydae 3JIEKTPOOCMOTHYECKOIO TEUEHUS
BJIOJIb IIMUIMHAPUYECKOTO KAMIUISPA C OCHIO, OPHEH-
THPOBaHHOW BAOIHh och Oz, MMEIOIIETO MOCTOSHHYIO
ckopocts v, =(0,0,v)) M mepeMeHHyI0 CKOpOCTb
v=(0,0,v,), a Taxke Imojie MEPEeMEHHOTO JaBJICHUS
P, CIWHCTBEHHAs OTJIIMYHAs OT HyJsl Zz-COCTaB-

nsromast ypaBHenus Habe — CTokca uMeeT BUI (CM.
[2,c. 76],[8, c.395] u op.)

avz+(v +v )avz_
o 7 o
2

:_la_p+v 0y,
p Oz z°

+p,E_/p. (3a)

KpOMC TOro, AOJJIKHO BBIIIOJIHATHCA ypaBHCHI/IC HEC-
HpepI)IBHOCTI/I, KOTOpOC B JaHHOM cnyqae HUMECT BU/
[2, c. 76]

ov
= =0. 4a
% (4a)
B (3a) E. #0 — BepTHKanbHas COCTaBIIAIOIIAs Ha-

NPSDKEHHOCTH 3lIeKTprdeckoro nons E=(0,0,E ).

Hanee paccMoTpumM mpeaenbl BO3MOXHOCTH HC-
MOJIB30BAHUSA MOJEIN HECKHMAEeMOM BSI3KOM KHIKO-
CTH JUISI DJIEKTPOOCMOTHYECKUX TporieccoB. CoriiacHo
[2, c. 41], )KUAKOCTh MPH CTAIMOHAPHOM €€ TeUEHHUU
MOKHO CUMTATh HEC)KUMAaeMOH MPH YCIIOBUH, YTO Ba-
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A
pHanyy INIOTHOCTU CPEAbl MaJlbl: =P < 1, 4t0 pas-

HOCHUJIBHO YCJIOBHUIO |V| < C, Tae |V| — aMIUIMTyJa

BEKTOpa CKOPOCTH KHJKOCTH; ¢ — CKOPOCTh 3BYyKa
B xkuakoctu. KpoMe Toro, B HeCTal[MOHAPHOM PEXKH-
Me JBHIKCHUS JKUJKOCTH HEOOXOJIUMO BBITIOJHEHHE
eIIe OJTHOTO YCIOBUS [2, ¢. 42]:

[
T>—,
c

rae ¢ M | — BEJIMYMHBI MOPSIKA TPOMEKYTKOB Bpe-
MEHH U PACCTOSHUH, Ha KOTOPBIX CKOPOCTH JKUIKOCTH
U TNPOMCXKYTKH BPEMCHU COOTBECTCTBCHHO MUCIIBITHI-
BalOT 3aMETHOE N3MEHEHHE.

CornmacHo pe3yinbratam pabotel [3], cucrema
ypaBHEHUH THAPOIWHAMHUKY JIJISI HECKUMAEMOU JKUJI-
KocTH (3), (4) ageKBaTHO ONMUCHIBAET THAPOJUHAMHKY
MIPOIIECCOB B DJIEKTPOKMHETUYECKHUX IPeoOpa3oBaTe-
JISIX COOTBETCTBEHHO J0 dacTtoT f <100 x['1 B Bome
u f <20 xI'u B BO3OyXE.

Jamee paccMOTprM ypaBHEHHS TEIUIONPOBOIHO-
CTH TakXke s 00OWX CIy4aeB: C)KHMaeMOW M He-
C)KUMaeMOM )KUIKOCTH.

B cayyae cxumaeMoil KUAKOCTH 3TO YpaBHEHHUE
nmMeeT Bua [2, ¢. 273]

pT[%‘f’ VVS} =V (xVT)+

2

n [ov, ov, 2. .. N2
+—x| —L+——-=6divv | +C(divv) . 5
2 \oax, ox, 3" 6 ) ©®)
3mece T — 1mone TeMmmeparyp B IKHIKOCTH;

S — OHTPONHUS E€OWHHUIBl MAacChl
K — K03 (UIHEHT TEIIONPOBOTHOCTH.
B ciaydae HecxrMMaeMON KMIKOCTH YpaBHEHHUE TEll-

JKUIKOCTH;

JIONPOBOJIHOCTH  mpeodpasyercs K Buay  [2,
c. 277]
a—T+V-VT =
ot
v, v )
v v, ov
= yAT +—x| —L+—%L | +w/pc,, 6
“ 2¢, 0x, Ox PE ©)
rne V=n/p — KuHemaTHyecKas BA3KOCTb,

a BMECTO KO3(p(pHIMEeHTa TEIUIONPOBOJHOCTH K BBE-

JleHa TEMIIePaTypOIpPOBOIHOCTE ¥ =K/ pc,; ¢, —

yaciabHasA TCIUIOEMKOCTD IPU MOCTOAHHOM J1aBJICHUH.

B ypaBuenuu (6), B ornuume or [2, ypaBHEHHE
(50.2)], cnpaBa nobaryieHa MIOTHOCTh TEIIOBOTO HC-
TOYHHKA w — TCIIJIOTA, BBIACJICHHAsA HMCTOYHHKOM
B CIMHHILy BPEMEHH B CJIUHHIE OOBEMa >KUIKOCTH

(cm. takke [9, c. 25, 26]), [w] =Br/™M’ . PaccMotpum
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Clly4ail, Korja TakOoW TEIUIOBOM MCTOYHMUK IIOPOXKJa-
eTcid IPOLECCOM MPOXOXKICHUS YEPe3 AIIEKTPOJIUT
JIEKTPUYIECKOTO TOKa. B pmaHHOM ciyyae BOCHONB3Y-
eMmcs 3akoHOM [[xoyist — JIeHa o BbLAENIEHUU TeIlla
IIPY POXOXKJICHUU TOKA. MOIHOCTD BBIACICHUS TEll-
ma w (Teruia, BBIACISIEMOTO B €JMHULIE 00BeMa Cpebl
B €MHUITY BpeMEHH) PU NPOTEKaHUH JIEKTPHUYECKO-
ro TOKa TPOIOPLHOHATIBHA POU3BEACHUIO IJIOTHO-
CTH 3JIEKTPUYECKOI'0 TOKA j Ha BEJIMYMHY HalpsDKEH-

HoctH anekTpuueckoro mojist E [10, ¢. 604, 605]. Ma-
TEMATUYECKH 3TO 3aIIUCHIBAETCS TAK:

w=j-E. @)

Jis Toro, 9TOOBI B YpaBHEHHSX JIBIKEHHS HEPaB-
HOMEPHO HarpeToil *HUJIKOCTH MOXXHO OBLIO CUUTATh
TJIOTHOCTH TTOCTOSTHHOW, HEOOXOANMO, TIOMUMO MaJlo-
CTU OTHOIIEHUSI CKOPOCTH KHUIAKOCTH K CKOPOCTH 3BY-

Ka |V| < €, YTOOBI UMEFOIIHECS B )KUIKOCTH Pa3HOCTH

Temreparyp OBUTM JOCTaTOYHO Malbl (pedb WAET
MMEHHO 00 a0CONIOTHBIX 3HAYEHHSIX PA3HOCTH TeMIIe-
paTyp, a He O rpaJueHTe TemIeparypsl). B atom ciy-
yae XUIKOCTh MOXKHO CUMTATh Hecknmaemoil. Cuu-
Tas Pa3HOCTH TEMIIEPATyp MajbIMH, MOXKHO IMPEHEO-
pedb TaKKe W TeMIIEPAaTYypPHOH 3aBUCUMOCTHIO BEJIH-

4MH 7], K W C,, T.e. yPaBHCHHE TEIUIONPOBOAHOCTH

MOXeT OBITh 3amucano B Buae (6) [2, ¢. 277].

TakuMm 00pa3oMm, MPHU NPUHATHIX BBIIIE JOMYIICHH-
SIX THAPOAMHAMUYECKas 4YacTh YpPaBHEHWH, OIMCHI-
BaOIIUX HCCIIEAYEMBI TPOIIECC, MOXET OBITh 3aIH-
cana B Buje ypaBHeHuil HaBbe — CTOKCa 11T HECXKU-
Maemoii xxuakoctu (3), (4) 1udo (3a), (4a), a ypaBHe-
HUE TEIJIONPOBOAHOCTH MOXET OBITh 3alMCaHO B BH-

ne (6).

O INIOTHOCTHU TOKA
B OJIEKTPOOCMOTHUYECKOM ITPOLIECCE

B snexktpoocMoTHuecKOM Mpoliecce NMpH BbIUKCIIE-
HUU TUIOTHOCTH JJICKTPUUECKOTO TOKA j B 3aIOJIHCH-

HBIX JXUAKOCTHbIO TOHKHUX KaIllWJIApax U ):[Ha(bparMax
HEOOXOJMMO YYHUTHIBATH HEKOTOpPHIE OCOOEHHOCTH
QJICKTPOMPOBOAHOCTHU B HHUX, B OTJIMYUC OT IJICKTPO-
MPOBOJHOCTH B CBOOOJHOM KHIKOCTH (CM., Hampu-
Mmep, [11, rim. 5]; [12, c. 211-214]). D10 cBsA3aHO C TO-
BBIIICHHUEM KOHICHTPAllUKM HOHOB OKOJIO IOBEPXHO-
CTel pasliena KHIKOCTh — TBEPJIOE TENIO BCIEICTBHE
oOpa3oBaHus JBOHHOTO 3ekTpudeckoro ciost (JI9C).
BcenenctBue ancopOuyM HOHOB CyMMapHasi KOHIICH-
Tpanus ux B moaBumxHON yactu J[DC npessimaer Ta-
KOBYIO B OKpPY»aroieM cBoOOJHOM pacTBope. M30bI-
TOK MpoTuBONOHOB B JIDC mpeBbimaeT o adCcomoT-
HOW BeJIMYMHE HEAOCTATOK KOMOHOB. B 3TOM cityuae

BO3HUKACT AONOJHUTC/IbHASL JJICKTPOIIPOBOAHOCTL O,

00ycJIOBNIeHHasT TIOBEPXHOCTHBIM ~HW30BITKOM HOHOB
W Ha3blBaeMass MOBEPXHOCTHOM MPOBOJAUMOCTHIO.
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Ormerum [12, c. 211], uTo BenMuuHa O, 34€CH OT-
HIOAb HE SABIISICTCA YI[CHLHOﬁ MMPOBOJUMOCTBIO TI0-
BEPXHOCTHOTO CJIOS, @ TPEACTABISET COO0M M30BITOK
00BbEMHON MPOBOIUMOCTH KUAKOCTH ¢ B IOPUCTOM
cpele, YCpeIHEHHBIM, Kak Obl "pa3ma3aHHBIN"
Mo BceMy o00beMy Kamwmispa. Takum oOpa3om,
yneabHask 3JIEKTPOIPOBOJAHOCTh TIOPOBOTO pacTBOpa
o SABJSETCS CyMMOU 00BEMHOM 3JIEKTPOIPOBOIHOCTH

O, W TIOBEPXHOCTHOH 3JIEKTPONPOBOAHOCTH O, :
c=0,+0,.

B pabore [11, c. 26] TEM He MeHee OTMEUEHO, uT0
TIpH BBHITIOJTHEHUH YCIOBUS (8)

GS

Rel=—xk1 (®)

O

v

MOBEPXHOCTHAS TPOBOJUMOCTh OKa3bIBae€T Cl1aboe
BIIMSIHUE Ha DJICKTPOKUHETHUECKUE SIBICHUS. A JIIs
cilydasi KallWUIIPOB TMOCTOSIHHOTO CEUCHHS IOIpPaB-
Koi (8) wucUepmbIBaeTCS BIMSHHUE ITOBEPXHOCTHOU
MPOBOJAMMOCTH Ha DJICKTPOKHHETUYCCKHUE SIBIICHUS
Y, B YaCTHOCTH, Ha 3JICKTPOOCMOC.

IMockonbky panee TPU TPOBEJCHHU MOJIEIBHBIX
SKCIIEPUMEHTOB DAJIUyC Kaluuisipa, HAMOJHEHHOTO
KHUJIKOCTHIO, B KOTOPOM OCYIIECTBISICTCS MOJICITHPO-
BaHHUE 3JICKTPOOCMOTHYECKOTO Tpolecca, Oyner 3Ha-
quUTEeNbHO Oobie ToNmuHEl JIOC (MHBIMH CIIOBaMH,
MPUHUMAETCS JIOMYIICHUE O OOJBINON BeMunHe 0e3-
Pa3sMEPHOro 3JICKTPOKMHETHYECKOIO pajuyca Karlmi-
aspa R=r,/A,), TO KHAKOCTb, TEKyIIasi 110 KaITHJI-
JSpy, OYJEeT MMETh YACIBHYIO 3JIEKTPOIPOBOJIHOCTD
o, OMM3KYI0 K O, W HOBEPXHOCTHOW MPOBOIUMO-

CTBHIO MOXXHO TIPEHEOpEYb.

O INIOTHOCTHU
TEITJIOBOI'O UICTOYHHUKA w

MormHoCcTs W BBIIENeHHA Terua (7) B Kammnispe
BBIYUCIIACTCSA TaK:

2

w=jE=3I_W _sp.E=05
(o2 (o2

v v

i o

E

|2

©)

Ha snextpoapl MeMOpaHbI 31eKTPOKUHETHIECKOTO

n3ydatens oOblYHO mopaercsa cmechk U, +u, mocTo-
SHHOTO HampsbkeHus U, =const u nepeMeHHOro cu-
HYCOUIQILHOTO  HAampsikeHus u, =uye  (31ech
U, =const — aMIUIMTy/la HEPEMEHHOT0 HANPSKEHUs

u,). B ciaydae rapMOHMYECKOro IEPEMEHHOI0 Hamps-

' B Hacrosiiiee Bpems Ge3pasmepHblit mapamerp Rel momy-
ynn  oOuienpusHaHHoe Has3BaHue '"ducno JyxuHa" Du
B YECTh OJIHOTO M3 COABTOPOB paboTH [12], mpemnokuBIie-
T'0 3TOT KPUTEPHA TOJOOMS.

xeHus B (9) Hy)KHO yYUTBHIBAaTh JICHCTBYIOIIUE 3HAYE-
HUSl DJIEKTPUYECKOrO MOJIsl, B Clydae IOCTOSIHHOTO
HanpspkeHus: B (9) yduThIBaeTCsl BEJIMYKMHA MOCTOSH-
Horo HampspkeHus. Torma (9) mocne ocpeaHeHus
[0 TMepuoxy KoyIeOaHWH IEeperuchIBAeTCS  TaK:
W=W,+W,TIe W, ¥ W, PaBHbI COOTBETCTBEHHO

W, =0, |E,| =0, (U, /1)
"
— 2 2 2
W =0, E1| =o,|(u /Z)| =o,(u, /1) /2.
3neck /| — TommmHa MeMOpaHbl (paBHAas UIMHE Ka-

MAUTSApA) NMEKTPOKMHETHIECKOTO m3mydatens. OKoH-

yaTenbHO ik (9) umMeeM

o

12
Torma ¢ yderom (10) ypaBHenme (6) 3ammmiercs

CJICYIOIUM 00pa3oM:

w=—x[Us +u /2] (10)

a—TJrVVT =
ot
2
+L2[U§+u§/2]. (11)
pe,l
Takum 06pa3oMm, BbIIIE TOKA3aHO, YTO CHCTEMA
YPABHEHUH JUIsl ONMCAHUS TUAPOIUHAMUYECKHX MPO-
IIEeCCOB U HpOI_[eCCOB, CBA3AHHBIX C TCHJ‘IOHepeHOCOM
B JKHIKOCTH HpI/IMeHHTeHBHO K MOILeJII/IpOBaHI/I}O
SHCKTPOKHHCTquCKOFO I/I3Hy‘{aTeﬂﬂ HpI/I rmoagaye

Ha HCT'O NMOCTOAHHOI'O HANIPSIP)KCHUA HAKAYKH UO n me-

ov, ov
=ZAT+L i Tk

2¢,\ ox,  ox

PEMECHHOTO HaNPSAKCHUA aMHHI/ITYZLOI‘/'I U,, MONKCET

OBITh OrpaHWYEHAa THIPOAWHAMHYECKON CHUCTEMOMH
ypaBaenu#t (3), (4) B obmem ciydae wnmm (3a), (4a)
B cCllydyae LMIMHIPHUYECKON CHCTEMBI KOOpJIUHAT

c ucrounukoM f = p E B (3) u ypaBHeHUeM coxpaHe-

o
Hust oHepruu (11) ¢ HCTOUHUKOM —VZ[U(f +uy / 2] .
P

UYNCJIEHHOE MOJIEJIMPOBAHHUE.
MATEMATHUYECKAS 1 ®U3NYECKA
MOJEJIN ITPOLIECCA

B xagectBe (u3mveckoll MoaenH mporecca mpea-
JIaraercsi OTHOPOJAHBIN CTEKIIAHHBIN TUIUHIAPUUECKUN

KalwuLsip JUIMHOH [ ¢ BHYTPEHHHM paJycoM 7
U BHELIHUM pajuycoMm 7, +Ar, rme Ar — TomiuHa
cTeHKH Kammuripa. Och Kamwuisipa OpHEHTHPOBaHA
BIOJb oc Oz W MMeeT KoopauHathl 1o ocu z €[0,/].

BHyTpr kamwmisp 3amoilHEH OJHON W3 BBEIOPaHHBIX
JUISL DKCIIEPUMEHTOB OJIHOPOAHBIX Cpelx (BO3IyXOM
60 Bomoi). CaM Kamuiuisip MoMereH B Oe3rpaHud-

HAYYHOE [NPUBOPOCTPOEHME, 2026, Tom 36, Ne 1



UNCJIEHHAS OLHEHKA D®®EKTMBHOCTU 91

HYI0 OJTHOPOJIHYIO Cpely, HIEHTHUHYIO CpeJie, 3amo-
Haronen kanuuisip. K TopramM kanuuisipa mpuiaokeHo
COBOKYITHOE JJIEKTPUIECKOE T0JIe ¢ HAPSHKEHHOCTHIO

E=E,+E, rre E, =(0707E02)

IMPWJIIOKCHHOI'O K TOpLaM Kalujjigpa BEPTUKAIBHO
OPHUCHTUPOBAHHOT'O IMOCTOAHHOTO JOJICKTPHUYCCKOI'0

TOJIS; E=(O,O,EZ) — HaNpsDKEHHOCTh TNPHIIOKEH-

HOT'O K TOpLAaM Kaluulsipa BEPTUKAIBHO OPUEHTHPO-
BAaHHOT'O NIEPEMEHHOTO JIEKTPUIECKOTO OIS,

B kauecTBe MaTeMaTHUECKOH MOJENH MPOLECCOB
B JKMJIKOCTH NPHHHMMAETCS cucTeMa ypaBHeHuil Ha-
Bbe — CTokca (3a), (4a) B IMIMHIPUYECKOW CHCTEME
KOOpJIMHAT, a TaKkKe YPaBHEHHE TEIUIONPOBOIHOCTH
B xuakoctH (11).

Janee i nomydeHus 3aMKHYTOT'O PELLeHHUs 3a1a4
(3a), (4a) m (11) m CTBHIKOBKH KpaeBBIX YCIOBHH
Ha BHEIIHEH rpaHUIle Kanwuisipa MOHAJA00UTCs ypaB-
HEHHE TEMJIONPOBOJHOCTH B CTEKJIIHHOH 00O0JO4YKe
MUIMHIPHYECKOTO KaNWuisipa, a UIMEHHO B 00IacTH

reln.n+Aar], 9e[0,2z], z€[0,1]. D1o ypasHe-
Hue umeeT Bun [13, ¢. 55]

— HaIPsHKECHHOCTDb

oT O'T 10T 10T 0T

—=a| S +——+5—+— |, (12)

ot or ror r-op 0oz
e a=A,/ ( pgcg) — KO3} GUIHEHT TeMIepaTypo-
IPOBOJIHOCTH CTekna; A, — Koddduument temno-
NPOBOAHOCTH CTEKIA; ¢, — TEIUIOEMKOCTh CTEKIIa;

,Dg — INIOTHOCTH CTCKIJIA.

Jns pemenns cuctemsl ypaBHeHu#t (11), (12) He-
O6XOZ[I/IMO MOCTaBUThb I'PAHUYHBLIC YCJIOBUA HA I'paHU-
ax CTEKJTHHON O0O0JIOUKU C JKHAKOCTBIO, Haxoms-
nIelicsl Kak BHYTPH, TaK U CHApYX M Kanujusipa. 3/1ech
comteMcs Ha pabotsl [13, c. 30], [14, c. 28]. Cornac-
HO, Hampumep, [14, c. 28], B paccMaTpuBaeMoOM B Ha-
cTosimei paboTe ciydae UMEET MECTO TPaHHUYHOE YC-
JIOBHE YETBEPTOTO POJia, CIPaBEININBOE JTHOO TpU 00-
TEKaHUH TBEPAOrO Tella XKHUIKOCThIO (B paccMaTpu-
BAaeMOH 3ajaue OOTEKaHHWE MXHUIKOCTBIO BHYTPEHHHUX
CTCHOK Kamujuisipa), JIMOO MpH KOHBEKTHBHOM TEILIO-
oOMeHe Tena C XKHIKOCTBIO (B paccMaTpuBaeMoil 3a-
Jadye — KOHBEKTUBHBIN TCHHOO6M€H Ha BHCIIHHUX
rpaHULax Kanuusipa ¢ OKpY’Karolled ero u3BHE KUl
KOCTBI0). DTO TPaHUYHOE YCJIOBHE CBOJUTCS K Hepas-
PBIBHOCTH TEMIICPATYpP U TCIUIOBBIX IMOTOKOB Ha I'pa-
HHLIAX pas3zena.

Takum 00pa3oMm, Ha BHYTpEHHEH TpaHHUIE CTEK-
JASHHOro Kamwuiapa r=r,, ze€[0,/] (oOTekaHue

JKUJIKOCTBIO BHYTPEHHEH IOBEPXHOCTH KalmWuIApa),
a Takke Ha BHENIHeW OOKOBOW MOBEPXHOCTH KaITWII-

mpa r=7+Ar, z€[0,/] 1 Ha TOpLAX KOJBLEBOIO
Kanujuispa, Takke KOHTaKTHPYIOLUX C OKpYy Karomen
cpenoi

HAYYHOE [NPUBOPOCTPOEHME, 2026, Tom 36, Ne 1

(r,z)e[(ro,r0+Ar),Z=O] H
(r,z) € [(ro,r0 + Ar),z =[] (cBOOODHAsT KOHBEKIIHS),

CTaBATCA KPACBLIC YCJIOBUA YCTBCPTOr'o poaa, CBOJAA-
muecsa K OAHOBPEMEHHOMY 3aJaHUIO paBE€HCTBA TEM-

nepaTyp

T (£) =T, (1) (13)
¥ TEIUIOBBIX IIOTOKOB
oT, .. oT
T Mepennt | = _j’g - (14)
on on

Ha BCEX TPaHUIAX MEXIY OKPYXarolmei U BHYTPEH-
HeH KUIKOCTBKO CO CTCKIIIHHBIMHM CTCHKAaMU KalluJI-
msipa (em. [13, c. 30], [14, c. 28]).

3neck T, — TeEMIEpaTypa OKpyKaiomeH cpe-
Abl, T, — TemiepaTypa XUIKOCTH BHYTPH KallujLIsipa
Ha Trpammue co crekmom; A . owm A, —

COOTBETCTBEHHO KOX((GHUITUEHTHI TEIUIOMPOBOIHOCTH
Cpelbl U CTEKJIa; 1 — HOPMAaJIN K COOTBETCTBYIOIINM
TOBCPXHOCTSM.

3ameuanue. OTMETUM, YTO YPaBHEHHUS THAPOIH-
HAMUKH JUIS BA3KOHM JKHUAKOCTH W ypaBHEHHE TEIUIO-
MPOBOJHOCTH YYHUTHIBAIOT Pa3iUuHbIe TOTepH. Tak,
ypaBHeHne HaBbe — CTOKCA yUHTHIBAET BSI3KHE MOTE-
pH, a MMEHHO JWCCHIAIUIO SHEPTHH, BBHI3BIBAEMYIO
BS3KMM TPEHHEM W MPEBPALIAONIyI0 B TEIJIOBYIO
SHEPTHIO.

VYpaBHEeHHE TEIUIONPOBOJHOCTH B paccMarpHBae-
MOH 3aJjaye YUYUTBIBAET INPEXKAE BCETO XapaKTEPHBINA
JUIsl Hee UCTOYHUK MOTEPh — JDKOYJIEB HAarpeB, KOTO-
PBIi BEI3BIBAETCS] BOSHUKAIOIIUM B DJIEKTPOJIUTE HIICK-
TPUYECKHUM TOKOM (CM. MCTOYHHK B TIPaBOH YacTH
ypaBHenus (11)). Kpome toro, npu pemeHnn ypaBHe-
HHS TEIUIONPOBOJHOCTH YYUTHIBAIOTCS TOTEPU JHEP-
THH, CBS3aHHBIE C KOHBEKIMEH Ha I'paHHIAX C OKPY-
JKAIoMIeW cpenoil (OTMETHWM, YTO BOIPOCHI ITHCCHUMA-
THUBHBIX MOTEPh TPUMEHUTEIBHO K 3JIEKTPOOCMOTHYE-
CKOMY TpoIecCy MOJPOOHO PacCMOTPEHBI, B YaCTHO-
ctu, B padore [15]).

OIIMCAHUE 'EOMETPUN
OKCIIEPUMEHTA

B skcnepumenTax 3a OCHOBY ObLIa B3siTa T'€OMET-
pHsl YMCIIEHHOTO dKcIliepuMenTa pabotsl [1]. A nmen-
HO: CTEKJISIHHBIH KalWUIAP C OTKPHITHIMH KOHIIAMH,
B KOTOPOM OCYILECTBIISUICS IIPOLIECC 3NIEKTPOOCMOCa,

uMen cruefyromue pasmeps:: [ =1-10"wM, paamyc
7y =1- 10 M, KOHIIBI OCH KaIMIUIAPa MMETH KOOP/H-
HaTel (r’z)lover = (0’ 0) M1 (r’Z)upper = (0’1073 ) M.

TommmHa cTeHKHM Kanmwjuigipa B HacTosmed pabote
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npuHUManack paBHoit Ar=8-107° M. CTeHKa Kamui-
nsipa Obl1a BBEJICHA AJIs yUeTa TeIIoNnepeHoca.

Kanmwisip momerancst B 6e3rpaHUYHYIO OJHOPO/I-
HYIO )XHJIKOCTH (BO3IIyX WJIH BOZY), KOTOPAs 3arOTHsI-
Jla ¥ BHYTPEHHUH 00beM Kanwuisapa. Takum oopaszom,
B OTJMYUe OT PaboThl [1], BHyTpU Kamumjuispa pac-
cMaTpuBajach MyJIbTU(GHU3MUYECKas 3a/adya THAPOIH-
HAaMHKH M TEIUIONPOBOJHOCTH, a B 00OJIOYKE Karul-
Jsipa U B OKPY)KAIOLIEH >KUAKOCTH PaccMaTpHBaIach
3aJ1a4ya TEIUIONPOBOHOCTH.

OIMMCAHUE SKCIIEPUMEHTA

MopenbHbI 3KCHOEPUMEHT IPOBOAWICS Ha MpPO-
rpammHoM komiuiekce COMSOL Multiphysics. B ka-
9YeCTBE THAPOIMHAMUYECKON MOJIENIN UCIIOJIb30BaJIaCh
MOJIeNIb HEC)KMMaeMou Bsi3koM skunukoctu (3), (4).
B kauecTBe cpeqpl B SKCIIEPUMEHTAX HCIOJIB30BAINCD
BOJa W BO3IyX (0000IIEHHO XHUIKOCTH). B Oesrpa-
HUYHYIO KHJIKOCTh TOMEIAJICsl HMIMHAPHYECKUNA Ka-
HMIUISIP C OTKPBITBIMU KOHLIAMH, 3alIOJTHEHHBIH OKpY-
Xaromer xunkoctelo. K TopaMm kanmwuisipa mojaaBa-
JOCh  CYMMapHOE  3JIEKTPUYECKOE  HAIPSHKEHHE
U, +u, nocrosiuHoro Hampsxenus U, =const u ne-
PEMEHHOT0 CHUHYCOHUIATBHOTO HaTpsHKEHUS
u, =u,e’” (3mech u, =const — amIUIMTyna mepe-
MEHHOTO HaNpsDKEHUs U;). AMIUINTYAA IOCTOSIHHOTO
HanpsDKEHUs] Hakaykd Oblla  NpHUHATA  PaBHOM
U, =2000 B, ammuTyna IepeMEHHOTO HAPHKCHUA
Obua paBHa u, =600 B. Yacrora xonebanuii npuHu-
manack paBHoi f =1000 ['m. Bemmuuna Uy = 2000 B
Obuta BBIOpaHa, UCXOHs M3 Pe3ynbTaToB paboTsl [1],
T.K. UIMEHHO npH 3710l BenuuuHe U, B [1] ObLIO MO-
JYy4eHO HauOoNibllee NPEUMYIIECTBO H3ITydaTels
B BOJIE 110 CPABHEHHIO C BO3LyXOM.

Uro KacaeTcsi KpaeBBIX YCIOBHH Ha CTEHKax
Kallwusipa MpU  3JIEKTPOOCMOTHYECKOM  TEUEHUH
xuakocty, To B makere COMSOL Multiphysics npu
MOJIEJINPOBAHNUHU IEKTPOOCMOCA IPUHUMAETCA "3IIeK-
TPOOCMOTHYECKOE" KPaeBOE YCIOBHE, 3aKIJIFOUAIOIIEe-
csl B TOM, YTO Ha BHYTPEHHEH CTEHKE Kamwuisipa JUis
MPOOJIBHOW CKOPOCTH JKHIKOCTH BMECTO YCIOBUS
MPUINIIAHKS KUAKOCTHA MIPUHUMAETCSI YCIIOBHE O TOM,
YTO 3Ta CKOPOCTH JKMIKOCTH Ha CTEHKE paBHA 3JICK-
TPOOCMOTHUYECKOM cKopocTh skuiakoctw U, , rae

&€
U, =_0§ E —
n
TEYEHUSI; & U &, — COOTBETCTBEHHO OTHOCHUTENIbHAS
TUDIIEKTPHYECKAsT TIPOHHUIIAEMOCTh W JIIEKTPHUYECKast
MOCTOSTHHAs; £ — TMpoeKkmus aMIUIUTYIbl Hamps-
KEHHOCTH 3JIEKTPUYECKOTO TIONISi B HANpPaBICHUH

JBYO)KEHUSA XKUAKOCTH (cM., Harpumep [7, c. 159], [11,
c. 7).

AJIEKTPOOCMOTHYECKAss CKOPOCTH

bbun npoBeJeHbl CIenyOUIe MOJISIIbHBIE JKCIIE-
pUMEHTHI. [ yKka3aHHBIX BBIIE apaMeTpPOB ObUIN
HallleHbl BEJIMYMHBI JABJICHUS U CKOPOCTEH IBIDKE-
HUSI JKHUJIKOCTM B BOJIE U B BO3AyXE ISl YCIOBUU
TOJIBKO BSI3KHX HOTEPh U OTAEIBHO AJIs1 COBOKYITHOCTH
BA3KUX U TCIJIOBBIX IMOTEPb. B urore 6putn TMOJTY4YCHbI
CJIEAYIOIINE PEe3yIbTATHI.

1. B ycrnoBusix ydera TOJBKO BSI3KHUX MOTEpPh OT-
HOLIEHNE aMIUIMTY[ IEPEeMEHHOIO AABJICHUS B BOJE
U B BO3JyX€ COCTaBUIO p,. ../ p.. =4407. Ilpn
y4eTe U BSI3KHX, U TEIUIOBBIX MOTEPh 3TO OTHOLICHHE
COCTAaBWJIO  BEIMYUHY Py | Pour =4372  (mim
ymensbienue Ha 0.79%).

2. IlpousBeeHO CpaBHEHHWE WHTEHCUBHOCTEHN 3BY-
Ka B Kanmwuiipe. B kauecTBe MHTEHCUBHOCTEHN 3ByKa
B KalWUIIpe B BOJE WIM BO3AyXe Opajach BeIMYUHA

I=pyv,/2 (py,V, — aMIUIUTYJbl JABJIECHUSA U CKO-

POCTH COOTBETCTBEHHO), XapaKTepHas U 3JIEKTPO-
OCMOTHYECKOr'0 TEUEHHUs C IIPUCYIIUM €My CBOMCTBOM
MOCTOSIHHOCTH 3THX BEJIMYUH B MOIEPEYHBIX CEUCHU-
sax Kamwuisipa (cMm. [1]), a UMEHHO HE3aBHCHMOCTb
9TUX BEJIMYMH OT paanyca Kanwuipa. OTHOIIEHUe
WHTEHCUBHOCTEH MNpPH y4eTe TOJIbKO BS3KHX IOTEPh
cocrasuno [ .. /1. =6243. Ilpu ydere nm BA3KHX,
U TEIUIOBBIX NOTEPh 3TO OTHOIIEHHE COCTABUIIO BEJIU-
ynny [ . /1, =6162 (unu ymenbuenue Ha 1.3%)

Takum 00pa3oMm, B YCIOBHSIX OIMCAHHBIX JKCIIE-
PUMEHTOB OBUIO TOKa3aHO, YTO HEYYET TEIUIOBBIX I10-
Tepb MpPU pacdeTe aKyCTUYECKHUX IMOJIeH B Kamuiuispe
MPUBOAUT K omnOkamM nopsaka 1%.

water air

BbIBOJbI

B pabote mpuBeaeHbsl Bce HEOOXOIMMEBIE ypaBHE-
HUS JJI TIPOBEICHHUS MOJAETHHBIX IKCIIEPUMEHTOB TI0
YYeTy TEIUIOBBIX U BSI3KHX MOTEPh DIEKTPOOCMOTHYE-
CKOTo u3iydarens. B pesynbraTe mpoBeneHHBIX MO-
JENBHBIX SKCIIEPUMEHTOB BBISBICHO cieayromiee. Jlo-
MOJHUTEIbHBIN K YUCTy BA3KUX MOTECPb YUCT TCILIIO-
BBIX TIOTEPHh HE3HAYWTENFHO TIOBBIIIAET TOYHOCTH
pacueroB. Tak, OTHOLIEHWE AaMIUIATYHX JAABJICHUN
B BOJIE U B BO3Iyxe MeHseTcs Bcero Ha 0.79%, a oT-
HOIIIEHUE WHTEHCUBHOCTEW M3IIy9aeMOTr0 3ByKa MEHs-
ercst Ha 1.3%. CaMu aMIUIMTY/IbI IaBJICHUN U KoJieOa-
TEJTHHON CKOPOCTH 03 ydeTa TeIula U ¢ Y9eTOM Teria
MEHSUIMCh B IpeJieNax OJHOro MpOoIeHTa. JTO MO3BO-
JISIET WUCTOIB30BaTh C YKa3aHHOW TOYHOCTHIO MOJIENb
BSI3KOH HECKMMAaEMOH JKUAKOCTH 0e3 ydeTa TEeTIOBBIX
MOTEPh MPU MOAETUPOBAHUH AIIEKTPOKUHETUIECKOTO
M3TyyaTens 3ByKa.
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NUMERICAL EVALUATION OF THE EFFECTIVENESS
OF LIQUID AND AIR ELECTROKINETIC RADIATORS.
VISCOUS HEAT TRANSFER FLUID CASE

B. P. Sharfarets, V. E. Kurochkin

Institute for Analytical Instrumentation, RAS, St. Petersburg, Russia

This work continues a series of model experiments using the computing package, allowing us to forecast the
comparative efficiency of electrokinetic sound emitters in liquid and air environments. Previously, such a fore-
cast was made by the authors for the condition of the presence of only viscous losses in the medium. In this
work, an attempt was made to obtain the comparative efficiency of electrokinetic emitters in liquid and air envi-
ronments using the computing package COMSOL Multiphysics in the presence of not only viscous but also
thermal losses. As a result of the numerical experiments, an insignificant effect of taking into account thermal
losses on the accuracy of calculations was revealed. This fact can significantly speed up the implementation of
complex model experiments using the COMSOL Multiphysics package.

Keywords: electrokinetic emitters, viscous, incompressible heat-conducting liquid
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INTRODUCTION

Previously, in [1], a model assessment of the com-
parative efficiency of an electrokinetic emitter in wa-
ter and air was considered, taking into account only
viscous losses in the medium, without taking thermal
losses. In the present work, a model assessment of the
comparative efficiency of an electrokinetic emitter in
water and air is made, taking into account not only
viscous but also thermal losses in the process of elec-
trokinetic conversion. In this case, following [2, 3],
a system of hydrodynamic equations is used for the
conditions of a viscous incompressible heat-
conducting liquid.

STATEMENT OF THE PROBLEM

In view of the complexity of conducting full-scale
experiments, we described a model experiment to de-
termine the comparative efficiency of an electroos-
motic emitter in water and air, taking into account
viscous and thermal losses. The model experiment is
carried out using the COMSOL Multiphysics compu-
ting package. For this purpose, the Navier—Stokes eq-
uation system for a viscous incompressible heat-
conducting fluid is applied. The Joule heating of the
fluid caused by the flow of electric current in the ca-
pillary fluid is considered as a source of thermal ener-

gy.

MAIN EQUATIONS FOR DESCRIBING
ELECTROOSMOTIC PROCESS

The subject matter considered in the work falls
within the competence of a fairly young field of phys-
ics — electrohydrodynamics (EHD). According to [4,
p. 653], the determining factor in the interaction of the
electromagnetic field with the medium is not the mag-
netic field, but the electric field in media with very
low electrical conductivity and without a large exter-
nally applied magnetic field at fluid velocities much
lower than the speed of light. The electric field in
EHD is described by the laws of electrostatics, and its
effect on the medium is described by the electric part
of the Lorentz force p,E, where p, is the electric
charge density in the medium, E is the electric field
strength vector. The electric current is determined not
only by the independent motion of charges, but one
should also take into account the convective current of
charge transfer by the liquid p,v (v is the liquid
flow velocity) and the displacement current. Quite a
few publications are devoted to the equations of EHD
(a far from complete list is given in [5]). Below we
present the system of EHD equations written out in
[5] with the necessary comments related to the model-

ing of processes using the COMSOL computing pack-
age.

First, we will consider the hydrodynamic equa-
tions: conservation of momentum (Navier—Stokes eq-
uation) and the continuity equation. In the general
case of a compressible viscous fluid, according to [2,
p. 73], the Navier—Stokes equation (conservation of
momentum) and the continuity equation [2, p. 18]
have the form

p{%+(v-V)V}=
:—Vp+nAv+(§+%jV(V-)v+f, (D

é,0+V-(,0v)=0. )
ot

Under certain conditions, the fluid can be consi-
dered incompressible, which leads to a simplification
of the system of Navier—Stokes equations and the con-
tinuity equation, which in the case of a homogeneous
fluid are reduced to the form [2, p. 73] and [2, p. 37],
respectively

p[%Jr(v-V)v}:—V[H—nAerf, 3)

V-v=0. 4)

In (1)—(4), the following notations are used: Vv is
the fluid velocity field; p is the pressure field in the
fluid; 7 =constand £ =const are the shear and vo-
lume viscosities of the fluid, respectively (the assump-
tion of the constancy of these quantities is made to
simplify the calculations); f = p.E is the volume pon-
deromotive force (Lorentz force in this case for a ho-
mogeneous medium), acting on a unit volume of lig-
uid and characteristic of electroosmotic problems;
E =(0,0,E,) is the electric field strength applied to
the ends of a capillary of length /, filled with liquid
and located along the vertical axis Oz; p, is the elec-
tric charge density in liquid (electric charge of a unit
volume of liquid). In addition, in case (1), (2) p is the
the density field of the medium in the general case is
p #const , and in case (3)—(4) the density field of the
medium is constant p =const .

NAVIER-STOKES EQUATION
FOR A CYLINDRICAL CAPILLARY
FOR CONSTANT AND VARIABLE VELOCITY
AND PRESSURE COMPONENTS OF THE MEDIUM

In modeling electrokinetic processes, such a simple
model of a porous medium as a single thin cylindrical



capillary filled with liquid has found wide application.
With a large electrokinetic radius of the capillary
R=r1/4, (7 is the capillary radius; A, is the
thickness of the double electric layer) in a cylindrical
capillary, the electroosmotic flow has a virtually pis-
ton-like character. According to [6], [7, p. 162], even
with the value of the electrokinetic radius R >100, the
electroosmotic flow takes on a virtually piston-like
(one-dimensional) character, i.e., the amplitudes of the
velocity and pressure remain constant in the cross sec-
tion of the capillary. Therefore, we will further use the
one-dimensional Navier—Stokes equations in a simpler
cylindrical coordinate system.

In addition, the possibility of describing the beha-
vior of a fluid in electrokinetic processes by hydrody-
namic equations for a viscous incompressible fluid in
fairly wide frequency ranges will be shown below.

Let us write the Navier—Stokes equation (3) and (4)
as applied to a cylindrical capillary filled with an in-
compressible viscous fluid in the case of one-
dimensional flow. For an incompressible fluid in the
case of electroosmotic flow along a cylindrical capil-
lary with an axis oriented along the Oz axis and hav-

ing a constant velocity v, =(0,0,v,) and a variable
velocity v=(0,0,v.), as well as a variable pressure
field p, the only nonzero z-component of the Navi-

er—Stokes equation has the form [2, p. 76], [8, p. 395],
etc.

avZJr(v +v)%=
a 7 Yoz

2
=—la—p+v 0 ‘;Z +p,E /p.
p Oz oz

(3a)

In addition, the continuity equation must be satisfied,
which in this case has the form [2, p. 76]

v, =0.
oz
In (3a) E.#0 is the vertical component of the

electric field strength E=(0,0,E.).

Next, we will consider the limits of the possibility
of using the model of an incompressible viscous fluid
for electroosmotic processes. According to [2, p. 41],
a fluid in its steady-state flow can be considered in-
compressible provided that the variations in the densi-

(4a)

A
ty of the medium are small: 2P« 1, which is equiv-

alent to the condition |V| < ¢, where |v| is the ampli-
tude of the fluid velocity vector; ¢ is the speed of

sound in the fluid. In addition, in the non-stationary
mode of fluid motion, one more condition must be
satisfied [2, p. 42]:

[
T>—,
c
where 7 and [ are the quantities of the order of time
intervals and distances at which the fluid velocity and
time intervals, respectively, experience a noticeable
change.

According to the results of work [3], the system of
hydrodynamic equations for an incompressible fluid
(3), (4) adequately describes the hydrodynamics of
processes in electrokinetic converters, respectively, up
to frequencies of f <100 kHz in water and
f £20kHz in air.

Next, we will consider the heat conductivity equa-
tions for both cases: compressible and incompressible
fluid.

In the case of a compressible fluid, this equation
has the form [2, p. 273]

pT[%+V-Vs}=V-(KVT)+

n [%ﬁ&

+=x
2 \ox, O

Here T is the temperature field in the fluid; s is the
entropy of a unit mass of the fluid; « is the thermal
conductivity coefficient.

In the case of an incompressible fluid, the heat
conductivity equation is transformed to the form [2,
p. 277]

- %5,'kdiVV] +¢ (diVV)2 : Q)

a—TJrv-VTz
ot
v, v )
v V. A%
= yAT +—x| —L+—L| +w/pc,
x 2¢c, [8)6,( 8xl.j e ©

where v=n/p is the kinematic viscosity, and ther-
mal diffusivity y =« /pc, is introduced instead of

the thermal conductivity coefficientx; ¢, is the spe-

cific heat capacity at constant pressure.

In equation (6), unlike [2, equation (50.2)], the
density of the heat source w is added to the right side
(the heat released by the source per unit time in a unit

volume of liquid, see also [9, pp. 25, 26], [w] =W/m’ .

Let us consider the case when such a heat source is
generated by the process of passing an electric current
through an electrolyte. In this case, we will use the
Joule-Lenz law on the release of heat when current
passes. The power of heat release w (heat released in
a unit volume of the medium per unit time) when an



electric current flows is proportional to the product of
the density of the electric current j and the magnitude

of the electric field strength E [10, pp. 604—605]. Ma-
thematically, this is written as follows

w=j-E. @)

In order for the density to be considered constant
in the equations of motion of a non-uniformly heated
liquid, it is necessary, in addition to the smallness of
the ratio of the velocity of the liquid to the speed of

sound |V| < ¢, that the temperature differences in the

liquid are small enough (we are talking specifically
about the absolute values of the temperature differ-
ence, and not about the temperature gradient). In this
case, the liquid can be considered incompressible.
Considering the temperature differences to be small,
we can also neglect the temperature dependence of the

quantities 17, x, and c,,lie., the heat conduction eq-

uation can be written in the form (6) [2, p. 277].

Thus, under the assumptions made above, the hy-
drodynamic part of the equations describing the
process under study can be written in the form of the
Navier—Stokes equations for an incompressible liquid
(3), (4), or (3a), (4a), and the heat conduction equation
can be written in the form (6).

ABOUT CURRENT DENSITY
IN AN ELECTROOSMOTIC PROCESS

In an electroosmotic process, when calculating the
density of the electric current j in thin capillaries and
diaphragms filled with liquid, it is necessary to take
into account certain features of the electrical conduc-
tivity in them, in contrast to the electrical conductivity
in a free liquid (see, for example, [11, Chapter 5]; [12,
pp. 211-214]). This is due to an increase in the con-
centration of ions near the liquid—solid interfaces due
to the formation of a double electric layer (DEL). Due
to the adsorption of ions, their total concentration in
the moving part of the DEL exceeds that in the sur-
rounding free solution. The excess of counterions in
the DEL exceeds the deficiency of co-ions by absolute
value. In this case, additional electrical conductivity
arises, caused by the surface excess of ions and called
surface conductivity. Note [12, p. 211] that the value
o, here is by no means the specific conductivity of

the surface layer but represents the excess of the vo-
lume conductivity of the liquid o in the porous me-
dium, averaged, as if "smeared" over the entire vo-
lume of the capillary. Thus, the specific electrical
conductivity of the pore solution o is the sum of the

volume conductivity o, and the surface conductivity
o,. o0=0,+0,.

S

In the work [11, p. 26] it is nevertheless noted that
when the condition ' (8) is met,

Rel = 9

<1 (8)
O

v

the surface conductivity has a weak effect on electro-
kinetic phenomena. And for the case of capillaries of
constant cross-section, correction (8) exhausts the ef-
fect of surface conductivity on electrokinetic pheno-
mena and, in particular, on electroosmosis.

Further, when conducting model experiments, the
radius of the capillary filled with liquid, in which the
electroosmotic process is modeled, will be significant-
ly greater than the thickness of the DEL (in other
words, an assumption is made about a large value of
the dimensionless electrokinetic radius of the capil-

lary R =7,/ 4,)), the liquid flowing through the capil-
lary will have a specific electrical conductivity o,
close to o, and the surface conductivity can be neg-
lected.

ABOUT THE DENSITY
OF THE HEAT SOURCE

The power of heat release (7) in the capillary is
calculated as follows:

i i

o, O,

v

E

|2

)

=oE-E=0,

A mixture U, +u, of constant voltage U, = const
and alternating sinusoidal voltage u, =u,e'” is usual-
ly supplied to the electrodes of the membrane of the

electrokinetic emitter, respectively (here u, =const is

the amplitude of the alternating voltage ). In the

case of harmonic alternating voltage in (9), it is neces-
sary to take into account the effective values of the
electric field; in the case of constant voltage in (9), the
value of the constant voltage is taken into account.
Then (9) after averaging over the oscillation period is
rewritten as follows: w=w, +w,, where w, and w,

are equal, respectively, to

E[ =0, (U,/1)

W, =0,
and

E1|2 =o|(u /l)|2 :GV(MO/Z)2 /2.

wm =0,

' At present, the dimensionless parameter Rel has received
the generally accepted name "Dukhin's number" Du in hon-
or of one of the co-authors of the work [12], who proposed
this similarity criterion.



Here / is the membrane thickness (equal to the capil-
lary length) of the electrokinetic emitter. Finally, for
(9) we have

(10)

Then, taking into account (10), equation (6) can be
written as follows

a—T+V-VT=
ot
2
v [Ov. Ov o
=;(AT+2—(6—‘+6—"J + Vlz[U§+u§/2]. (11)
c,\ 0x, O pe,

It was shown above that the system of equations
for describing hydrodynamic processes and processes
associated with heat transfer in a liquid as applied to
modeling an electrokinetic emitter when a constant

pump voltage U, and an alternating voltage with am-

plitude u, are applied to it can be limited by the hy-
drodynamic system of equations (3), (4) in the general
case or (3a), (4a) in the case of a cylindrical coordi-
nate system with a source f=pE in (3) and the
energy conservation equation (11) with a source

%[Uﬁ v 2]
P

NUMERICAL MODELING.
MATHEMATICAL AND PHYSICAL
MODELS OF THE PROCESS

As a physical model of the process, a homogene-
ous glass cylindrical capillary of length /, with an
internal radius % and an external radius 7, +Ar, is
proposed, where Ar is the thickness of the capillary
wall. The axis of the capillary is oriented along the
axis Oz and has coordinates along the axis z €[0,/].
Inside, the capillary is filled with one of the homoge-
neous media selected for the experiments (air or wa-
ter). The capillary itself is placed in an infinite homo-
geneous medium identical to the medium filling the
capillary. A combined electric field with an intensity
of E=E;+E is applied to the ends of the capillary,

where E, = (0,0, EOZ) is the intensity of the vertically
oriented constant electric field applied to the ends of
the capillary; E = (O,O,EZ) is the intensity of the ver-
tically oriented alternating electric field applied to the
ends of the capillary.

The system of Navier—Stokes equations (3a), (4a)
in a cylindrical coordinate system, as well as the heat

conductivity equation in a liquid (11), are adopted as
a mathematical model of processes in a liquid.

Further, to obtain a closed solution to tasks (3a),
(4a) and (11) and to connect the boundary conditions
on the outer boundary of the capillary, we will need
the heat conductivity equation in the glass shell of
a cylindrical capillary, namely in the region

re[ro,ro +Ar], goe[0,2ﬂ] , ze[O, Z]. This equation
has the form [13, p. 55]

ror 1 og o

oT o°’T 1eor
—=aq 3 +_
ot or

2 2
+ 10 T+8_Tj’ (12)

where a=1,/ ( pgcg) is the coefficient of thermal
diffusivity of glass; A, is the coefficient of thermal
conductivity of glass; c, is the heat capacity of glass;

P, 1s the density of glass.

To solve the system of equations (11), (12), it is
necessary to set boundary conditions at the boundaries
of the glass shell with the liquid located both inside
and outside the capillary. Here we refer to the works
[13, p. 30, 14, p. 28]. According to, for example, [14,
p. 28], in the case considered in this paper, a boundary
condition of the fourth kind takes place, valid either
for liquid flow around a solid body (in the problem
under consideration, liquid flow around the inner
walls of the capillary) or for convective heat exchange
of the body with the liquid (in the problem under con-
sideration, convective heat exchange with the liquid
surrounding it from the outside at the outer boundaries
of the capillary). This boundary condition is reduced
to the continuity of temperatures and heat flows at the
interfaces.

Thus, on the inner boundary of the glass capillary
r=r,, z€[0,/] (liquid flow around the inner surface
of the capillary), as well as on the outer lateral surface
of the capillary r=r, + Ar, z€[0,/] and on the ends
of the annular capillary, which are in contact with the
environment

(r,z)el(r.r, +Ar),z=0] and
(r,z)el(ry,n, +Ar),z=1] (free convection), boun-

dary conditions of the fourth kind are set, they can be
reduced to the simultaneous specification of the equal-

ity of temperatures
T (0)=T(1) (13)

and heat fluxes

oT, oT,
-2 wem | _p | S 14
cpetbt ( on j g ( on j ( )

at all boundaries between the surrounding and internal
liquid with the glass walls of the capillary (see [13,
p- 30], [14, p. 28]).




Here T

cpeiibl
temperature of the liquid inside the capillary at the
boundary with the glass; A and A, are, respec-

cpepl

is the ambient temperature, 7, is the

tively, the thermal conductivity coefficients of the
medium and glass; n are the normals to the corres-
ponding surfaces.

Remark. Note that the hydrodynamic equations for
a viscous liquid and the heat conductivity equation
take into account various losses. The Navier—Stokes
equation takes into account viscous losses, namely,
the dissipation of energy caused by viscous friction
and converted into thermal energy.

The heat conduction equation in the task under
consideration takes into account, first of all, the cha-
racteristic source of losses — Joule heating, which is
caused by the electric current arising in the electrolyte
(see the source on the right side of equation (11)). In
addition, when solving the heat conduction equation,
energy losses associated with convection at the boun-
daries with the environment are taken into account
(note that the issues of dissipative losses as applied to
the electroosmotic process are considered in detail, in
particular, in [15]).

DESCRIPTION OF THE GEOMETRY
OF THE EXPERIMENT

The experiments were based on the geometry of
the numerical experiment of [1]. Namely, the glass
capillary with open ends, in which the electroosmosis
process was carried out, had the following dimen-

sions: /=1-10"m, radius 7, =1-10"m, the ends of
over = (0’0) m
and (r,z)upper = (0,10’3)m. The thickness of the capil-

lary wall in this work was taken to be equal to

Ar=8-10"m. The capillary wall was introduced to
take into account heat transfer.

The capillary was placed in an infinite homogene-
ous liquid (air or water), which also filled the internal
volume of the capillary. In contrast to work [1], a mul-
tiphysical problem of hydrodynamics and heat con-
ductivity was considered inside the capillary, and
a problem of heat conductivity was considered in the
capillary shell and in the surrounding liquid.

the capillary axis had coordinates (r,z)1

DESCRIPTION OF THE EXPERIMENT

The model experiment was conducted using the
COMSOL Multiphysics software package. The in-
compressible viscous fluid model (3), (4) was used as
the hydrodynamic model. Water and air (generally
liquid) were used as the medium in the experiments.
A cylindrical capillary filled with the surrounding lig-

uid and with open ends was placed in an infinite lig-
uid. The total electric voltage U, +u, of constant vol-

tage U, =const and alternating sinusoidal voltage

_ iot
U =uye

, respectively, was applied to the ends of
the capillary (here, u, =const is the amplitude of the
alternating voltage). The amplitude of the direct pump
voltage was taken to be equal to U, =2000V, the
amplitude of the alternating voltage was equal to
u, =600 V. The oscillation frequency was taken to be
equal to f =1000Hz. The value of U, =2000 V was
chosen based on the results of work [1], since this
value of U, in [1] secured the greatest advantage of
the emitter in water compared to air.

As for the boundary conditions on the capillary
walls during electroosmotic flow of liquid, the COM-
SOL Multiphysics package, when modeling elec-
troosmosis, adopts an "electroosmotic" boundary con-
dition, which consists in the fact that on the inner wall
of the capillary for the longitudinal velocity of liquid,
instead of the liquid adhesion condition, the condition
of equality of this liquid velocity on the wall to the

electroosmotic velocity of the liquid U, , where
&g,¢ . . .

U,=—=F 1is the electroosmotic flow velocity;
n

¢ and g, are the relative permittivity and electric con-
stant; E is the projection of the amplitude of the elec-
tric field strength in the direction of liquid motion
(see, for example, [7, p. 159], [11, p. 7)).

The following model experiments were carried out.
For the above parameters, the values of pressure and
velocities of liquid motion in water and in air were
found for conditions of only viscous losses and sepa-
rately for a combination of viscous and heat losses. As
a result, the following results were obtained.

1. When only viscous losses were taken into ac-
count, the ratio of the amplitudes of the variable pres-
sure in water and air was pg..... / Pour =4407. When
both viscous and thermal losses were taken into ac-
count, this ratio was py.... / Po.r =4372 (or a de-
crease of 0.79%).

2. A comparison of the sound intensities in a capil-
lary was made. The value /= p,v,/2 was taken as
the sound intensities in a capillary in water or air
(p,,V, are the amplitudes of pressure and velocity,

respectively). This value is characteristic of elec-
troosmotic flow with its inherent property of constan-
cy of these values in the cross-sections of the capillary
(see [1]), namely, the independence of these values
from the radius of the capillary. The ratio of intensi-
ties when only viscous losses were taken into account
was [ /I, _=6243. When taking into account

water Oair



both viscous and thermal losses, this ratio amounted
tol /I, =6162 (oradecrease of 1.3%).

water Oair

Thus, under the conditions of the described expe-
riments, it was shown that failure to take into account
thermal losses when calculating acoustic fields in a
capillary leads to errors of the order of 1%.

CONCLUSIONS

The paper presents all the equations necessary for
conducting model experiments of accounting for
thermal and viscous losses of an electroosmotic emit-

ter. As a result of the model experiments, the follow-
ing was revealed. Taking into account thermal losses
in addition to viscous losses slightly increases the ac-
curacy of calculations. The ratio of the pressure am-
plitudes in water and air changes by only 0.79%, and
the ratio of the intensities of emitted sound changes by
1.3%. The pressure amplitudes and oscillatory veloci-
ty themselves, with and without taking into account
heat, changed within one percent. This allows using
the model of a viscous incompressible fluid with the
specified accuracy without taking into account heat
losses when modeling an electrokinetic sound emitter.



