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CPABHUTEJIBHBINA AHAJIN3 BO3MOXKHOCTEHN
MNOJIMHOMUAJIBHONU U AHAJJUTHYECKON ANMPOKCUMAIINNA
MOJISIPUSALIMOHHO-ONITUYECKUX OTKJIUKOB
MATHUTHBIX HAHOKHUIKOCTEN

[TpoBeeHO KOJIMYECTBEHHOE CPABHEHHE BO3MOXHOCTEH HMOJMHOMHHAIBLHOW M aHAJIMTHYECKOH annpoKCHMalui
ciabbIX MOJIAPH3ALMOHHO-ONTHYSCKUX OTKIMKOB DA30aBICHHBIX MarHWTHBIX HaHoxunakocreid (HXK). B kauectse
KPHUTEPUEB CPaBHEHUS PA3INYHBIX METOJOB allIPOKCHMAIMU HCIIOJIb30BaHbl OLICHKH KO3()MOUINCHTOB IeTepMUHA-
Iuu. KonuuectBenHno IMOKa3aHo, 4TO JJI1 BCCX HMCCICIOBAHHBIX 3HAYEHUN MAarHUTHOTO IOJISI 3aBUCUMOCTH BEJIMYNH
cl1a0ObIX HOJAPHU3AIMOHHO-OIITHYCCKUX OTKIIMKOB MarHUTHBIX HX ot KOHLCHTpauu 06na)1a}oT HO,)IO6I/ICM B auara-
30HE KOHILIEHTPALMA, COCTABISIIOLIEM OoJiee TpeX MOPsIIKOB. PaccMOTpeHbl BO3MOKHOCTH HUCTIOJIB30BaHUs KOAIDHH-
IUEHTOB aIllIPOKCUMAIIUU JJIA OUECHKH MapaMETpOB UCCICAYCMbIX HX. MeTO}ILI arnpoKCHUMaIun SKCIECPpUMEHTAJIb-
HBIX JaHHBIX MOJAPU3ALNOHHO-ONTHYECKUX OTKIMKOB HOK, paccMoTpeHHbIe B paboTe, paBHONPABHbI, TaK KaK KO-
3G UUHEHTHI NeTepMHUHALMH ISl STHX METOIOB OJHM3KH ApYr K Apyry. [IpemmymiecTBO MeTona ammpoKCHMaluH
C MOMOIIBIO aHATMTHYCCKON (HYHKIMH 3aKIFOYaeTCsl B TOM, YTO OJHMH U3 KOI(P(PUIMEHTOB alNpOKCUMAIMX Harpsi-
MYIO CBSI3aH ¢ KOHIEHTpaluei ananmsupyemoit HXK 1 i1 oleHKM KOHIEHTpauy He HY)KHO HCIIONB30BaTh KaJIuo-
POBOYHBIC KPUBBIC U MPOBOAUTH MHTEPIIOJIANNIO, KaK 3TO HeO6XOﬂI/lMO JCJiIaTb MpU almmpoKCuMalnuu ¢ NOMOUIbIO
IMOJMHOMOB. AHAJUTHYECKAS anmnpoKCuMalus OTKIMKOB UCCICAOBaAHHBIX HX ¢ MIOMOIIBIO SaBHCHMOCTeﬂ, UCIIOJIb-
3YIOIIMX runepoonueckue GyHKIUHU, 00Jice YyBCTBUTEIbHA K HAIMYHIO BEHIOPOCOB B AKCIICPUMEHTAIBHBIX JaHHBIX,
YeM METOJ allpoKCUMMaluyi Ha OCHOBE IMOJIMHOMOB. MeTOI[ OLCHKH KOHHCHTpaIJ,I/II‘/’I C IIOMOIIBKO KaJ'II/I6pOBOLIHI)IX
KPHBBIX MOXKET OBITH YCHEIIHO UCIOJIB30BaH JIaXKe NPU HAJMYHUH 3aMETHBIX BBIOPOCOB B SKCIIEPUMEHTAIbHBIX JaH-
HBIX, €CJIM IIPUMEHSTH TOJMHOMHAIIBHYIO MOJIENIb OTKIIMKOB.

Kniouesvie crosa: KOIMYECTBEHHBIN l'IOJ'DlpI/BaIlI/IOHHO-Ol'ITI/ILleCKI/Iﬁ aHaJIn3, MAarHuTHbBIC HAHOXHUAKOCTH,

almnpoKCuManusa 3KCICPUMEHTAJIbHBIX JaHHBIX

BBEJJEHUE

3HaHne 0COOEHHOCTEH pacpoCTpaHeHHs JTa3epHO-
O W3IYYEeHUS dYepe3 H3MEPUTENbHYI0 CHUCTEMY
C HaXOIAIIMMHUCA B HEW HCCIEeTyeMbIMH OOBEKTAMHU
MO3BOJISIET PETUCTPUPOBATH UX CTPYKTYPHBIE H3MEHE-
HUA, BaXHBIC JJI1 MHOTUX npwioxenui [1-13]. Amn-
MPOKCUMAIIMSl ~ MAarHWTHBIX  3aBHCUMOCTEH  clia-
OBIX TOJSIPU3AIMOHHBIX OTKIIMKOB SIBJISIETCSI BAYKHBIM
JJIEMEHTOM METOJIWKH KOJHMYECTBEHHOTO aHalln3a
BO3/ICUCTBHS MarHUTHOTO TOJIsSi HA MAarHUTHBIE HAHO-
xuakoctu (HX). B paborax [14, 15] onmcansr mero-
JIUKU TTOJIMHOMUAIBHON OIICHKM KO3(duIMeHToB ar-
MMPOKCHMAIIUU JTHX 3aBUCUMOCTEH AT MarHUTHBIX
HX Ha ocHOBe MarHeTHTa B KEpOCHHE, a B paboTax
[16, 17] omucaHbl METOBI UX AMIIPOKCHMAIIAU aHAH-
THYECKUMH (PYHKIHUAMHU, PACCMOTPeHHBIMH B [18, 19].
Kak noka3zano B pabore [17], 3naueHus kod¢uiueH-
TOB aHAJUTHYECKOW ANMPOKCHUMAIINKA MOTYT CYIIECT-
BEHHO OTJIHMYAThCS OT MPOTHO3HPYEMBIX M3-32 Hallu-
YHsl TEXHOJOTHYECKHX TOTPEIIHOCTe CHHTe3a Mpod
¢ uccnenyembiMu HOK pasnbix koHuentparuii. Kpome
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3TOT0, AJIsl PELIEHUs] CUCTEM HOPMaJIbHBIX ypaBHEHUI
METOAOM ONTHUMH3ALUU TpeOyeTcs MpenBapHuTeNbHas
nporpaMMa  ONpEAETCHUS  Ha4daJbHBIX  YCIOBHUH
[16, 17]. Llenbto HacToOsIIEeW pabOTHI ABISETCS CpaB-
HEHHE JIByX aJTOPUTMOB aNlpOKCHMAIMH HCCieaye-
MBIX MAarHUTHBIX 3aBHUCHMOCTEH: 1) ammpokcumanuu
C TOMOMIBI0  TOJMHOMOB  Ppa3HBIX  CTEleHEH,
2) anmpOKCUMAITIH C TIOMOIIBI0 aHATNTHIECKOH (QYHK-
nuu. B xauecTBe KpUTEpUEB CPaBHEHUN, WUJIHU, UHAYE,
METPHUK CPaBHEHWH, UCTIOIH30BAHBI OIEHKH K03(du-
IMUCHTOB ACTCPMHUHALINN.

ATIITPOKCUMAIVA ITOJIAPU3ALIMOHHBIX
OTKJIMKOB C ITOMOIIBIO ITOJIMHOMOB
PA3JIMYHBLIX CTEIIEHEUN

ATIPOKCUMAIMS UCCIIEAYEMbIX 3aBUCUMOCTEH CHUI-
HaJIOB TOJISIPU3ALMOHHO-ONTHYECKUX OTKINKOB HOK
OT MAarHUTHOTO HOJISI ¢ TIOMOLIBIO ITOJMHOMOB CTeIle-
HE OT BTOPOM 10 YETBEPTOM NPOU3BOJIUTCS Clie-
oyromuM oopasoM [14]. YuuTbiBaeMm, YTO CHTHAIBI
OTKJIMKOB ); 3aBHCAT OT BEJIMYMHBI MAarHUTHOT'O IOJIS
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;, TAe i MeHseTcs oT 1 10 n. JlaHHBIE 3aBHCUMOCTH

anMpoOKCUMHUPYIOTCS c ITOMOLIBIO GyHKIIIH
¥, (K H,):
W, H) =Sk, (H) (1)
m jmo 44 jm i/ o
Jj=0
rac [—[z — HalpsKCHHOCTb MArHuTHOI'O  IIOJIA;

i=1,2,..., n — aucao Touek; m = 2, 3, 4 — cTencHb
HOJIMHOMA.

CymMMHpoBaHHE IO HWHJEKCY /7 B IpaBOW dYacTu
ypaBHeHus (1) He MPOW3ZBOAUTCS, T.K. STOT HHIEKC
IpU KaXIOH oOlepanuuyd CyMMHUPOBAHMS IPUHUMAET
OJIHO OIIPEIEJICHHOE 3HAu€HHE, COOTBETCTBYIOLIEE
CTENEHHU HUCIOIb3YeMOro Ul alNpOKCUMAIUU IMOJIH-
HoMma. Koaddunuentsr kj,, 115 4aeHOB CO CTEneHAMU
(H;Y BBIYHCIAIOTCS TMyTEeM MHHUMH3AIUHA CYMMBI

KBaJpaToB oTkionenuit S, (k) OSKcnepumeHTanb-
HBIX JIAaHHBIX OT anmnpokcuMupytomei ynkmuu (1):

S, (k) =Y [, - ¥ (k,, H)] —>min, (2)
i=1

rJie B JIEBOH 4YacTH ypaBHEHHUs 4epes kj, 00O3HayeH
Habo0p KOA((HUIIMEHTOB aNMPOKCUMAIINH, COOTBETCT-
BYHOIIMX JAHHOMY 3HAYCHUIO m (CTeHeHI/I HUCIIOJIb-
3yeMOro MOJINHOMA).

CTaTHCTHUECKUMH MeEpaMH, KOTOPbIE HCIONb3Y-
I0TCS B PErPeCCHOHHOM aHAJIM3€ Ul OLEHKH TOTO,
HACKOJIBKO XOPOLIO BBIOpaHHAs MOJAEbh COOTBETCTBY-
€T DKCIIEPUMEHTAIBHBIM JIaHHBIM, SBISIOTCS K0P HU-
mueHTsl AetepmuHanuu. Kosddumment nerepmmuna-
IIUU BBIYMCIISICTCS 110 CIISAYIONIeH hopMyIie:

R=1-SSE/SST, 3)
rae SSE — cymMma KBaapaTOB OTKJIOHEHHH JKCIIEPH-
MEHTQJIBHBIX  JIaHHBIX OT  aNNpPOKCUMHUPYIOLIEH
kpuBoit, SST — 00001IeHHAs AUCTIEPCHS DKCIIEPH-

MCHTAJIBHBIX JAaHHBIX B HU3SMCPIACMOM JOUAIIa30HC,

T.€. IUCHIEpCUsl 3HAUEHUN M3MEPSIEMbIX BEJIMUWUH CHT-
HaJIOB NOJSPH3ALHOHHO-ONTHYECKHX OTKIMKOB, yM-
HoxeHHast Ha N — 1. 3mech N — KOJIMUYECTBO JKCIle-
PUMEHTAIBHBIX TAHHBIX.

IIpoBenem Teneprs KOIMYECTBEHHOE CPAaBHEHHUE KO-
3G OUIHMEHTOB JeTEPMHUHALIMN aNPOKCUMHPYIOIIHX
MOJIMHOMOB [IJISl Pe3yNbTaToB 3KcnepumeHToB ¢ HIK,
KOTOpbIe onucansl B pabote [9]. B Tabn. 1 mpeacras-
JieHbl 3HaueHus1 koHueHTpauuu HOXK nns skcnepumen-
TOB 1—8, a Taxke Kod(DHUIIUSHTHI JCTCPMUHALIAN TSI
anmpoKCUMHUpYOMMX (QyHKIMHA. AHamM3 JaHHBIX,
NPUBEACHHBIX B Talm. 1, IMOKa3bIBaeT, 4TO Aaxe
caMmble HHM3KHE 3HaueHHs KOX(PQHIIMEHTOB AeTepMH-
Hal¥{d MnOpeBbllIatoT ypoBeHb 0.9, 4TO roBOpPUT
O COOTBETCTBHM BBIOPAHHBIX JIsi alpPOKCHMAIMN
MTOJINHOMOB XapakTepy 3KCIEPUMEHTAIBHBIX JaHHBIX
JUIS pa3inyHbIX KOHIEeHTpauuid. Ha puc. 1 npencras-
JIEHbl 3aBHCHUMOCTH Ppe3yJIbTaTOB aIpPOKCUMAIIH
oTkIMKOB HJK pasnuuHbIX KOHIEHTpaUuid C IOMO-
UIbI0 TOJMHOMOB 4-W CTENeHW OT 3HadeHUH
HaIPsHKEHHOCTH MAarHUTHOTO TTOJISL.

Kakx Bumno u3 puc. 1, mOIMHOMHAIBHBIE MOJETH
3aBHCHMOCTEH BEIWYUH OTKJIMKOB OT KOHIICHTpaIMH
HX g Bcex 3HaueHU HanpsKEHHOCTH MarHUTHOTO
monst  obmamator  momobmwem.  IlpencraBiieHHBIC
Ha pHC. 1 3aBHCHMOCTH MOXHO HCIOIB30BaTh Kak
KaTOpOBOYHBIE KPHBBIC JJISI OLIGHKH KOHIEHTPALUii
MarHuTHeIX HXK. MogenbHast kpuBasi 111 MarHUTHOU
HXX c neusBecTHON KOHIIEHTpAILIMEH MOMATACT MEXKIY
JIBYMs 3aBHCHUMOCTSIMH C W3BECTHBIMH KOHIIEHTPA-
uusmu. Hampumep, mpesacraBieHHas Ha puc. 1 kpu-
Basl, MOKAa3aHHAasl IITPUXOBOM JIMHUEW, MPEACTABIIAET
co0oii 3HaueHus oTkJIMKOB MarHuTHON HK ¢ xoHuen-
tparueit 0.0002. BuanHo, 4To Takas KpyuBasi HAXOAUTCS
MeXay KpuBbiMU 6 u 7 mia koHueHTpaumid 0.001
1 0.0001%. bonee TouyHOEe 3Ha4YeHHE KOHIIEHTpALUU
MOXHO HaWTH IyTEM JIMHEWHON MHTEPIONSIINU C HC-
MOJIb30BAaHUEM 3HAUCHUU OTKIUKOB MarHUTHBIX HIK
C U3BECTHBIMHU KOHLIEHTPALUSAMH.

Taoa. 1. Konnenrpauuns marantaeix HX st sxciepumentoB 1—-8 1 k03 GHIMEHTH IeTepPMUHALIUY ISl TOJTMHOMOB
Pa3IMYHBIX CTETIEHEeH, alMnpOKCUMUPYIOMIUX OTKJINKKA MarHUTHEIX HOK ¢ pa3HBIMU KOHIIEHTpalUIMU

Howmep skcniepumenra

XapaKTepucTUKa

1 2 3 4 5 6 7 8
KonuenTpauus
marsuTHOM HK, % 1 0.2 0.04 0.01 0.003 0.001 0.0001 0.0001
R 11 TOJIMHOMOB
DR Pe— 0.998 0.998 0.984 0.998 0.996 0.978 0916 0.932
R 11 TOJIMHOMOB
I - 1.000 0.999 0.984 0.999 0.999 0.974 0.914 0.924
R 11 TIOJIMHOMOB
4-if creneni 1.000 0.999 0.983 0.999 0.998 0.970 0.907 0.907
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Puc. 1. 3aBucumoctu norapumMoB (QyHKIUI anmpoKCUMaILUH ;
MarHUTHBIX HOK pa3nuyHbIX KOHLEHTpauuid OT 3HAYSHUH HaNpPsHKEeHHOCTH
MarHUTHOT'O TOJIS [UIS IOJTMHOMOB 4-if CTeTIeHH.

AIIMPOKCUMALMS DKCITEPUMEHTAJILHBIX

JIAHHBIX TOJISIPU3AIIMOHHO-ONITUYECKUAX

OTKJIMKOB C TTOMOILbIO AHAJIUTUYECKOM
®VHKIIU

AHanuTHYecKas almpOKCUMAIHS BBITIOIHEHA HAMH
¢ nomouipto QyHKMKU F(p), TMpencTaBIeHHOW B pa-

6ote [19]:
@™ (@, B,x) = F(p), “)

e F(p)=1-3/pcoth(p)+3/p’>, p=uH/kT,
[ — MarHuTHBIA MOMEHT 4acTul, H — HanpsbKeH-
HOCTh MAarHUTHOTO NOJIsI, K — mocrosHHas boipuma-
Ha, T — Temneparypa, ko3hQUIUEHT a onpenensieTcs
MarHUTOONTHYECKUMH  TapaMeTpaMH  MarHUTHBIX
YacTHll, IPOIOPLHOHAJIEH UX O00BEMHOH KOHIIEHTpa-
UK ¥ HE 3aBUCHUT OT moJisl. B mpornecce anmpoxkcuma-
LUK 3HAYEHHs IapamMeTpa p OIpenensoTcs Gpopmy-
no p=Px.3necs a u f ABIAOTCS BapbHPYEMBIMU
6e3pa3zmMepHBIMU K03 pummeHTamMu, a x — BCIOMOTa-
TeJbHas He3aBUCHMas U Oe3pa3MepHasi IepeMeHHasl.
IIpy BBINOJHEHUM AHAJIUTUYECKOW aIIPOKCUMA-
MU B TIPaBYIO 9acTh (GopMyIsl (2) BMECTO (PYHKIIUN

lP(r:pp)(k,

Jm?

H,) moncrasnanack dyakmus ¢ ™ (a, B,x),
ompenensiemast hopmynoit (4). Hamee myrem Bapua-

K K03QUIMEeHTOB o M [ HaXOIWICS MUHHMYM
¢byaxmun S(a, ) B COOTBETCTBHH C TPaBOH YaCTHIO
ypaBaeHus (2). bonee monpo6GHOe onmcaHue crocoda
HaXOKACHUS MHHUMH3HPYIOUINX 3HaueHUH Ko3hdu-
MEeHTOB a W [ naHo B paborax [16, 17]. Ilpum
3TOM OBUIM HCTOJB30BaHBl YHCIEHHBIE aJTOPUTMEI
onramu3armu [20, 21].

B Tabn. 2 mpuBeneHBl 3HAUCHUS KOHIICHTPAIMU
HX mns skcnepumentoB 1-8, koadduimentsr ae-
TEPMUHALMK 751 alllPOKCHUMHUPYIOIIUX aHaTUTHYe-
CKUX (YHKIHHA, UCTONB3YIOMHX KO3DOUIMEHTH 0 U

HJ’I}I HarjaigaHoOCTU CpaBHEHUA MCETOJOB aIlllpo-
KCUMaIlM C TIOMOIIBbIO TOJWHOMOB M C HOMOIIBIO
aHaMTUYeCKUX (YHKIUH Ha pUC. 2 MpPeACTaBICHBI
3aBUCHMOCTH KO3()(PHUIMEHTOB NeTepMHUHAIUN IS
almpoKCUMalu € NMOMOUIbIO IMMOJIMHOMA 4-ii cTeneHu
U C TIOMOIIBIO AaHATUTHYECKON (PYHKIHIH.

3HaueHUsT KOA(PUIMEHTOB ACTEPMHUHALINN, MPH-
BEJEHHBIE B TaONMIax 1 U 2 Il HOJIMHOMHUHAIBLHON
aNpoOKCHMANK ¥ alIPOKCHMAIIMU C TIOMOIIBIO aHa-
JIUTUYECKON (YHKIMU, OJIM3KH JAPYr K JIpyry. ITO
00CTOATEIHCTBO MO3BOJISIET YTBEPKIATh, YTO 00a Me-
TOJa annpoKCUMAalMU paBHOIpaBHbL. lIpenmymiecTso
METOoJ1a ANNPOKCHMAIIUH C TOMOIIBIO aHATUTHIECKON
(YHKIIMH 3aKItoYaeTcss B TOM, 4TO Kod(dduumeHT o

HAVYYHOE ITPUBOPOCTPOEHUE, 2025, Tom 35, Ne 3
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Tab.. 2. Kornenrpanus marautHbIX HXK aist sxcriepuMenToB 1 —8 1 K03 GUIHIEHTHI e TepMUHALINT
JUTSL allIPOKCHUMHUPYIOMINX aHATUTHYECKUX (QYHKIHH, HCTIOIB3YIOMIX K03 pUItneHTs! a u f

Howmep skcniepumenra
XapaKkTepucTuka
1 2 3 4 5 6 7 8
Konuentpawti | 0.2 0.04 0.01 0.003 | 0.001 | 0.0001 | 0.0001
marautaor HXK, %
R ans anamutase- 1 1 0.999 1 0999 | 0977 | 0917 | 0.882
CKUX (QYHKUIUH
1.1 3.5 . ; .
~#=polinom 4 '
== analytical ——analytical
1.05} o ey 3 Q  expermemt
anaMicaI 25
polllklomtl ’_: 2
0.95+ g =1
& 15
0.9 1 5 1
S
0.85} ; | 0.5
: 0
0% 2 4 6 8

Homep akcnepumeHTa

Puc. 2. 3aBucumoctn k03(pPHUINEHTOB AEeTSpPMUHAIINN
JUId  alIpoKCUMAalMK SKCIEPUMEHTAJbHBIX JIaHHBIX
MarHUTO-ONTHYECKUX OTKIMKOB MarHUTHeIX HOXK ot
KOHIIEHTpAIUH.

HaIpsIMYIO CBSA3aH C KOHIEHTpaUUeld aHaIu3upyeMou
HK u nns OleHKM KOHLIEHTpalMu HE HY>KHO HUCIIONb-
30BaTh KaJHMOPOBOYHBIE KPHUBHIC U MPOBOAUTH MUHTEP-
MOJISAILIMIO, KaK B CJIydae MCIIOJIb30BAaHUS aIIpPOKCH-
MalliH C IOMOILBIO TIOJINHOMOB.

Merton noucka ko3 (HUIUSHTOB o U 5, OIIMCAHHBIN
B pabore [17], HE MO3BOJISIET HAXOJUTh TOYHBIC 3HA-
YEHHS YKa3aHHbIX KOX(QQULMEHTOB NpU HAIUYUU
ClIydailHbIX BBIOPOCOB B OIKCIEPUMEHTAJIBHBIX JaH-
HBIX. [laske HEOOJbIIOE KOIMYECTBO BEIOPOCOB MOKET
CYIIECTBEHHO MCKa3UTh 3HaYCHUS KOX(PQHUIMEHTOB «
U [, KOTOpbIE XapaKTEePU3YIOT MapaMeTpPhl H3y4aeMbIX
marauTHeix HXK. Ha puc. 3 mis npumepa mpencras-
JIEHa 3aBHUCHUMOCTH 3HAUYSHHUM OTKJIMKOB MAarHUTHBIX
HX ¢ xonuentpaumein 0.001 or MarHuTHOro mOJIA.

HAVYYHOE ITPUBOPOCTPOEHUE, 2025, Tom 35, Ne 3

0 9 18 27 36 45
H 9

Puc. 3. 3aBucumMocTh aHAIUTUYECKON aNNpOKCUMHUPYIO-
niedd pyHkuuu oTKIMKOB MarHutHoW HOXK ¢ koHieHTpa-
et 0.001% ot 3HadueHuil HaNpsHKEHHOCTH MAarHUTHOTO
nois € JIByMs BBIOpOCaMH B OKCIIEPHMEHTAIbHBIX
JTAaHHBIX.

B oKkcreprMeHTanbHBIX JAaHHBIX, INPEICTABICHHBIX
Ha pHUC. 3, 3HAUYCHHUS U3MEPEHHBIX OTKJIMKOB 3aMEHe-
HBI Ha BBIOPOCHI. JIeHCTBUTENBHO, B PE3yNbTaTe BbI-
YUCICHWH  JUIsI  OKCIEPUMEHTAIBHBIX  JaHHBIX,
MMOKa3aHHBIX Ha pHC. 3, 3HA4YEeHUS KOA(P(UIIMEHTOB
okazanmuch paBHbiMH a = 0.0157 u f = 0.0449. [lpu
orcytcTBuU BBIOpocoB — a = 0.0121 u S = 0.0537.
[Iporuo3upyemble 3HaU€HUS AJIs1 JAHHOM KOHLEHTpa-
mun — a = 0.0125 u f = 0.0513. [na maHHBIX C BHI-
Opocamu k03D UIIMEHT JCTEPMHUHAIMM OKa3aJiCcs
paBHbIM 0.965 BmecTo 0.999.

Hanuune B 3KcriepUMEHTaNIbHBIX JAaHHBIX HEOOJIb-
HIOT0 KOJIMYECTBA BHIOPOCOB MPHU UCIIOJIL30BAaHUN Me-
TOJIa TIOJIMHOMHUAIFHON aNnmpoOKCUMAlUK U KalIuOpo-
BOUYHBIX KPHBBIX, IPEICTABIECHHBIX Ha puc. 1, maino
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Puc. 4. 3aBucuMOoCTH JOTapH(PMOB MMOTUHOMHAIBHBIX MOJENEH OTKINKOB
OT 3HAYEHUH HAIPSHKEHHOCTH MarHUTHOTO mnojst HXK s pa3HbIX KOHIIEH-

TpaLui.

295 — 0.003%, 36 — 0.001%, 37 — 0.0001 %; myHKTUpHAs JUHUS —
(YHKIHS, COOTBETCTBYIOMIAS ANMPOKCUMHPYIOMIEMY TIOJIHHOMY ISl MICKa-
JKCHHBIX BBIOpOcaMu MaHHBIX pu KoHIeHTparmu HXK 0.001%

MEHSIET XapakTep KaJuOpPOBOYHBIX KPHUBBIX, U METOX
OLIEHKH KOHIIEHTpAIMH C MOMOIIBI0 KaTUOPOBOYHBIX
KPHUBBIX MOXET OBITh YCIEUIHO HCHOJb30BaH. Eciu
MPUMEHUTH ANMPOKCUMALIAI0 NOJIUHOMOM 4-i crere-
HU JUIsl JJAHHBIX ¢ BbIOpocamu, TO ko3 duimeHT me-
TepMHUHALIMK YMEHBIIUTCS ToJbko J10 0.996 BMecTo
0.998 nmns mamHBIX 6€3 BBIOpocoB. Ha puc. 4 mpen-
CTaBJIeH ()parMeHT 3aBHCUMOCTEH JIOrapUPMOB MOJH-
HOMHANIBHBIX MOJEIEH OTKIMKOB MarHuTHeIXx HIK
Tpex KoHmeHTpamuii: 35 — 0.003, 36 — 0.001
u 37 — 0.0001% ot 3HaueHMH HANPSPKEHHOCTH Mar-
HUTHOTO TOJIs1, TOKa3aHHBIX Ha pHC. 1.

Hannbie s HX ¢ xonnentpanumeit 0.001 (26)
OBUTH MCKaXXeHBI BeIOpocaMu. Ha puc. 4 myHKTHPHOMI
JUHAEH B JOrapuMHYECKOM MaciuTade IoKazaHa
(GyHKLUS, COOTBETCTBYIOIIAS ANIMPOKCUMUPYIOIIEMY
MOJIMHOMY JUIsSi MCKaXCHHBIX BHIOpOCaMy JIaHHBIX.
Kax BumHO n3 puc. 4, Hamu4re BEIOPOCOB HE CHIBHO
u3MeHW M (opMy anmpoKCUMHUpYIomeH (QyHKIHU.
O HecWIbHOM M3MEHEHHH AaNlpPOKCHMHUPYIOLIEH
(GyHKUMM 1711 JaHHBIX, HMCKaKCHHBIX BBIOpOCaMH,

CBHJIETENLCTBYET HEOOIbIIOEe U3MEeHeHne K03(huiu-
€HTa JIeTepMHUHAIINH, TIOKa3aHHOTO BBHIILIE.

OBCYXJEHUE

C noMoLpI0 PAcCCMOTPEHHBIX AJITOPUTMOB  all-
MPOKCUMAIIUU SKCIICPUMCEHTAJIbHBIX AAHHBIX MOXHO
MPOM3BOJUTH OLEHKY IapaMEeTPOB HCCIELYyEMBIX
marHuTHeix HOXK.  Hanpumep, mnonuHoMuanpHas
anmnpOKCUMaIHs TO3BOJISET CAENaTh OLEHKY KOHIIEH-
Tparuu u3ydaembix HXK ¢ momoisio kaimOpoBOYHBIX
KpuBbIX. [Ipy HCMoNB30BaHNM aHATUTHYECKOW (PYHK-
LMW OIIEHKY KOHIeHTpammu uzydaembeix HXK mMoxxHO
BBIIIOJIHUTH C IIOMOIIBIO IIOJIYYEHHOI'O B pe3yJIbTaTe
anmMpOKCUMAINK 3HAa4YeHHsT Oe3pa3mMepHoro kodhdu-
LUEeHTa . JTO JEeMOHCTPHUPYET BO3MOXKHOCTH OIpe-
JeNieHHsT C TIOMOIIBI0 Pa3BUBAEMbIX aJITOPUTMOB
¥ METOJIOB OJHUX (HEW3BECTHHIX) (M3NUECKUX Iapa-
METPOB II0 3aPErHCTPUPOBAHHBIM IOJISIPU3ALUOHHBIM
OTKJIMKaM ¥ 3HAa4YeHUsIM APYrux (M3BECTHBIX) Mapa-
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CPABHUTEJIbHBIN AHAJIU3 TTOJIMHOMUAJIBHOM

METpPOB. 3HAHWE YWCICHHBIX 3HAYCHHU MapaMeTpoB
H’K mo3Bosiser Takxke CpaBHHUBATh WX MOJSPU3ALNOH-
Hbl€ MAarHUTOONTHYECKHE XapaKTEPUCTUKHU C Xapak-
TEPUCTUKAMH JPYTHUX CHUCTEM PA3ITUIHON MPHPOJIBI
U cocTaBa. JT0, B CBOIO OUYepeJlb, OTKPHIBAET MEPCIeK-
TUBBI 0OJiee MIUPOKOT0, MH(POPMAIIMOHHOTO TOJIX0/a
K JaJTbHEUIIeMy Pa3BUTHIO W TPUMEHEHHIO BBICOKO-
YYBCTBUTENBHBIX Ja3€PHBIX METOJOB CPABHHUTEIHHBIX
uccinenopannit MarautHeIX HXK m apyrux ymopsao-
YEHHBIX BEIECTB, MATEPUAIOB U cucteM [5, 10, 22].
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COMPARATIVE ANALYSIS OF THE POSSIBILITIES
OF POLYNOMIAL AND ANALYTICAL APPROXIMATIONS
OF POLARIZATION-OPTICAL RESPONSES
OF MAGNETIC NANOFLUIDS

Ya. A. Fofanov, V. V. Manoilov

Institute for Analytical Instrumentation, RAS, St. Petersburg, Russia

A quantitative comparison of the possibilities of polynomial and analytical approximation of weak polariza-
tion-optical responses of dilute magnetic nanofluids (NF) is carried out. Estimates of the coefficients of deter-
mination are used as criteria for comparing different approximation methods. It is shown quantitatively that for
all studied values of the magnetic field, the dependences of the values of weak polarization-optical responses of
magnetic NF on concentration are similar in the concentration range of more than three orders of magnitude.
The possibilities of using the approximation coefficients for estimating the parameters of the NF under study are
considered. The considered methods for approximating experimental data of NF polarization-optical responses
are equivalent, since the coefficients of determination for these methods are close to each other. The advantage
of the approximation method using an analytical function is that one of the approximation coefficients is directly
related to the concentration of the analyzed NF. As a result, there is no need to use calibration curves and per-
form interpolation in order to estimate the concentration, in contrast to approximation with polynomials. Analyt-
ical approximation of the responses of the studied NF by means of dependencies using hyperbolic functions is
more sensitive to the outliers in the experimental data than the approximation method based on polynomials. If a
polynomial response model is used, the method of estimating concentrations through calibration curves can be
successfully applied even when there are noticeable outliers in the experimental data.

Keywords: quantitative polarization-optical analysis, magnetic nanofluids, approximation of experimental data
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INTRODUCTION

Knowledge of the features of laser radiation prop-
agation through the measuring system with the objects
under study located in it allows us to record their
structural changes, which are important for many ap-
plications [1-13]. Approximation of magnetic depen-
dences of weak polarization responses is an important
element of the technique of quantitative analysis of
the effect of a magnetic field on magnetic nanofluids
(NF). The works [14, 15] describe the techniques of
polynomial estimation of the approximation coeffi-
cients of these dependences for magnetic NF based on
magnetite in kerosene, and the works [16, 17] describe
the methods of their approximation by analytical func-
tions considered in [18, 19]. As shown in the work
[17], the values of the coefficients of analytical ap-
proximation can differ significantly from the predicted
ones due to the technological errors in the synthesis of
NF samples of different concentrations under study. In
addition, to solve systems of normal equations by the
optimization method, a preliminary program for de-
termining the initial conditions is required [16, 17].
The purpose of this work is to compare two algo-
rithms for approximating the magnetic dependences
under study: 1) approximation using polynomials of
different degrees, 2) approximation using an analyti-
cal function. Estimates of the coefficients of determi-
nation are used as comparison criteria, or, in other
words, comparison metrics.

APPROXIMATION OF POLARIZATION
RESPONSES USING POLYNOMIALS
OF VARIOUS DEGREES

Approximation of the studied dependences of the
polarization-optical responses of the NF on the mag-
netic field using polynomials of degrees from the
second to the fourth is performed as follows [14]. We
take into account that the response signals y; depend
on the magnetic field strength H;, where i varies from
1 to n. These dependencies are approximated using

the function ‘P:pp) (k,,H):

jm >

vk, H) =Yk, (H), (1)
Jj=0

where H; is the magnetic field strength; i=1,2,..., n
is the number of points; m = 2, 3, 4 is the degree of the
polynomial.

Summation over the index m on the right-hand side
of equation (1) is not performed, since this index takes
one specific value at each summation operation, cor-
responding to the degree of the polynomial used for
approximation. The coefficients kj,, for terms with
degrees (H,) are calculated by minimizing the sum of

the squares of the deviations S, (k,,) of the experi-
mental data from the approximating function (1):

S, (k) =[5, -9k, H) >min, @)
i=1

where on the left-hand side of the equation, k;, de-
notes the set of approximation coefficients corres-
ponding to a given value of m (the degree of the poly-
nomial used).

The statistical indicators used in regression analy-
sis to assess how well the selected model fits the expe-
rimental data are the coefficients of determination.
The determination coefficient is calculated using the
following formula:

R=1-SSE/SST, 3)

where SSE is the sum of the squares of the deviations
of the experimental data from the approximating
curve, SST is the generalized dispersion of the expe-
rimental data in the measured range, i.e. the dispersion
of the values of the measured quantities of the polari-
zation-optical response signals, multiplied by N — 1.
Here N is the number of experimental data.

Let us now perform a quantitative comparison of
the determination coefficients of the approximating
polynomials for the results of experiments with NF,
which are described in [9]. Table 1 presents the values
of the NF concentration for experiments 1—8, as well
as the determination coefficients for the approximat-
ing functions.

Tab. 1. Concentration of magnetic NFs for experi-
ments 1-8 and coefficients of determination for po-
lynomials of different degrees approximating the
responses of magnetic NFs of various concentrations

Analysis of the data presented in Tab. 1, shows
that even the lowest values of the coefficients of de-
termination exceed the level of 0.9, which indicates
the correspondence of the polynomials selected for
approximation to the nature of the experimental data
for different concentrations. Figure 1 shows the de-
pendencies of the results of approximating the res-
ponses of NFs of different concentrations using 4th
degree polynomials on the values of the magnetic
field strength.

Fig. 1. Dependencies of logarithms of approximation
functions of responses of magnetic NFs of various
concentrations on values of magnetic field strength
for polynomials of the 4th degree.




As can be seen from Fig. 1, the polynomial models
of the dependences of the response values on the NF
concentrations for all values of the magnetic field
strength are similar. The dependences shown in Fig. 1
can be used as calibration curves for estimating the
concentrations of magnetic NFs. The model curve for
a magnetic NF with an unknown concentration falls
between two dependences with known concentrations.
For example, the curve shown in Fig. 1 by the dashed
line represents the response values of a magnetic NF
of a concentration of 0.0002. It is evident that such
a curve is located between curves 6 and 7 for concen-
trations of 0.001 and 0.0001%. A more accurate con-
centration value can be found by linear interpolation
using the response values of magnetic NFs with
known concentrations.

APPROXIMATION OF EXPERIMENTAL DATA
OF POLARIZATION-OPTICAL RESPONSES
USING AN ANALYTICAL FUNCTION

We performed the analytical approximation using
the function F(p), presented in [19]:

o™ (o, B,x) = F(p), “

where F(p)=1-3/p coth(p)+3/p’, p=uH/kT,

4 is the magnetic moment of the particles, H is the
magnetic field strength, £ is the Boltzmann constant, T’
is the temperature, the coefficient a is determined by
the magneto-optical parameters of the magnetic par-
ticles and is proportional to their volume concentra-
tion and does not depend on the field. In the process
of approximation, the values of the parameter p are
determined by the formula p = fx. Here a and S are
variable dimensionless coefficients, and x is an aux-
iliary independent and dimensionless variable.

When performing the analytical approximation, the

function ¢*(at, B,x) defined by formula (4) was subs-
tituted into the right-hand side of formula (2) instead

of the function ‘I’(:p) (k

m>H;) . Then, by varying the
coefficients o and £, the minimum of the function S(e,
) was determined in accordance with the right-hand
side of equation (2). A more detailed description of
the method for finding the minimizing values of the
coefficients a and £ is given in [16, 17]. In this case,
numerical optimization algorithms were used [20, 21].

Tab. 2. Concentration of magnetic NFs for experi-
ments 1-8 and coefficients of determination for ap-
proximating analytical functions using coefficients a
and f

Table 2 shows the NF concentration values for ex-
periments 1-8, the determination coefficients for the
approximating analytical functions using the coeffi-
cients o and f.

For clarity of comparison of the approximation
methods using polynomials and analytical functions,
Fig. 2 shows the dependences of the coefficients of
determination for approximation by means of a 4th
degree polynomial and an analytical function.

Fig. 2. Dependencies of the determination coeffi-
cients for approximating experimental data of magne-
to-optical responses of magnetic NFs on concentra-
tion.

The values of the coefficients of determination
given in Tabs. 1 and 2 for polynomial approximation
and approximation using an analytical function are
close to each other. This circumstance allows us to
assert that both approximation methods are equiva-
lent. The advantage of the approximation method us-
ing an analytical function is that the coefficient a is
directly related to the concentration of the analyzed
NF, and to estimate the concentration, there is no need
to use calibration curves and perform interpolation, as
in the case of using approximation with polynomials.

The method of finding the coefficients o and £ de-
scribed in [17] does not allow finding the exact values
of the specified coefficients due to the random outliers
in the experimental data. Even a small number of out-
liers can significantly distort the values of the coeffi-
cients a and f, which characterize the parameters of
the studied magnetic NF. As an example, Fig. 3 shows
the dependence of the response values of magnetic NF
with a concentration of 0.001 on the magnetic field.

Fig. 3. Dependency of the analytical approximating
function of the responses of magnetic NF of a con-
centration of 0.001% on the values of the magnetic
field strength with two outliers in the experimental
data.

In the experimental data presented in Fig. 3, the
values of the measured responses are replaced by out-
liers. Indeed, as a result of calculations for the expe-
rimental data shown in Fig. 3, the values of the coeffi-
cients were equal to & = 0.0157 and § = 0.0449. In the
absence of outliers: o = 0.0121 and § = 0.0537. The
predicted values for this concentration are o = 0.0125
and f = 0.0513. For data with outliers, the determina-
tion coefficient was equal to 0.965 instead of 0.999.

A small number of outliers in the experimental da-
ta when using the polynomial approximation method
and the calibration curves shown in Fig. 1 changes the
nature of the calibration curves little, and the method



of estimating concentrations with calibration curves
can be successfully used. If we apply the approxima-
tion by a 4th-degree polynomial to data with outliers,
the determination coefficient decreases only to 0.996
instead of 0.998 for data without outliers. Figure 4
shows a fragment of the dependencies of the loga-
rithms of the polynomial models of the responses of
magnetic NFs of three concentrations: 95 — 0.003,
96 — 0.001 and 97 — 0.0001% of the magnetic field
strength values shown in Fig. 1.

Fig. 4. Dependencies of the logarithms of the poly-
nomial response models on the values of the mag-
netic field strength for various NF concentrations.
35 — 0.003%, 26 — 0.001%, 37 — 0.0001%; the
dotted line is the function corresponding to the ap-
proximating polynomial for data distorted by out-
liers at an NF concentration of 0.001%

The data for NFs with a concentration of 0.001
(26) were distorted by outliers. In Figure 4, the dotted
line on a logarithmic scale shows the function corres-
ponding to the approximating polynomial for data dis-
torted by outliers. As can be seen in Fig. 4, the pres-
ence of outliers did not greatly change the shape of the
approximating function. A slight change in the ap-
proximating function for data distorted by outliers is
evidenced by a small change in the determination
coefficient shown above.

DISCUSSION

Using the considered algorithms of approximation
of experimental data, it is possible to estimate the pa-
rameters of the studied magnetic NF. For example,
polynomial approximation allows us to estimate the
concentration of the studied NF by means of calibra-
tion curves. When using the analytical function, the
concentration of the studied NF can be estimated by

applying the value of the dimensionless coefficient a
obtained as a result of approximation. This demon-
strates the possibility of determining, using the devel-
oped algorithms and methods, some (unknown) phys-
ical parameters from the recorded polarization res-
ponses and the values of other (known) parameters.
Knowledge of the numerical values of the NF parame-
ters also allows us to compare their polarization mag-
neto-optical characteristics with the characteristics of
other systems of different nature and composition.
This, in turn, opens up prospects for a broader, infor-
mational approach to the further development and ap-
plication of highly sensitive laser methods for com-
parative studies of magnetic nanofluids and other or-
dered substances, materials, and systems [5, 10, 22].

CONCLUSIONS

1. The methods of approximation of experimental
data of polarization-optical responses of NFs by the
methods considered above are equivalent, since the
coefficients of determination for these methods are
close to each other. The advantage of the approxima-
tion method using an analytical function is that the
coefficient a is directly related to the concentration of
the analyzed NF, and to estimate the concentration
there is no need to use calibration curves and carry out
interpolation, as is necessary when approximating us-
ing polynomials.

2. Analytical approximation of the responses of the
studied NFs using dependencies with hyperbolic func-
tions is more sensitive with outliers in the experimen-
tal data than the approximation method based on po-
lynomials.

3. If a polynomial response model is used, the cali-
bration curves method of estimating concentrations
can be successfully applied even when there are noti-
ceable outliers in the experimental data.



