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JIEKTPUYECKHUE ITOJIA NMUWJIMHAPUYECKHUX PATMOYACTOTHBIX
TPAHCHHOPTUPYIOILINX KAHAJIOB

B craTtbe paccMaTpuBalOTCS AaHANUTUYECKHE BBIPAKECHHS AJIS MOTEHIUANIOB JJIEKTPUYECKUX MOJEH, KOTOPBIE COOT-
BETCTBYIOT I[MJIMHAPUYECKIM PaHOYaCTOTHBIM KaHalaM. DIeKTPO bl TAKUX KaHAJIOB MPEJCTaBIAIOT cCO0OH moce-
JIOBaTEJIbHOCTh MJICHTUYHBIX IUIOCKHX AHadparM, B YaCTHOM CJydae KPYroBbIX nuadparm c arnepTypamu IIOCTOSH-
HOro pajauyca. [lonydyeHHbIe BBIpaK€HMs NIO3BOJIIOT OLEHUBATh BO3MYLICHHS TPAHCIIOPTUPYIOLIUX JIEKTPUUECKUX
HoJIeH IpY MPHOJIMKEHUH K KpasiM 3JIEKTPOJIOB M MOTYT OBITh ITOJIE3HBI ISt OBICTPOr0 Ka4eCTBEHHOT'O MOJICIHPO-
BaHMS PaJIMOYACTOTHBIX YCTPOMCTB, IpeIHA3HAYEHHBIX U U30JISALUH, TPAHCIIOPTHPOBKU M (POKYCHPOBKH HOHOB.

Kniouesvie crnosa: anHanuTHIeCKUe pemIeHus ypaBHCHUA J'Iannaca, BBICOKOYACTOTHBIC DJICKTPHUICCKUC T0JIA,
QJICKTPOHHO-ONTUYCCKUE CUCTEMBI C IEPUOJUICCKUMU JJICKTPOJaMU, NOHOIIPOBOAbL

BBEJAEHUE

VYerpoiicTBa U30JIALHMU U TPAHCHOPTUPOBKU UOHOB,
KOTOpbIE MPEICTABISIIOT COOOH MMOCIEeN0BATENBLHOCTD
TUIOCKUX JuadparM TOW WM WHOU (OPMBI C MPHIIO-
JKEHHBIMU K HUM PaJMOYaCTOTHBIMHU JIEKTPUIECKUMHU
HAIPsHKEHUSIMU, TOCTATOYHO IIUPOKO PacIpOCTpaHe-
Hel [1, 2]. B ganHoit paboTte Oyner paccMaTpuBaTHCS
y3K0€ (B CMBICIIEe pa3HOOOpa3usi KOHCTPYKIMKN), OfHA-
KO LIMPOKO HCIIOJIb3YeMOE MOJMHOXKECTBO MOI00HBIX
YCTPOMCTB — MPSIMOJIMHEUHBIE TPAHCIOPTUPYIOLIHE
KaHaJIbl [WJIMHIPUYECKOH (OpMBI, B OOJIBIIMHCTBE
CJIy4yaeB COCTABJICHHbIE M3 IUIOCKMX KPYTOBBIX AWa-
(parm. Bosiee mMpoaBUHYTHIC aHATMTUYECKUE MOJICIU
ANIEKTPUYECKUX IOTEHLIUAIOB AJIS PaiuovdacTOTHBIX
TPaHCTIOPTUPYIOIIMX KAHAJIOB CIIOKHOW (hOpMBI TpH-
BosATCS B [3-35].

IIpu KOHCTPYHMPOBAaHMM AHANUTHUECKUX MOJEIEH
PaAMOYaCTOTHBIX 3JIEKTPUUYECKHUX MOJIeH HCIoNb3yeT-
Csl NPHUHLUI KBa3UCTaTW4YHOCTH. [Ipy BBINOJIHEHUH
YCIIOBUSl KBAa3UCTATUYHOCTH (CM. Jianiee) BBICOKOYAC-
TOTHBII DIEKTPUUYECKUH TOTEHIMAN TAaKOTO TIIOJIA
MOYKHO TPEJCTaBUTh KaK MpOH3BelicHHE (QYHKIUH
BPEMEHH, 3aJarolel 3aKOH U3MEHEHHMs HalpsKEHUH
Ha 3JIEKTpOJiaX, M MOTEHIMala 3JIEKTPOCTaTHYECKOTO
MOJIsl, COOTBETCTBYIOUIETO TMOCTOSHHBIM HarlpsKeHH-
M Ha JJIEKTPOJIax.

[Ipenmnonoxxenue 0 KBa3UCTaTUYHOCTH BBICOKOYAC-
TOTHOT'O 3JIEKTPUUYECKOTO IIOJISl CHPaBEAJIMBO, KOTIa
BpeMs XapaKTEPHOTO M3MEHEHUS 3JIEKTPUYECKUX Ha-
OPsOKEHUH Ha 3JIEKTPOAAX CYLIECTBEHHO IPEBBHIILACT
BpeMsl pacIpOCTPaHEHHs] 3JIEKTPOMArHWTHOIO BO3-
MYILIEHUS B Ipenaenax ycrpoilcTBa. TunmyHble pazMme-
PbI 2NIEKTPOIHBIX KOHPUIYpaLHii, UCTIONB3YEMbIX B KOH-
CTPYKIMSIX HMOHHO-ONTHYECKUX CHCTEM, COCTaBISIOT
He OoJyiee HECKOJBKUX IECATKOB CAHTHUMETPOB (Kak

MPaBUJIO, 3HAYUTEIHLHO MeHbIe). C y4eTOM paBeHCT-
Ba CKOPOCTH CBETa M CKOPOCTH PaclpOCTPaHEHUs
3JIEKTPOMAarHUTHOTO BO3MYIIEHHUS YKa3aHHOE Tpea-
MOJIOXKEHUE 3aBEI0MO BBIIIOJHIETCS AJIS1 4ACTOT DJIEK-
TPUYECKUX HANPHKCHUH, OOBIYHO HCIIOIB3yEeMBIX
B MOHHO-OIITHYECKUX YCTPOHCTBaxX (OT COTEH KHIIO-
repi 0 HeCKOJBKUX Merarepll, peiko — HECKOJIbKO
rTurarepi).

[Ipyn Takux yCIIOBHAX 3JIEKTPOMAarHWTHOE BO3MY-
LIEHUE PacIpOCTpaHsAeTCs MPAaKTUYECKH MIHOBEHHO,
B CWJIYy YE€ro BBICOKOYACTOTHBIM 3JIEKTPUYECKHH IIO-
TEHIMaJl, U3MEHSIOLIUNUCSI BO BPEMEHHU U ITPOCTPAHCT-
B€, MOKHO IPEICTaBUTh KaK IIPOU3BeACHUE HYHKLNU
BPEMEHM M 3JIEKTPOCTATHUECKOr0 MOTEHIMaNla, 3aBH-
CAIICrO0 OT IMPOCTPAHCTBEHHLIX KOOpAWHAT. 3aBucs-
IIMHA OT BPEMEHU MHOMKUTEJb OIMCHIBAET BPEMEHHOE
W3MEHEHHUE SJIEKTPUUYECKUX HaIlpsDKEHUM, a 3aBHUCH-
MK OT KOOPAMHAT IOTEHLMANl COOTBETCTBYET IOCTO-
SHHBIM HANPsOKCHUAM Ha 3JICKTPOJaX, KOTOPBIC U3-
MEHSIOTCS BO BPEMEHHM CHHXPOHHO W IPOIOPLHO-
HaJIBHO APYT ApYTY.

WNHpIMU ciioBaMH, B paMKax KBa3UCTATUUYECKOM
MOJIEJIN MPEATIONAraeTcs, YTO CO3JAETCsl TaKOe 3JIeK-
TPUUECKOE M0JIe, KOTOPOE B KaXKJI0M TOUKE MPOCTpPaH-
CTBa CHHXPOHHO M TPONOPLHMOHAIBHO H3MEHSETCS
B COOTBETCTBHU C 3aKOHOM HU3MCHCHUSA 3JJICKTPUUC-
CKHMX HaIpSDKEHU Ha 3JeKkTpoaax. XOTd 3TOT Iiar
MPEJICTaBISIET COOOM, MO CYTH, IPEHEOPEIKEHUE DIICK-
TpoauHaMHYeCKUMHU 3 (deKTaMu, T.e. COMYTCTBYIO-
el SJEKTPOMAarHUTHOM BOJIHOM, BO3HHUKAOLIEH
B COOTBETCTBHMHU C ypaBHEHUSIMH MakcBesula npu Jiro-
00M HM3MEHEHHH 3JEKTPUUYECKUX U MAarHUTHBIX MOJEH
BO BPEMEHH, HO OH BITIOJIHE JOMYCTUM, €CIH 4acTOTa
HaNpsDKEHUH, NPUKIAagbIBAGMbIX K JJIEKTpOJaM, He
CJIMLIKOM BEJIMKA (B YKa3aHHOM BBIIIE CMBICIIE).
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PAZIMOYACTOTHBIE KAHAJIBI
TPAHCITIOPTUPOBKU C KPYT'OBBIMU
JUAOPATMAMU

PagnouacToTHBIE  IMJIMHAPUYECKUE  JIOBYIIKH
U TPAaHCIOPTUPYIOIIUE [WIMHAPUIECKUE KaHAJIbl TH-
na SRIG (anrm., Stacked Ring Ion Guides) npeacras-
JISIOT COOOW TOCTenoBaTeNbHOCTh AradparM onvHa-
KOBOW (hopMBI U pa3Mepa ¢ MPUIOKEHHBIMH K HUM
CHUHYCOMIAIbHBIMU PaJMOYaCTOTHBIMH JHOO UM-
MyJBCHBIMU 3JIEKTPUUECKUMH HampspkeHusMu [1, 2,
6-10]. Jmadparmel pacmonararoTcsi Apyr OT Apyra
Ha OJMHAKOBOM PAacCTOSHUM M (POPMHUPYIOT LMIMHI-
PHUECKUI KaHall TPaHCIOPTUPOBKU C MPSMOU OCBIO.
Ha puc. 1 nokazana TunuyHas UWJIMHApUYECKAs pa-
nuoyactoTHast joBymka tuna SRIG ¢ kpyroBeiMu
nuadparmMaMy OJMHAKOBOTO pajnyca.

B THmuuHOM ciydae mMpuiioKEHHbIE CHHYCOHAITb-
HBIE PaJliOYacTOTHBIE HANPSDKEHUSI XapaKTEPHU3YIOTCS
caBuroM ¢asel 7 MeEXIY COCCAHUMH AuadparMamMu.
3TO 03HayaeT, 4YTO 3HAKKM M aMIUIUTYABl CHHYCOH-
JaNbHBIX HANpPsDKEHUH, MPHUIIOKEHHBIX K OTIEIbHBIM
nuadparmam, 4epeayoTCs [0 IPaBUILy

+U,,— U, +U,,—U,,+U,,—U,,.... )

[Toaromy B mr000#1 MOMEHT BpeMEHH HAIPSKEHUS
Ha coceHUX AuadparMax UMEIOT IPOTHBOIIOIOKHEIE
3HAaK{, 4YTO JOJDKHO MAaKCHMHU3UPOBATh HaNpsDKEH-
HOCTb YIIPABIAIOIIEr0 PaJUO4acTOTHOIO 3JIEKTpUYe-
CKOTO IIOJISL.

B cuny cummerpum TeoMeTpudecKkod (QOopMbI
3NEKTPOJOB U aHTUCUMMETPUH HAIPSLKEHUM, IPUIIO-
XKEHHBIX K 3JIEKTPOAaM, IUIOCKOCTb, BJIOJIb KOTOPOIl
C-)J'ICKTpI/I‘IeCKI/Iﬁ MOTCHUHAJ TOXKACCTBECHHO pPAaBCH HY-
JII0, paclojiaraeTcs MOCEPeAMHE MEXIY COCEIHUMH
ANIEKTPOAaMHU. DTO MO3BOJIAET H00AaBUTH (DUKTHUBHEIE
nradparMbl ¢ HYJIEBBIMH HampsDKEHUsIMH Oe3 HcKa-
KEHUSl DJIEKTPUUYECKOr0 MOJIsI M TEM CaMbIM BBECTH
B PacCMOTPEHHE NEPUOJUUYECKHE IOCIEN0BATEIbHO-
cTi AuadparM U HanpsDKEHUH, KOTOpPbIE OpraHu30Ba-
HBI B COOTBETCTBHUHU C ITPABUIIOM:

Puc. 1. CtpykTypa nepuoIn4eckux KONbLEBBIX 3JIEKTPO-
0B LWIMHAPUYECKOW pPaJiovyaCTOTHOW JIOBYIIKM THIIA
SRIG.

+U,,0,-U,,0,+U,,0,-U,,0,+U,,0,-U,,.... (2)

Ecnm cnBuHYTH HA ONUH MIAT BIOJb HMIHHIPHYE-
CKOM OCH DJIEKTPOABI M MPUIOKEHHBIE K HUM 3JIEK-
TPUUCCKUC HAIPSKCHUA, 3aJaHHBIC B COOTBETCTBUU
co cxeMoii (2), To IOMYYNM aHAIUTUIECKOEe PEIIeHNE
JJISL 3JEKTPUYECKOro IOJIs, COOTBETCTBYIOLIETO Ha-

OpSDKEHUAM  Ha  auadparMax, OpraHM30BaHHBIM
IO MpaBuITy:
0,+U;,0,-U,,0,+U,,0,-U,,0,+U,,0, .... (3)

WzBecTtHO [2], 94TO BHAmM OT KpaeB 3JEKTPOAOB,
B OKPECTHOCTH OCH TpPaHCHOPTHPYIOIIEro KaHaia,
JJIEKTPOCTATUYECKUHA TOTEHIMAN TaKOH CHCTEMBI
QJICKTPOAOB C MPUIIOKEHHBIMUA K HUM NEPHUOJUUCCKU-
MU HalpsDKEHUSIMH, COOTBETCTBYIOIIMMH IOCIIENO0BA-
TEJIBHOCTH HanpsikeHui (1), onuceiBaeTcs ¢ Xopouiei

TOYHOCTBIO BBIPAKEHHEM
U(Z,r)z%cos(lz+ﬂ)lo (Ar), )

rac z, r — aKCuaJibHas W paJuvajibHasd KOOPAHWHAThI

(r=+x"+y"); Uz— craTudeckue MHOTEHIHUAIbI,

MpIWIOKEHHBIE K anadparmam; Iy — MOTUPHUIIPO-
BaHHas (yHkuus beccens Hynesoro mopsiaka [11-13];
R — pagmyc KkpyroBeix muadparm; [ ompenenseT
C/BUT TOCJIEA0BATEILHOCTU JUadparM OTHOCHTEIEHO
Haydana KOOpIUHAT; A — MapaMeTp reOMeTPUIECKOro
Maciraba. Jlns HanpsbkeHui Ha Tuadparmax mo cxe-
me (1) mapamerp A paBeH =/ L, tae L — paccrosiHUe
MeXIy cocemHuMH auadparmamu, st cxeM (2) u (3)
napametp A paBeH 7 / (2L). [Ipuunna: ans cxemsr (1)
paccTosiHue MEXIy COCETHHMMU MaKCUMyMaMH M MH-
HUMYMaM{ OCEBOTO paclpeielieHnsl ToTeHIrana, Ko-
TOpBIE COOTBETCTBYIOT Pa3MELICHUIO JuadparM BAOJb
ocu, paBHo A(Az+p)=AAz=nx, tne Az=L, toraa
Kak s cxeM (2), (3) paccTosiHuE MEXKIY COCEIHUMU
MaKCUMyMaM{/MUHUMYMaMH U HYJISIMH OCEBOTO pac-
npenenenus paBHo A(lz + f) =1 Az=r /2.
OKBUIOTEHIMAJbHBIE JIUHUU U TPEXMEPHBIH Ipa-
(UK DIEKTPUYECKOTo MOTEHIHMaNa, 3aJaHHOro ¢op-
MyJIO# (4), B HOpMUPOBAHHBIX KOOPAWHATAX (z, r) TIO-
Ka3aH Ha puc. 2. CTporo roBops, sl CO3JaHUS UMEH-
HO TakKOTO 3JIEKTPUYECKOro IOJIi BO BCEM OOBEMeE
TPAHCTIOPTUPYIOIEH JIOBYIIKH HEOOXOAWMO, YTOOBI
ANIEKTPOABI, (OPMHUPYIOIIKME  IOCIEIO0BATEILHOCTD
muadparm, uMenn (GopMy SKBUIIOTEHIIMANBHBIX I10-
BEPXHOCTEH, MMOKa3aHHBIX Ha puc. 2. OIHAKO HA MpaK-
THUKE JOCTATOYHO HCIOJb30BaTh IUIOCKHE KOJIBLIEBBIE
Z[I/Ia(bpal"MBI C COOTBCTCTBYIOIIMMHU SJICKTPUICCKUMU
noreHuuanaMu. [ Takux 3JIEKTPOAOB 3JIEKTpHUe-
CKO€ T0JIe B Cepe/IiHe KaHalla BAAIH OT KpacB 3JIEK-
TPOAOB OyAeT C XOpOmIeH TOYHOCTBIO OMHCHIBATHCS
AHAIMTUYECKUM BhIpakeHueM (4) (cwm. [2]).

HAVYYHOE ITPUBOPOCTPOEHUE, 2025, Tom 35, Ne 3
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Puc. 2. Cratnueckuil anekTpuueckuii moreHnuai (4) B HOpMUPOBAaHHBIX KOOPAUHATAX.
a — DKBHITOTCHIMAJIBHBIC JINHUY HA MJIOCKOCTH (Z, ¥), b — moBeaeHune noTeHnuana Ha ocu » = 0.

[Torennuan (4) npeacrapiseT co00N B3BEUICHHYIO
CyMMY C MOCTOSIHHBIMH Ko3(dduimentamu, cocras-
JICHHYI0 U3 JBYX JHMHEHHO-HE3aBUCHMBIX IOTEHIIHA-
JIOB, 3a/1aBa€MbIX (OpPMYyJIaMH

U, (z,r)z%cos(lz)l0 (Ar), (5)
Uy (2.r) =%sin(12)[0(lr). ©)

Ha ocu cummetpun » = 0 morenuan (5) Beaer ce-

01 xak U,cos(Az), a noremmman (6) — Kak
U, sin(/lz), rie U, =UR/I0 (/IR) —  aMIUIITy/Aa
NPOCTPAHCTBEHHBIX KOJIEOAHHH IEKTPOCTATUIECKOTO
MOTEHIIMANA HA OCH CHCTEMBI. DJIEKTPOCTATHUCCKHE
moTeHIHAITHI (5), (6) OKa3bIBAlOTCS TTOJE3HBIMH HHCT-
pyMeHTamMu Uil KOHCTPYMPOBAHUSA AHAIUTHUYECKUX
MOJIeNIei DIEKTPUYECKOTO TMOJSl MPU CIOXHBIX KOH-
(burypanusax paguoYacTOTHBIX HANpPsDKEHWH Ha 3JIeK-
TPOJAax, BKIOYAs CIOJ]a WMIYJIbCHBIC HAMPSHKCHUSI
" HAIIPAKEHUSA CO CIOKHBIM CIICKTPOM.

Oyrkmmn (5) MOTYT MCHOIB30BATHCA IS OMHCaA-
HUSI DJIEKTPOCTATHYECKOTO MOJISl MEPUOTUUECKON TM0-
CIIEZIOBATEIILHOCTH KOJBLIEBBIX AuadparM C Hampsbke-
HUSIMH, COOTBETCTBYIOIIIMMH TEPHOAMIECKOM Mmociie-
JOBaTeNILHOCTH HampspkeHud (2), a ¢yHkuun (6) —
quadparM ¢ HaNpsHKCHUSMH, COOTBETCTBYIOIIMMH
NEPUOJUUECKON TOCIIEeIOBATENILHOCTH HANpPsKEHUH

HAVYYHOE ITPUBOPOCTPOEHUE, 2025, Tom 35, Ne 3

(3). dnst aToro B popmyinax (5), (6) HEOOXOAUMO HC-
TOJIB30BATE TeoMeTpudeckuii Macurab A =7/(2L),

rae L — paccTosiHuEe MEXAY COCEAHUMH KPYTOBBIMHU
nuadparMamu.

Ha puc. 3, a, mokazaHbl 5KBHIIOTEHIIMAIBHBIE TO-
BEPXHOCTH, KOTOpPHIE MOT'YT HCIOJb30BaThCS Kak
JIEKTPOABI JIi CO3JaHUs DIIEKTPUYECKOTO OIS
¢ anekTpuieckuM norennuanom (5). Ha puc. 3, b, mo-
Ka3aHbl 3KBUIIOTEHINAJIbHbIE TIOBEPXHOCTH, KOTOPbIE
MOTYT HMCIOJIB30BATHCS KaK DIIEKTPOJIBI AT CO3IaHMs
UIEKTPUYECKOTO TOJISI C IJIEKTPUUECKUM IOTEHIIHA-
sioM (6). XKUpHBIMU JTUHHMSIMH TTOKa3aHbl 3KBUIIOTEH-
muamu U(z,r) = +Up, TOHKUMH JTHHUSAMH ITOKa3aHBI
skBurnoreHnuanu  U(z,7) = —Ug, TyHKTUPHBIMH JIH-
HUSMU TOKa3aHbl 3kBUNoTeHmamu U(z,r) = 0.

DNeKTpUYECKOe ToJie YCTPOMCTBA MOXKET OBITh
CYMMOH DJIIEKTPUYECKHX MOJel ¢ moTeHuuanamu (5),
(6), mpruemM BecoBble KOA(PPHUIMEHTHI CYMMBI JOJDK-
HBl KOHTPOJHMPOBAThCA HANPSDKEHUSIMH Ha DIIEKTPO-
nax. O0OBeTMHATE AIEKTPOIBI HA pHC. 3, a, U puc. 3, b,
B €IMHYIO CHCTEMY HEBO3MOXKHO M3-32 UX HAJIOKEHUSI
Ipyr Ha napyra (puc. 3, ¢). OqHako mpu 3aMeHe TOU-
HBIX nuadparM KPUBOJIMHEHHOW ()OPMBI Ha IJIOCKHE
Kpyrosele auadparmel (puc. 3, d) moiaydaem cuctemy
3JEKTPOJOB, UIsI KOTOPOM B LEHTPAJIbHOM YacTu
TPaHCHOPTUPYIOIIEro KaHaja BJAJIW OT KpaeB Jua-
(¢parM MOXXHO C BBICOKOM TOYHOCTBIO CO37aBaTh KaK
ANeKTpUUecKoe moje (5), Tak U IEKTPUUECKOE TOJIe
(6), B 3aBUCUMOCTH OT DJIEKTPUUECKUX HANPSKEHUIH,
MPUKJIAIBIBAEMBIX K JIEKTPOJAM.
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Puc. 3. OCGCI/IMMeTpI/l‘leIe OKBUIIOTCHUHAJIBHBIC TMOBEPXHOCTHU, KOTOPLIC MOTYT HUCHOJIB30BAThHCSA B Ka4YC€CTBE

IIEKTPOIOB.

a — JUIA SJICKTPHUYCCKOTIO NOTCHIHAIa (5), b— JUISA QJICKTPHUYCCKOIro MoTeHIHAIa (6), C — HAJIOXKCHHUEC CHUCTEM

ANIeKTpoJIoB "a" u
nuagparm

Bo3myieHus 31eKTpu4ecKuX MoJied, KOTOPhIE BbI-
3BIBAOTCSL TAKOM 3aMEHOM MIEAIBHBIX 3JIEKTPOJOB,
paccMaTpUBarOTCs Janee.

KPAEBBIE ITIOJISI 1 BO3BMVYIIEHN S, BBI3BAHHBIE
NCKAXXEHMEM ®OPMBI 3JIEKTPOIOB

Ha puc. 3 mokazan mporecc 3aMeHbI WACATBHBIX
KPUBOJIMHEHHBIX 3JEKTPOJOB Ha KOHCTPYKTHBHO 00-

"b" mpyr Ha apyra, d — orpyOJeHHas cHUCTeMa JIIEKTPOIOB

C" B BUJAC IJIOCKHUX KPYT'OBBIX

nee ymoOHbIe Mmiockue muadparmpl. O4eBHIHO, MPH
3TOM NPOHMCXOAMT HCKaKEHHUE TOYHOTO DIIEKTpUYe-
CKOTO TIOJIS, HO M3 OOIIHX COOOPaKEHUH MOXKHO OXKH-
JaTh, YTO TaKWe HMCKaXEHUS OBICTPO 3aTyXaroT MpH
yIAJICHHN OT KpaeB IUIOCKUX auadparM. B nannoM
paszene paccCMaTpUBAIOTCS OLIEHKH CKOPOCTH 3aTyXa-
HUA U ONPCACIAOTCA KPUTUYCCKUC TCOMETPUYCCKUEC
napaMeTphsl TUIOCKUX TuadparM, Ipu KOTOPBIX HCKa-
JKCHUS DJICKTPHUYCCKOr'o IOJIA B HCHTpaJ'IBHOﬁ qacTu

HAVYYHOE [NPUBOPOCTPOEHMUE, 2025, Tom 35, Ne 3
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KaHajJa TPaHCIOPTHPOBKH MOXXHO CUYMTATh HE3HAUH-
TEJIbHBIMU.

PaccmoTpuM BapuaHT, KOrza 3HaKd M aMIUIUTYZAbL
BBICOKOYACTOTHBIX HAIIPSHKEHUH, MPUIOKEHHBIX K Jua-
(parmam, yepeayrTcs B COOTBETCTBHU C HPAaBUIIOM
(1). B cuity nepuoAMYHOCTH KaK T€OMETPHUH AIIEKTPO-
JIOB, TaK M HPUKJIAIBIBAEMBIX K HUM 3JIEKTPHUECKHX
HanpsKEeHUH pacrpesenieHne JIeKTPUUEcKOro MoTeH-
uuanga BIOJIb TOPU3OHTAJbHOM JIMHMM » =R npen-
CTaBIsieT COOOH MEPHOAMYECKYIO (QYHKIUIO U B CHITY
3TOT0 MOXKET OBITH pa3nokeHo B psijg Oypbe:

3nech Touka z =—L / 2 coOTBEeTCTBYET Auadparme
¢ HampspkeHueM —Uyg, Touka z = +L / 2 COOTBETCTBYET
muadparme ¢ HampspkeHHeM +Ug, Todka z =0 cooT-
BETCTBYET CEpPEAMHE MEX]y COCCIHHUMH auadparma-
MU, L — paccTosiHe MEXIy COCEIHUMHU auadparma-
MU, U; — HOPMHpOBaHHbIE Oe3pa3MepHbIC aMILIUTY-
Jbl CHUHYCOMAANbHbIX rapMoHuk psina Dypee. Kak
OylneTr mokaszaHO jajee, KOCHHYCOMJalbHbIE TapMo-
HUKHA W YETHBIE CHHYCOWAAIbHBIE TAPMOHUKU PaBHBI
HYJIIO B CUITy CUMMCTPUHU IJICKTPOJOB U IJICKTpUYC-
CKMX HaIPsDKCHUM.

TouHoe pewmeHue 3agaun Jupuxie Uisi OCECUM-

U( z, R) ~U, Z u, sin kmz . (7) METPUYHOIO ypaBHeHMs Jlamiaca ¢ KpaeBbIM yCIIOBH-
fary L eM (7) umeeT BUL:
2k-Vrmz I, ((2k-1)7zr/L
U(z,r)=Uy Dty sin ( ) ol )77/ ), (8)
fpt I,((2k-1)zR/L)
rae [y — momuduipoBanHas GyHKIUS beccens HyneBoro nopska.
IMockonbky (ynknus /y(¢) IKCIOHSHIMATBHO ObI- U
CTPO pacTeT C yBEIMYCHHEM apryMeHTa &, Tak 4To U, :1(”—2/” =Uy eXP(—” R/ L) > (10)
0

cripaBeuMBa ouenka /(&)= 35/1/2775 npu ¢>0.27,
TO CTapiIie TapMOHHMKH OBICTPO 3aTyXaloT MpH CMe-
IIEHUH IO PaAMyCy OT TPaHullbl » = R B CTOPOHY OCH
r=0. OmeHka BKJaza TPEeTbeH W TMATON TaPMOHHUK
M0 OTHOILIEHHUIO K TEpBOM T'apMOHUKE MpU OTCTYIE
Ha mar Ar OT Kpasi KpyroBbIX Juadparm UMeeT BUJ

U3(z,r) N
Ul(z,r)

u, 1, (37 (R-Ar)/L)
" 1,(37R/L)

~ exp(-37Ar/L),

L(zR/L)
I,(z(R-Ar)/L)

)
U, (Z,r)
Ul(z,r)

w1y (57 (R-Ar)/L)

“u, 1,(57R/L)
~ exp(—57Ar/L).

B uactHOCTH, yX)e npu R / L >2 BkIaja cTapuiux
rapMOHUK B mpuoceBoii obmactu 0<r<R/4 mpe-
HEOpEKNMO Mall.

OKCIOHEHIMAIBHBIH POCT AJIEKTPUYECKUX TOTEH-
nuanoB (4) npu ynmaigernd oT ocu » =0 B CTOpOHY
rpaHunbl ¥ = R uMeeT U ApYrod moOouHbId 3D (eKT.
A HMMEHHO, ANEeKTpUYecKoe HampsbkeHue Uy, IpHKIa-
IpIBaeMoe K nuadparmam, 3KCIIOHEHIIUATBHO 3aTyXa-
eT 1o Mepe NpUOIIKeHus K ocH = O:

~
~

I,(zR/L)
1y(w(R=ar)/L) -
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rae Uy — aMIumTyja poCTPaHCTBEHHBIX KOJIeOaHmid
AIIEKTPUYECKOTO MMOTEHIIMAIa HA OCH CHCTEMBI.

B cuny dopmyner (10) mpu 1octaTouHo OOJBIIMX
3Ha4YeHHsIX Oe3pasmepHOro mapamerpa R / L ympas-
JISIOIIEe BO3JEHCTBUE CO CTOPOHBI BEICOKOYACTOTHOTO
JIEKTPUYIECKOTO T10JI51 Ha MOHBI, HAXOAAIINECS BOIM3H
OCH, IPAKTUYECKU OTCYTCTBYET. B wyacTHOCTH, Ipu
R > 4L BBICOKOYACTOTHOE HIIEKTPUUYECKOE ITOJIE HA OCH
CHCTEMBI PEHEOPEKUMO MaJIO MIPH JIFOOBIX Pa3yMHBIX
aMIUIUTYJaX CHUHYCOUJAJIBHBIX HAIpPSDKEHUM, IPUKIA-
JBIBAEMBIX K JIEKTPOaM TPAHCIIOPTHPYIOLIET0 KaHaIa.

Hannbiii 53p ekt Hamo yIuThIBaTh, €CIIH TPEOyeTCs
YIPaBJIATh ABMKCHHEM HMOHOB B IPUOCEBOH 00IacTh
TPAHCHOPTUPYIOIIEro KaHalla C MOMOIIBIO BBICOKO-
YaCTOTHOI'O 3JIEKTPUYECKOrO MOJsl TPAaHCHOPTUPYIO-
miero Kanaja. B dYacTHOCTH, B ciydae TPaHCIOPTH-
pPOBKM MOHOB Tipu momorm dhdexra A-BomHbl [14—
17] Ge3pa3mepnsbrii mapamerp R / L momkeH OBITH,
C OJTHOH CTOPOHBI, JOCTATOYHO BEJUK, YTOOBI ApdeKT
OT BO3JEHCTBUS CTAapLIMX NMPOCTPAHCTBEHHBIX TapMO-
HUK BBICOKOYACTOTHOTO 3JIEKTPHYECKOTO MOl HA OCH
cuctembl O0buT HeOompmuM. C APYroil CTOPOHBI, 0e3-
pa3MepHbIi mapameTp R / L JOKEH ObITh JIOCTATOYHO
MaJl, YTOOBI HAa OCH IIPUCYTCTBOBAJIO 3aMETHOE BBHICO-
KOYaCTOTHOE 3JIEKTPUYECKOE I0Jie U 4TOOBI BBICOTA
TICEBIOTMIOTEHIINATIBHBIX 0apbepOB BOKPYT JIOKAIBHBIX
JIOBYIIEK A-BOJHBI HAa OCH CHCTEMbI oOecrieunBajia
3aXBaT U IPUHYAUTEIIBHYIO TPAHCIIOPTUPOBKY UOHOB.

Jliis Gonee TOYHOM OLIEHKM BKIIAZa CTApIIUX IPO-
CTPaHCTBEHHBIX TAPMOHHUK PaccMaTpHUBaeMOTrO 3JIEK-
TPUYECKOI'0 IOJISI HUCHONb3yeM IpyOylo Moaenb s
pacmpeieNieHlst IEKTPHYECKOTO MOTEeHIMaNa BJIOb
TOPU30HTAJIBHOW JIMHUU ¥ = R, TIpU KOTOPOH B IpoO-
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MEXYTKE MEXIy COCeTHHMH AuadparMaMu dIEKTpH-
YECKUH MOTEHLHAJ allpOKCUMUPYIOT IPSIMOW JIMHU-
eit (puc. 4, a). B crry cuMMeTpuii KpaeBoro yCIIOBHS
AMIIIUTY bl KOCUHYCOUJAJIbHBIX TAPMOHUK U aMILJIU-
TyIbl YETHBIX CHHYCOMIAJIBHBIX I'apMOHHMK OOparia-
I0TCs B HOJIb. JI71s1 paccMaTpuBaeMoOro KpaeBoro ycio-
BUS  aMIUIMTYAbl  CHHYCOMIAIBHBIX  TI'apMOHHMK
sin(kzz / L) paBHBI

L 8 . (kx krH
U, =—————sin| — |cos| —— |, an
L-Hrk 2 2L

rae L — paccTosHue MEXIy COCETHUMHU nuadparma-
mu, H — TtommumHa puadparmer (0<H<L),
k=1,2,3,... — HOMep rapMoHUKU. B wyacTHOCTH,
n3 ¢opmynsl (11) cnemyer, 9To BCE YETHBIE CHHYCOH-
OaJIbHBIC TAPMOHHWKHU paBHBI HYJIIO, KaK 3TO U JOJDKHO
OBITh M3-32 CHMMETPHH (DOPMBI TIEPHOTUIECKOTO
kpaeBoro ycinoBus. Ilpu H/L=1/3 Tperbs cuny-
coupabHas rapMOHUKa o0pamiaeTcst B HOJb, 4TO, I0-
BUJIUMOMY, SIBIISICTCS ONTHMAaJbHBIM BBIOOPOM JUIS
MWIMHAPUYCCKUX TPAHCHOPTUPYIOIINX KaHAJIOB TUIIA
SRIG ¢ kpyroBeiMH AuadparMamMd WIH BBEIOOPOM,

a
o U2)
0.5
., -LR2 +I2 L -
hih "
Bt )
-0.5
-1.0
c Uz
1.0 (2) %
0.5
L L2 L2 I
® - — 7
0.5
1.0

JOCTaTOYHO OJM3KUM K onTUMaibHOMY. Kpome Toro,
aMIUIMTyla II€PBOMl T'apMOHMKH IIOKa3bIBaeT, Kakas
9acTh NPWIOKEHHBIX JJIEKTPUYECKUX HANPSKEHUI
WCTIONB3YeTCsl A7l MOJIe3HOH KOMIIOHEHTHI Pajrovac-
TOTHOTO 3JIEKTPUYECKOIO TOJII HAa OCH LMJIMHIpUYE-
CKOTO KaHaja.

Touno Takke AN CXeMbl HanpspkeHu# (2) u HOp-
MHUPOBAHHOTO KYCOYHO-TMHEHHOTO KPaeBOTO YCIOBHS
Ha TpaHuIe 7 = R, TOKa3aHHOTO Ha puc. 4, b, amrm-
TyJIbl CHHYCOMIANBHBIX TapMOHUK sin(kzz / 2L) paBHBI

u, =

L 16 . (kn). (krn).
=—————sin| — |sin| — |sin
L-Hrk 2 4
Crout 00OpaTHTh BHUMAaHHUE, YTO TEPHOA KPACBBIX
YCJIOBHM COCTaBJISIET B STOM CIy4ae BEJIHYUHY 4L,
a He 2L, 9TO COOTBETCTBYIOIIUM 00Pa3oM CKa3bIBaeT-
Csl KaKk Ha 4acTOTaX NPOCTPAHCTBEHHBIX TapMOHUK

BBICOKOYACTOTHOI'O JIEKTPUYECKOro II0JIs, TaK U Ha 3a-
TyXaHUM 3THX TAPMOHUK IPU YAAJICHUHU OT Kpas Jua-

(bparm.

kr(L—H)
T )1

b
L U(2)
0.5
-2iL -L 1 2L R
i o Al 3D N
2 2:2 202 2 2
Z0s
410
d
2L L )3 2L
. . z
-0.5
~1.0

Puc. 4. HopMupoBaHHOE TpaHUYHOE YCIOBUE BJIOJIb FPAHULIBI 7 = R.

a — JUIS COCEHNX AuadparM ¢ HanpsHDKEHUSIMH TPOTHBOIIOJIOKHBIX 3HAKOB, b — MPU HAJTWYUN TPOMEKYTOTHOH
nradparMel ¢ HyJIEBBIM HaNpsDKEHHEM, C — aHAUTHYecKoe pemeHne (4) 06e3 mpoMexyTodHbIX nuadparm, d —
aHATMTHYECKOE penIeHne (4) ¢ MpoMeXyTOUHBIMH AnadparmamMu

HAVYYHOE [NPUBOPOCTPOEHMUE, 2025, Tom 35, Ne 3
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Kak u B ciiyuae ¢popmymnst (11), dopmyna (12) nHa-
IJITHO TOKa3bIBAET, YTO YETHBIE CHHYCOWJANIBHBIC
TapMOHHMKHN PAa3JIOKEHUS KPacBOrO YCIOBUS B Pl
@Dypbe TOXKJIECTBEHHO paBHbI HYI0. U1 cpaBHEHUs
Ha pHuC. 4, C, IOKa3aHO TOYHOE KPAeBOE YCIIOBUE BJOJNb
TpaHuLBl 7 = R ISl aHATUTUYECKOTO peieHus (4).

Tpebyercss mccnenoBaTh, HACKOJBKO JOILYCTHMO
MPUMEHATh  KYCOYHO-JIMHEHHYIO  almpoKCHMAaIUI0
KpaeBOro YCIJIOBHUS TPU BBIYUCIICHUU AMILUIUTYH Tap-
MOHHK psa Dypre. [[ns 3TOW nenu B KayecTBE MO-
JIENbHOM 33/1auyll MOXHO HCIOJIB30BaTh KpaeBoe I0Jie
IUIOCKOTO KOHJEHCATOpa C TOHKMMH M TOJCTBIMH
9JEKTPOJIaMU, KOTOpoe paccmarpuBaeTcss B [18]
(rm. 11, §3, m. 39, mpumep 3).

UzBecTHO, uTO ImMIO0OE pelieHHe JABYMEPHOTO
ypaBHeHus Jlammaca (mmaHapHBINA STEKTPHYECKUH T10-
TEHIIMAT) MOXXHO TPEACTaBUTh KaK BEIIECTBEHHYIO
94acTh KOMIUIEKCHO3HAYHOW aHATUTHYECKONW (YHKIUH
KOMIUIEKCHOTO TIEpEMEHHOro. B dacTHOCTH, ecin
U(x, y) — 3T0 OTEHIIMAI HEKOTOPOTO 3JIEKTPOCTATHU-
YECKOr0 TOJIsI, YAOBJIETBOPSAIOIINN  IBYMEPHOMY
ypaBHeHuI0 Jlamaca, TO €ro Bceraa MOXKHO IOIOJ-
HUTH Takoi QpyHKIMEH V(x, y), 9T0

u+iv=U(x,y)+iM(x, y) = F(x + iy) (13)

OynmeT aHaTUTUYECKON (YHKIEH KOMIUIEKCHOTO Tepe-
MEHHOTO (I 3TOr0 HEOOXOIUMO M JOCTATOYHO, YTOOBI
dbyukuu U(x, y), V(x, ) yIOBIETBOPSUIA COOTHOIIICHH-
sm Kommi—Pumana). Ecim nponsBomHas ¢yrkmun (13)
HE PaBHA HYJIIO B KAaKOW-TO TOUKE, TO B OKPECTHOCTH
ATOM TOYKH MOXHO HAWTH OOpAaTHYIO aHATUTHYECKYIO
(YHKINIO KOMIUIEKCHOTO TIEPEMEHHOTO

x +iy=flu+iv) = g(u, v) + ih(u, v), (14)

TaK 4TO BBINOJHEHBI TOXAECTBa X + iy = f(F(x + iy)),
u+iv=F(flu+iv)).

Ilapa ypaBmenuit x = g(u,v), y=h(u,v) 3amator
JBYXIapaMeTPUIEeCKOEe CEMEWCTBO KPHUBBIX Ha TLIOC-
KOCTH (X, y). OgHONIapaMeTpuiIecKne JHHAN U = const
6y,[[yT OKBUIIOTCHIIMAJIBHBIMU JIMHUAMMU 3SJICKTPOCTA-
THYECKOTO TIOJII C ODJIEKTPUYECKHUM IOTEHIHAIOM
U(x, y); onHOmapamMeTpu4ecKue JUHUM Vv = const Oy-
AYT CUJIOBBIMH JIMHUAMHU JJICKTPOCTATUYCCKOI'O ITOJIA
C DJIeKTpHYecknM moTteHimanom U(x, y), optoro-
HaJIbHMH 3KBHUITOTCHIIMAJIbHBIM JIMHUSM.

J1s 3a1a9m 0 KpaeBoOM I10JIe TWIOCKOTO KOHJIEHCaTo-
pa ¢ TOHKMMH JIEKTPOJIaMHU HE Y/IaeTcsl HaliTH pelieHne
B BUJIE CYTIEPITO3UIINH JIEMEHTAPHBIX (YHKIMI, OJJHAKO
oOpaTHy0 QyHKIHIO (14) MOXKHO NPEICTABUTH B TAKOM
Buzie ([18], o 11, §3, n. 39, mpumep 3):

x(u,v) = l(e”v cos(7ru)+ TV + 1),
Vs
(15)

y(u,v) = %(e’” sin(ﬁu) + ﬂu),

HAVYYHOE ITPUBOPOCTPOEHUE, 2025, Tom 35, Ne 3
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Puc. 5. Pemenue (15) 3amaun o xpaeBOM MOJ€ MIOCKOTO
KOH/ICHCATOPa C TOHKUMH 3JI€KTPOAaMH.

a — OJKBHUIIOTCHIHAJBHBIC JIMHWUW W CHJIOBBIC JIMHUU
Ha IUIOCKOCTH (X, y), b — rpaduk M3MeHEeHUs: HOPMHUPO-
BaHHOTO JICKTPUYECKOTO MOTEHIMANA BIOJb JTMHUHK X = 0,
yel[-1,+1]

TZie 2JEeKTPOJ C HampsHKeHueM +1 mpeacrasisieT co-
601 ToHKyr nuHUIO ¥y =+1, x <0, a 31eKkTpos ¢ Ha-
nmpsbkeHrneM —1 TpeicTaBisieT co00H TOHKYIO JIMHUIO
y=-1, x<0. Ha puc. 5, a, mokazaHsl 3KBUIIOTEHIIU-
JIbHBIE JIMHUM U CUJIOBBIE JIMHUH HA IUIOCKOCTH (X, ¥)
st pemienus (15), Ha puc. 5, b, — rpaduk U3MeHe-
HUSL BJIEKTPUYECKOro IMOTEeHIMaIa BAOJIb JHHNH X = 0,
ye[-1, +1], KOTOpHIH TMONy4eH C TMOMOIILI0 YHCIIEH-
HOTO pemreHusi anreOpamdeckux ypaBHeHud (15).
C tounoctpio +0.004 3Ta 3aBUCHMOCTH OIUCHIBAETCS
SMIUPHYECKON QopMyIon

U(y)=y—+1-»"(0.223697y+0.108425" ). (16)
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TouHO Tak >xe JJIs 3aJja4ll O KPaeBOM II0JI€ TUIOC-
KOT'O KOH/IEHCATOpa C TOJCTBIMH SJIEKTPOIaMH perie-

Hue (14) mMoxxHO mpencTtaBuTh B TakoMm Buae ([18],
i 11, §3, m. 39, nmpumep 3):

T

x+iy=£(\/exp(7r(v+iu))+l +ln(\/exp(7r(v+iu))+1 —1)—%(v+iu)),

)

T/Ie DIIEKTPOJ C HampsHKeHWeM +1 mpeacraBisieT co-
0ol kBaapaHT y > +1, x <0, a 37eKTPO] ¢ HANpPsHKE-
HueM —1 mpezactaBiseT cobor kBaApaHT y <—1, x <0.
Ha puc. 6, a, mokazanbsl SKBUNOTCHIIMAIBHEIC JIMHUAU
Y CUJIOBbIE JIMHUM HA MJIOCKOCTH (X, y) JUIS pelIeHus
(15), Ha puc. 6, b, — rpaduK U3IMEHEHHS SIIEKTPUYIC-
CKOTO ToTeHnwana Baonp juaud x =0, ye[-1, +1],
KOTOPBIH HOIy4YeH € ITOMOIIBI0 YUCIECHHOTO PEIICHHS
anreOpandeckux ypaBHeHuid (17). C TOYHOCTBIO
+0.0025 5Ta 3aBUCHMOCTH ONMCBIBAECTCS 3MIIMpUYE-
ckoit popmynoi

a
Yy
X
U(y) 1.0
0.5
b -0 205 05 oY
05
-1.0

Puc. 6. Pemenne (15) 3amaun o kxpaeBoM IoJie MIOCKOTO
KOH/IEHCATOPa C TOJICTBIMH 3IEKTPOJAMH.

a — OKBUIIOTCHIMAJbHbIC JHWHHU ¥ CHJIOBBIC JIMHHU
Ha TUIOCKOCTH (X, ¥), b — Trpaduk U3MEHEHHUs HOPMHUPO-
BaHHOTO OJICKTPHYECKOTO IOTCHIMAla BIOJb JIMHUH
x=0,ye[-1,+1]

U(y)=y—+1-»"(0.171353y+0.0389675y"). (18)

Taxum 06pa30M, JUI OUEHKU 3HAYEHU TapMOHMK
pana @ypbe JTUHEHHAs allpOKCUMAalUs BIOJHE MPU-
MEHMMA, 33 UCKJIIOUEHUEM CIIy4yaeB MOJAEIMPOBaHUS
IBIDKEHUST HMOHOB B HENOCPEICTBEHHOM OJIM30CTH
K KpasiM 3JIEKTPOOB.

PAZIMOYACTOTHBIE KAHAJIBI
TPAHCIIOPTUPOBKH C HEKPYT'OBbIMI
JUADOPATMAMU

Hapsimy ¢ aHamuTH4eCKMM OCECHMMETPUIHBIM
peurenueM (5), (6) UMEIOTCS aHATMTUYCCKUE MYJIBTH-
TTOJIEHBIE PETICHIS:

U, (z,r) =

=U, cos(marctan(y/x))cos(/lz)lm (}u x4y ),

Usc(z,r)z (19)

=U, sin(marctan(y/x))cos(lz)lm (/1 x4y ),

U, (z,r) =

=U, cos(marctan(y/x))sin(/lz)lm (l x4y ),

U, (z,r) = (20)

=U, sin(marctan(y/x))sin(/lz)lm (l X +y’ ),

T/ie m — HaTypalbHOE YHCIO, a [, — MOTUPHUIHPO-
BaHHas ¢yHkuus beccens mopsinka m [11-13]. Iep-
BBII HIDKHUN WHIEKC COOTBETCTBYET BHIOOPY KOCHHY-
ca aubO0 CcuHyca Ui a3UMYTAJIBHOTO MHOXHUTEIIS,
BTOPOW HMKHUWA MHJIEKC — JJI1 aKCUAJIbHOTO MHOH-

tena. B okpectHocTH Hyns [ (§) zﬁ"’/(me!), npu

Goubinx aprymentax /, (&)~ e / \27E .

[Norenumanam (5), (6) COOTBETCTBYIOT AUAdparMbl
C KpyroBbIMH ameptypamu (puc. 7), a TOTEHIIHAIaM
(19) — wmynbprunonsueie auadparmer (puc. 8). Cy-
MEePIO3UNHUS STHX PEIICHUH IMO3BOJISET MCCIEA0BATh
KaHaJbl ¢ quadparmMamu ciiokHoi gopmel. B Ipuio-
KeHnu Ha puc. [I mMokazaHbl AIUIMIITHYECKUE aHa-
bparMsl 11 CYMMBI OCECHUMMETPHYHOTO WM KBaJpy-
MOJILHOTO TMOTEHIHAJIOB.

HAVYYHOE ITPUBOPOCTPOEHUE, 2025, Tom 35, Ne 3
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a b 3
2
1
Yo
-1
-2
-3
-3 2 1 0 1 2 3
X
Puc. 7. Tounas ¢hopma 371€KTPOJIOB ISl OCECUMMETPHUYHBIX 3JICKTPHUUCCKUX MOTEHIHANOB (5), (6).
a— TpeXMeprIﬁ BUI DJICKTPOJI0B, b — 3KBHUIIOTCHIMAJILHBIC JIMHUU B CEUEHUIX Z = const pacio-
JIOXKCHUSI MAKCHMYMOB U MUHUMYMOB OCEBOT'0 pacrpe/ie/ieHus moTeHiuana ((hopmMa OTBEPCTHIT)
a

yO

[

[
[
=
&3
s

Puc. 8. Toynas dopma >IeKTpOJOB Al MYJIBTHIIONBHOTO (KBaJIPYNOJbHOTO) aHAIMTHYECKOTO
3JIEKTpHYECKOro noTeHnuana (nepsas hopmyna (19) npu m = 2).

a — TPEXMEPHBIA BUJ 3JIEKTPOIOB, COOTBETCTBYIOIINX AKBUIIOTCHIMAIBHBIM HOBEPXHOCTSIM, b —
9KBHUIIOTEHIIMAIBHBIE JIMHUH (BO3MOXKHBIE ()OPMBI OTBEPCTHH AnadparM) B CEYEHHUAX z = const Mak-
CHMYMOB U MUHIMYMOB OCEBOTO paclpeeIeHus MOTeHIIaIa

[Tomo6HO TOMY, Kak Il OCECUMMETPHYHBIX IWIJINH-
JPUYECKHX KaHAIOB MOXKHO HCIOJIB30BaTh IUIOCKHE
muadparMel BMeCTO nuadparM € KPUBOJIHMHEWHBIM W\\
HpO(bI/IJ'ICM, AJid MYJbTHUIIOJIBHBIX KaHAJIOB MOKHO HC- w
HOJIb30BaTh OTPyOJIEHHOE MYJIBTHIIONBHOE CETMEHTH-
poBanue nuadparm (puc. 9). Kak u pansire, mist cuc-
TEMbI JICKTPOAOB C MJACHTUYHLBIMU IIJIOCKUMHU MYIJIb-
THITOJBHBIMU  JTMOO ~ HEKPYTOBBIMH  JradparMamu
MOXXHO IMPUKIIAAbIBATL K YCTHBIM W HCEUCTHBIM OWa-
(dparmMaM pasHbIE JIEKTPUYECKHE HANPSHKEHHUS U TeM
CaMbIM CO3/1aBaTh JJIEKTPHYECKOE II0JIE, COOTBETCT- Puc. 9. KpanpynosbHo-cerMeHTHPOBAHHbIC
BYIOIIlee B3BEHICHHOW CyMME JJIEKTPHYCCKHX ITOTCH- SJICKTPO/IbL  LMIIMHAPUMECKOTO  KaHalla

[IMAJIOB, CIBUHYTHIX B TPOCTPAHCTBE BAOJIb ocu OZ. ipg;‘ggmeﬂﬂbm CErMCHTUPOBAHUEM IJICK-
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Puc. 10. LHmmnaaprdeckre KaHAIBI ¢ 9epeAyIOIIIMHACS TruadparMaMu.
a— IPU YepeIyIoIeMCcs MYJIbTHIIONHLHOM CEIrMEHTUPOBAHHH, b — TPH UYepelyIONINXCs HEKPYrOBBIX

nradparmMax pazHoH GpopMbl

Bonee Toro, MOXXHO HCIONB30BATH pa3AEIbHOE
MYJIBTUIIONBHOE CETMEHTHPOBAHME ISl YETHBIX U He-
4yeTHbIX auadpparm (puc. 10, a). Pesynpratom Oynmet
KOH(Urypauusi 3JIEKTPOAOB, C IOMOIIBI KOTOPOI
B KaHAJIC TPAHCIOPTUPOBKU CO3JAETCS 3JIEKTPUYECKOE
[I0JIE, COOTBETCTBYIOIIEE B3BEIICHHOH CyMME MYyJib-
TUIIOJIBHBIX JSJICKTPUYCCKUX IMOTCHIHAJIIOB, CJIABUHY-
THIX B TIPOCTPAHCTBE BAOJIb OcH OZ U C pa3HON MyJIb-
TUIIONBHOW cummeTpued. Ilpu cuHTE3e KaHaoB
TPAHCHOPTUPOBKM C HEKPYIOBBIMU JAuadparMaMu
MO’KHO HCIIONIB30BATh 3TOT )K€ MOAXOJ JUISl CO3IaHUS
KaHaJIOB, Y KOTOPBIX (bopMa YETHBIX W HCEYCTHBIX
nmuadparm ommmdaercs (puc. 10, b).

Hcronp30BaHne IUIOCKHX AnadparM BMECTO Jaua-
(¢parMm ¢ wupeaTbHBIM KPUBOJMHEWHBIM TPOQIIEM
(puc. 3), a Takxe MyJbTHIIONBHOTO CETMEHTUPOBAHHS
KPYTOBBIX JuadparM BMECTO WJICATbHBIX MYJIBTH-
MOJBHBIX Mpoduieit (puc. 11), MpUBOAUT K MOsBIIE-
HUIO TAPA3UTHBIX KOMIIOHEHTOB JJIEKTPHUYECKOTO I10-
T8,

[Tapa3uTHbIE KOMIIOHEHTHI SJIEKTPUYECKOTO MOJIS
COOTBETCTBYIOT CTapLIMM TapMOHHMKAM TIpH pa3iioxkKe-
HUM B COOTBETCTBYIOImKE psiapl Dypre KycoyHO-
JIMHEUHBIX KPAEeBbIX YCJIOBHUH ISl aKCUAIBHOH KOOp-
quHatel (puc.4) WunM JUis a3uMyTalbHOTO  yriia
(puc. 12).

b
y
| _r ‘UR
0
-1
-2
) 1 0 1 X

Puc. 11. ®opma arepTypsl MyJIBTHIIONGHOH (KBaIpYHOIBbHOI) AHadparMel.
a — JUI1 TOYHOTO aHAJIWTHUYECKOTO perreHus B cedeHnu z =0 (mepBas w3 ¢opmyn (19) nmpu m =2);
b — 1npu MyJIBTHIIONBLHOM CETMEHTHPOBAHMU TOHKOM KpYroBoi quadparMel B ceueHnu z = 0 jyuist m = 2

HAVYYHOE ITPUBOPOCTPOEHUE, 2025, Tom 35, Ne 3
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b

0.5}

Iy
t\)|§‘

-0.5

—1.0

Puc. 12. KpaeBbie a3uMyTaibHbIE pacIpeaeeHUs] MYJIbTUIIONBHOTO (KBAAPYIOIHHOI0) MOTEHIIMATA
BJIOJIb JTHHUH 7 = const, ¢ € [0, 27| B cCeUeHHUAX pasMeNIeHHs TUIOCKUX Auadparm.
a — aHAIMTHYECKOE pelleHne, b — cerMeHTUpoBaHHasl Kpyrosas nuadparma

Anamutndeckre noteHnuansl (5), (6), (19), (20)
MO3BOJIIIOT OPTaHU30BBIBAThH PA3JIOKEHHUE JICKTpHUe-
CKOr0 IOTEHLMalla, 33JaHHOI0 BO BCEM IIPOCTPAHCT-
Be, B psnbl Dypbe (BO3MOXKHO, JBOWHBIE) KaK IO ak-
CHUAJIBHOMY, TaK U IO a3UMYTAJIbHOMY HaIIPpAaBJICHUIO.
Hns storo TpeOyercs MOJACTaBUTH B OTH (POPMYJIIBI
KpaTHBIC MYJIbTHUIIOJIbHBIC MHACKCEL m I/I/I/IJ'II/I KpaTHBIC
reoMmerprdeckue macmradsl A. ComocTaBiieHHe ¢ KO-
sppunmentamu Oypbe orpyOIeHHBIX KpaeBbIX ycio-
BUIl TIO3BOJISIET IMOCTPOUTH TOYHOE AHAJIUTUYECKOE
pelieHre sl 3IEKTPUYeCKOro TMOTEHIMAlla BO3MY-
HIEHHOTO 3JICKTPUYECKOTO TIOJIS.

C nomo1po a3uMyTalbHBIX psAnoB Pypbe ams or-
pyOJIeHHOTO  KpaeBOro  yCJOBHUS, IOKa3aHHOTO
Ha puc. 12, MOXeT OBITh HCCIIEOBAH MPOIECC IKCITO-
HCHIIUAJIBHO 6I>ICTpOFO 3aTyXaHus IapasUTHBIX a3u-
MYTQJIBHBIX CTapIIMX TapMOHHK, HPOUCXOISIINHI
10 Mepe yJIaleHust OT KpaeB Auadparm. ITo MO3BOIIS-
€T HallTh OLEHKH AJISI TEOMETPUUYECKHX XapaKTepH-
CTUK IUIOCKHX JuadparMm, A1 KOTOPBIX HMTOTOBOE
BO3MYILIEHHE 3JICKTPUUECKOTO IMOJsl OyAeT He3Hauu-
tesnbHBIM. [Iponenypa aHajgoruyHa MCCIEIOBAHHIO
3aTyXaHus CTapUInX aKCHAJIbHBIX 'AapMOHHUK, KOTOPOC
OBUIO BBIIIOJIHEHO B NMPEBIAYIIEM paszee.

3AKJIFOYEHHNE

B pabore wuccienoBaiuchk CrocoObl OMHCAHUS
AIIEKTPUYECKHUX TIOJIeH IMIWHAPUIECKUX paarovac-
TOTHBIX TPAHCIOPTUPYIONINX KaHAJIOB C IOMOIIBIO
aHAJIUTUYECKUX BbIpaxkeHui. [lokazaHo, 4TO BO3MOXK-
HO WCIIONIb30BaTh AaHAJTUTHYECKOE IPEICTaBICHNE
3JEKTPUIECKOTO MOTEHITMANIa HEe TOJBKO ISl TIIaBHOM
aKCHAIbHONH KOMITOHEHTHI JJIEKTPHUECKOTO  IIOJIA,
O6I)I‘IHO HpI/IMCHﬂCMOI‘/'I HpI/I HUCCIICJOBAaHUU HWOHHO-
ONTUYECKUX CBOWCTB IFITMHAPHUYECKUX TPAHCTIOPTH-

HAYYHOE [NPUBOPOCTPOEHMUE, 2025, Tom 35, Ne 3

PYIOLIMX KAaHAJIOB, HO M JJIs CTApIIMX Mapa3HUTHBIX
rapMOHHK. ITossBnenue CTapuinx IMapasuTHbIX IrapMo-
HHUK CBSI3aHO C OTKJIOHEHHEM peajibHON (hOpMBI 3IIeK-
TPOJIOB OT HUJCAILHOW (HOPMBI, COOTBETCTBYIOIICH
OKBUIIOTCHIUAJIBHBIM ITOBEPXHOCTAM IJIaBHOM aKCH-
aJIbHON KOMIIOHEHTHI 3JeKTpudeckoro moyst. Mx Ha-
JMYUE CIIOCOOHO CYIIECTBEHHBIM 00pa3oM HMCKa3HTh
(YHKIMOHUPOBAHNE PAAMOYACTOTHOIO TPAHCIIOPTH-
pyromero kaHana. OneHKa IKCIIOHEHITHAIBHOTO 3aTy-
XaHUS Napa3UTHBIX aKCHAJIbHBIX I'aPMOHMK II0 Mepe
yIaleHus OT Kpas auadparM ITOMOTaeT BHIOHpAThH
reOMETPUYECKUE XapaKTEPUCTUKH 3JIEKTPOJIOB, ONTH-
MaJibHBbIE U1 QYHKIMOHUPOBAHMS YCTPOHUCTBA.

HOKa?:aHO, KakKk ¢ IIOMOIIbIO TOJIYYCHHBIX aHalJlu-
TUYECKUX BBIPAKEHUH MOXHO ONHKCHIBATH HIIEKTpUYE-
CKHME TIOJISI PaIMOYaCTOTHBIX TPAHCIOPTUPYIOIMINX
KaHAJIOB ¢ MYJIbTUIIOJBHBIMU AuadparMamMu, a TaKkxKe
¢ auadparmMaMu, oOJIaalONIMMHU allepTypaMu HEKpY-
roBo#t (opmbl. Takke moKa3zaHO, KaK MOYKHO YYHTHI-
BaTh BIIMSHHUE Mapa3sUTHBIX CTAPIIUX a3MMYTaJIBHBIX
TapMOHMK 3JIEKTPHUECKOTO TOJS B Cly4yae 3aMeHbI
UAeaIbHBIX MYJIbTUIONBHBIX Ipoduiiel s anepTyp
nuagparM Ha MYJIBTHUIIONBHO CETMEHTHPOBAaHHBIC
KpyroBele mauadparmbl. OIeHKa SKCMOHEHITHAIBHO-
CTCIICHHOI'O 3aTyXaHUs Napa3uTHBIX a3UMYTAJIbHBIX
TFapMOHHUK 10 Mepe yAaleHHUs OT Kpas aunadparmel
MIOMOTaeT BBIOMPATh F€OMETPUUYECKHE XapaKTepUCTHU-
KH DJICKTPOJIOB, ONTUMAJIbHBIC JJIs (PYHKIIMOHHPOBA-
HUS YCTPOHCTBA.

B mocnenyromux myOiauKanusx MIaHUPYeTcsl Hc-
clleoBaHNE OCOOCHHOCTEH (YHKIIMOHUPOBAHUS IIH-
JIMHAPUYCCKUX paruOYaCTOTHBIX TPAHCIIOPTUPYIOIIUX
KaHAJIOB C MOMOIIbIO IICEBAONOTECHINAIBHON MOZIEIIH
ABMKCHUA 3apsA’KCHHBIX YaCTHUIl B BBICOKOYACTOTHBIX
QJICKTPUYCCKUX MOJJAX U aHAJIUTUYCCKUX BI)Ipa)KCHI/Iﬁ
JUISL 3JIEKTPUYECKUX II0JIEH, IMOJYYEHHBIX B JaHHOU
cTaThbe.



14 A. C. BEPJTHUKOB u np.

MMPUJIOXKEHHUE

Puc. II. Tounast popma 3JI€KTPOOB VIl CYMMBI OCECHMMETPHUYHBIX U KBaPYTOJIbHBIX TOTEHINAJIOB.
a — TPEXMEPHBIH BHUJ 3JEKTPOJOB, b — 3KBUIOTECHIMAIBHBIC JIUHUN B CEUCHHSIX z = CONst PaCHONIOKEHNS MaK-
CHMYMOB 1 MHHIMYMOB OCEBOTO paclpe/iefieHns moTeHnuana (hopmMa OTBEpCTHI)
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ELECTRIC FIELDS OF CYLINDRICAL RF ION GUIDES
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The article considers analytical expressions for the potentials of electric fields that correspond to cylindrical

RF channels. The electrodes of such channels are a sequence of identical flat diaphragms, in the particular case
of circular diaphragms with apertures of constant radius. The obtained expressions allow one to estimate the
disturbances of the transporting electric fields when approaching the edges of the electrodes and can be useful
for qualitative simulation of RF devices designed for isolation, transporting and focusing of ions.
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INTRODUCTION

Devices for isolation and transport of ions, which
represent a sequence of flat diaphragms of that or oth-
er shape with radio-frequency electric voltages ap-
plied to them, are quite widespread [1, 2]. In this
work, a narrow (in the sense of variety of construc-
tions) but widely used subset of similar devices will
be considered — straight-line transporting channels of
cylindrical shape, in most cases composed of flat cir-
cular diaphragms. More advanced analytical models
of electric potentials for radio frequency transport
channels of complex form are presented in [3-5].

When constructing analytical models of radio fre-
quency electric fields, the principle of quasi-staticity
is used. If the quasi-static condition is met (see be-
low), the high-frequency electric potential of such a
field can be represented as the product of a time func-
tion that specifies the law of change of voltages on the
electrodes and the potential of the electrostatic field
corresponding to constant voltages on the electrodes.

The assumption of a quasi-static high-frequency
electric field is valid when the time of the characteris-
tic change of electric voltages on the electrodes signif-
icantly exceeds the time of propagation of the elec-
tromagnetic disturbance within the device. Typical
sizes of electrode configurations used in the construc-
tion of ion-optical systems are no more than several
tens of centimeters (as a rule, significantly less). Tak-
ing into account the equality of the speed of light and
the speed of propagation of electromagnetic distur-
bance, the specified assumption is obviously fulfilled
for the frequencies of electric voltages, usually used in
ion-optical devices (from hundreds of kilohertz to
several megahertz, rarely — several gigahertz).

Under such conditions, the electromagnetic distur-
bance spreads practically instantaneously so that the
high-frequency electric potential, which varies in time
and space, can be represented as the product of the
time function and the electrostatic potential, which
depends on the spatial coordinates. The time-
dependent multiplier describes the temporal change of
electrical voltages, and the coordinate-dependent po-
tential corresponds to constant voltages on the elec-
trodes, which change in time synchronously and pro-
portionally to each other.

In other words, within the framework of the quasi-
static model, it is assumed that such an electric field is
created, which changes synchronously and propor-
tionally at each point in space in accordance with the
law of changes in electrical voltages on the electrodes.
Although this step represents, in essence, neglect of
electrodynamic effects, i.e., accompanying electro-
magnetic wave, arising in accordance with Maxwell's
equations during any change in electric and magnetic
fields over time but it is quite permissible if the fre-

quency of the voltages applied to the electrodes is not
too great (in the sense indicated above).

RADIO FREQUENCY TRANSPORT CHANNELS
WITH CIRCULAR DIAPHRAGMS

Radio-frequency cylindrical traps and transporting
cylindrical channels such as SRIG (Stacked Ring Ion
Guides) represent a sequence of diaphragms of the
same shape and size with sinusoidal radio-frequency
or pulsed electric voltages applied to them [1, 2, 6—
10]. Diaphragms are located at the same distance from
each other and form a cylindrical transportation chan-
nel with a straight axis. Figure 1 shows a typical cy-
lindrical radio frequency trap of SRIG type with circu-
lar diaphragms of the same radius.

Fig. 1. The structure of periodic ring electrodes of
a cylindrical radiofrequency trap of the SRIG type.

In a typical case, applied sinusoidal radio frequen-
cy voltages are characterized by a phase shift between
adjacent diaphragms. This means that the signs and
amplitudes of sinusoidal voltages applied to separate
diaphragms alternate according to the rule

+U,,— U, +U,,—U,,+U,,—U,,.... (1)

Therefore, at any moment in time, the voltages on
the adjacent diaphragms have opposite signs, which
should maximize the tension of the controlling radio
frequency electric field.

Due to the symmetry of the geometric shape of the
electrodes and the antisymmetry of the voltages ap-
plied to the electrodes, the plane along which the elec-
tric potential is identically equal to zero is located in
the middle between the neighboring electrodes. This
allows one to add fictitious diaphragms with zero vol-
tages without distortion of the electric field and there-
by introduce periodic sequences of diaphragms and
voltages that are organized according to the rule:

+U,,0,-U,,0,+U,,0,-U,,0,+U,,0,-U,,.... (2)

If we move electrodes and the electric voltages ap-
plied to them, given according to the scheme (2), by
one step along the cylindrical axis, we will get an ana-
lytical solution for the electric field corresponding to
the voltages on the diaphragms organized according to
the rule

0,+U;,0,-U,,0,+U,,0,-U,,0,+U,,0, .... (3)

It is known [2] that away from the edges of the
electrodes, in the vicinity of the axis of the transport
channel, the electrostatic potential of such a system of
electrodes with periodic voltages applied to them and



corresponding to the sequence of voltages (1) is de-
scribed with good accuracy by the expression
U
U(z,r)=—=L—cos(Az+ B)I,(Ar), 4

where z, r are the axial and radial coordinates

(r=+x"+y"); Uy are the static potentials applied to

the diaphragms; [, is the modified zero-order Bessel
function [11-13]; R is the radius of the circular diaph-
ragms; f determines the shift of the sequence of di-
aphragms relative to the origin; A is the geometric
scale parameter. For voltages on the diaphragms ac-
cording to scheme (1), the parameter A is equal to
n/ L, where L is the distance between neighboring
diaphragms, for schemes (2) and (3), the parameter 1
is equal to 7 / (2L). The reason: for scheme (1), the
distance between adjacent maxima and minima of the
axial distribution of the potential, which correspond to
the placement of the diaphragm along the axis, is
equal to A(Az + f) =41 Az=r, where Az = L, whereas
for scheme (2), (3) the distance between adjacent
maxima/minima and zeros of the axial distribution is
equalto Alz+p) =1 Az=m/2.

Equipotential lines and a three-dimensional graph
of electrical potential, given by formula (4), in norma-
lized coordinates (z, ) are shown in Fig. 2. Strictly
speaking, for the creation of precisely such an electric
field in the entire volume of the transporting trap, it is
necessary that the electrodes forming the sequence of
diaphragms have the form of the equipotential surfac-
es shown in Fig. 2. However, in practice, it is suffi-
cient to use flat annular diaphragms with correspond-
ing electrical potentials. For such electrodes, the elec-
tric field in the middle of the channel away from the
edges of the electrodes will be described with good
accuracy by the analytical expression (4) (see [2]).

Fig. 2. Static electric potential (4) in normalized
coordinates.

a — equipotential lines on the plane (z, 7), b — beha-
vior of the potential on the axis » = 0.

The potential (4) is a weighted sum with constant
coefficients, composed of two linearly independent
potentials given by the formulas

U
el =
0
U

cos(ﬂbz)[0 (/lr), ®)

~—"

US(Z,r)z R

1, (1R)

sin(Az) 1, (Ar). 6)

On the axis of symmetry » = 0 potential (5) be-

haves as U cos(4z), and potential (6) — as
U,sin(Az), where U, =U, /I,(AR) is an amplitude
of spatial oscillations of the electrostatic potential on
the axis of the system. Electrostatic potentials (5), (6)
prove to be useful tools for constructing analytical
models of the electric field in complex configurations
of radio frequency voltages on electrodes, including
impulse voltages and voltages with a complex spec-
trum.

Functions (5) can be used to describe the electros-
tatic field of a periodic sequence of annular diaph-
ragms with voltages corresponding to a periodic se-
quence of voltages (2), and function (6) — diaph-
ragms with voltages corresponding to a periodic se-
quence of voltages (3). For this, in formulas (5), (6) it

is necessary to use a geometric scale A=7/(2L),

where L is the distance between neighboring circular
diaphragms.

Figure 3, a, shows equipotential surfaces that can
be used as electrodes to create an electric field with
electric potential (5). Figure 3, b, shows equipotential
surfaces that can be used as electrodes to create an
electric field with electric potential (6). Bold lines
show equipotentials U(z,#) = +Up, thin lines show
equipotentials U(z,r) =—Ui, dashed lines show equi-
potentials U(z,7) = 0.

Fig. 3. Axisymmetric equipotential surfaces that can
be used as electrodes.

a — for electric potential (5), b — for electric poten-
tial (6), ¢ — superposition of electrode systems "a"
and "b" on each other, d — roughened electrode sys-

tem "c" in the form of flat circular diaphragms

The electric field of the device can be the sum of
electric fields with potentials (5), (6), and the weight
coefficients of the sum must be controlled by the vol-
tages on the electrodes. It is impossible to combine the
electrodes in Fig. 3, a. and Fig. 3, b, into a single sys-
tem because of their overlapping (Fig. 3, ¢). However,
when replacing exact diaphragms of curvilinear form
with flat circular diaphragms (fig. 3, d), we get a sys-
tem of electrodes, for which in the central part of the
transport channel, away from the edges of the diaph-
ragms, both an electric field (5) and an electric field
(6) can be created with high accuracy, depending on
the electric voltages applied to the electrodes. The
perturbations of the electric fields caused by such
a replacement of ideal electrodes are considered be-
low.



EDGE FIELDS AND DISTURBANCES CAUSED
BY DISTORTION OF THE ELECTRODE SHAPE

Figure 3 shows the process of replacing ideal
curved-line electrodes with constructively more con-
venient flat diaphragms. Obviously, it is accompanied
by a distortion of the exact electric field but it can be
expected from general considerations, that such dis-
tortions quickly die out when removed from the edges
of flat diaphragms. In this section, estimates of the
damping rate are considered, and critical geometric
parameters of flat diaphragms are determined at which
distortions of the electric field in the central part of the
transportation channel can be considered insignificant.

We consider a variant when the signs and ampli-
tudes of high-frequency voltages applied to diaph-
ragms are alternated according to rule (1). Because of
the periodicity of both the geometry of the electrodes
and the electric voltages applied to them, the distribu-
tion of the electric potential along the horizontal line

r = R represents a periodic function and because of
this, it can be decomposed into a Fourier series:

U(zR)=U, Y u, sin[%} . (7

k=100

Here point z=-L/2 corresponds to a diaphragm
with voltage —Uz, point z=+L/2 corresponds to a di-
aphragm with voltage +Uyg, point z = 0 corresponds to
the middle between neighboring diaphragms, L —
distance between neighboring diaphragms, u#; — nor-
malized dimensionless amplitudes of sinusoidal har-
monics of the Fourier series. As will be shown further,
cosine harmonics and even sinusoidal harmonics are
equal to zero due to the symmetry of the electrodes
and electrical voltages.

The exact solution of the Dirichlet problem for the
axisymmetric Laplace equation with the boundary
condition (7) has the form

U(z,r)=U, Z Uy, sin[

k=1,0

(2k—1)an I,((2k=1)zr/L)

1,((2k-1)zR/L) ®

where [, is a modified Bessel zero-order function.
Since the function /y(¢) grows exponentially fast with
an increase in the argument & so that the estimate

I,(¢)= e‘g/«/27r§ is correct if &> 0.27, then the senior

harmonics quickly decay when shifted along the ra-
dius from the border » = R toward the » =0 axis. The
contribution of the third and fifth harmonics to the
first harmonic at a step Ar from the edge of the circu-
lar diaphragms is estimated as

U,(z,r)
U, (Z,r)
_u, L,(37(R-4r)/L)
Tw, 1,(37R/L)
~exp(-37Ar/L),

U, (Z,r)
U, (z,r)
_uy 1y (57(R-Ar)/L)
“u L,(57R/L)

~ exp(—57Ar/L).

~
~

I,(7R/L) .
I,(z(R-Ar)/L)

~ ©)

I,(7R/L)
I,(z(R-Ar)/L)

~
~

In particular, already if R/ L >2 the contribution
of the higher harmonics in the near-axis region
0 <r<R/4isnegligibly small.

The exponential growth of electric potentials (4)
with distance from the »=0 axis towards the r=R
boundary has another side effect. Namely, the electric
voltage Uy applied to the diaphragm decays exponen-
tially as it approaches the axis » = 0:

UR

U, T eRIL) Upexp(-7R/L), (10)
where U, is the amplitude of the spatial oscillations of
the electric potential on the axis of the system.

By virtue of formula (10) with sufficiently large
values of the dimensionless parameter R/ L, the con-
trolling effect of the high-frequency electric field on
the ions located near the axis is practically absent. In
particular, if R > 4L the high-frequency electric field
on the axis of the system is negligible for any reason-
able amplitudes of sinusoidal voltages applied to the
electrodes of the transport channel.

This effect must be taken into account if it is re-
quired to control the movement of ions in the axial
region of the transport channel with the help of a high-
frequency electric field of the transport channel. In
particular, in the case of transporting ions using the A-
wave effect [14—17], the dimensionless parameter
R/ L must be, on the one hand, large enough so that
the effect of the higher spatial harmonics of the high-
frequency electric field on the axis of the system is
small. On the other hand, the dimensionless parameter
R /L must be small enough so that a noticeable high-
frequency electric field is present on the axis and that
the height of the pseudopotential barriers around the



local traps of the A-wave on the axis of the system
ensures the capture and forced transport of ions.

For a more accurate assessment of the contribution
of the higher spatial harmonics of the considered elec-
tric field, we use a rough model for the distribution of
the electric potential along the horizontal line » =R,
where the electric potential is approximated by a
straight line in the space between the adjacent diaph-
ragms (Fig. 4, a).

Fig. 4. Normalized boundary condition along the
boundary r = R.

a — for adjacent diaphragms with stresses of opposite
signs, b — in the presence of an intermediate diaph-
ragm with zero stress, ¢ — analytical solution (4)
without intermediate diaphragms, d — analytical so-
lution (4) with intermediate diaphragms

Because of the symmetry of the boundary condi-
tions, the amplitude of the cosine harmonics and the
amplitude of the even sinusoidal harmonics are turned
to zero. For the considered boundary condition, the
amplitude of sinusoidal harmonics sin(kzz/L) is equal

L 8 . (kx krH
U, =—————sin| — |cos| —— |, an
L-Hrk 2 2L

where L is the distance between the neighboring di-
aphragms, H is the thickness of the diaphragm
(0<H<ZL), k=1,2,3, ... is the number of harmon-
ics. In particular, it follows from formula (11) that all
even sinusoidal harmonics are equal to zero, as it
should be due to the symmetry of the periodic boun-
dary condition shape. If H/L=1/3, the third sinu-
soidal harmonic turns to zero, which seems to be the
optimal choice for cylindrical transport channels of
the SRIG type with circular diaphragms or a choice
close enough to the optimal one. In addition, the am-
plitude of the first harmonic shows what part of the
applied electric voltage is used for the useful compo-
nent of the radio frequency electric field on the axis of
the cylindrical channel.

Similarly, for the stress scheme (2) and the norma-
lized piecewise linear boundary condition at the
boundary » = R shown in Fig. 4, b, the amplitudes of
the sinusoidal harmonics sin(kzz / 2L) are

uk =
—Lisin kn sin kn sin M
L—-H 7°k* 2 4 4L - (12)

It is worth paying attention that the period of the
boundary conditions in this case is 4L, not 2L, which
accordingly affects both the frequencies of the spatial
harmonics of the high-frequency electric field and the

attenuation of these harmonics when moving away
from the edge of the diaphragm. As in the case of
formula (11), formula (12) clearly shows that even
sinusoidal harmonics of the expansion of the boun-
dary condition in a Fourier series are identically equal
to zero.

For comparison, Fig. 4, c, shows the exact boun-
dary condition along the boundary » = R for the ana-
lytical solution (4).

It is necessary to investigate to what extent it is
permissible to use a piecewise linear approximation of
the boundary condition when calculating the ampli-
tudes of the harmonics of the Fourier series. For this
purpose, as a model problem, one can use the edge
field of a flat capacitor with thin and thick electrodes,
which is considered in [18] (Ch. II, §3, p. 39,
example 3).

It is known that any solution of Laplace's two-
dimensional equation (planar electric potential) can be
represented as a real part of a complex-valued analyti-
cal function of a complex variable. In particular, if
U(x,y) is the potential of some electrostatic field satis-
fying the two-dimensional Laplace equation, it can
always be supplemented with such a function V(x, y),
that

u+iv=Ux,y)+il(x, y) = F(x + iy) (13)
it will be an analytical function of a complex variable
(for this it is necessary and sufficient that the func-
tions U(x, y), M(x, y) satisfy the Cauchy—Riman rela-
tions). If the derivative function (13) is not equal to
zero at some point, then in the vicinity of this point it
is possible to find the inverse analytical function of
the complex variable

xtiy=fAu+iv)=g(u, v) +ih(u, v),

(14)
so that the identities x+iy=fF(x+1y)),
u +iv = F(f{lu + iv)) are satisfied.

A pair of equations x = g(u, v), y = h(u, v) defines a
two-parameter family of curves on the plane (x, y).
One-parameter lines u = const will be equipotential
lines of the electrostatic field with electric potential
U(x, y); one-parameter lines v = const will be lines of
force of the electrostatic field with electric potential
U(x, ), orthogonal to the equipotential lines.

For the problem of the edge field of a flat capacitor
with thin electrodes, it is not possible to find a solu-
tion in the form of a superposition of elementary func-
tions; however, the inverse function (14) can be pre-
sented in the following form ([18], ch. II, §3, p. 39,
example 3):

x(u,v) = (e’”’ cos(ﬁu) + v+ 1),

(15)
y(u,v)z

N|[—N]—

(e”v sin(7u) + ﬂu),



Fig. 5. Solution (15) of the problem of the edge field
of a flat capacitor with thin electrodes.

a — equipotential lines and lines of force on the plane
(x, ¥), b — graph of the change in the normalized
electric potential along the line x =0, ye[-1, +1].

where the electrode with voltage +1 is a thin line
y=+1, x<0, and the electrode with voltage —1 is
a thin line y =—1, x < 0. Figure 5, a, shows equipoten-
tial lines and power lines on the plane (x, y) for the
solution (15).

Figure 5, b, — graph of changes in electric poten-
tial along the line x = 0, ye[—1, +1], which is obtained
with the help of numerical solutions of algebraic equa-
tions (15). With accuracy +0.004 this dependence is
described by an empirical formula

U(y)=y-1-»"(0.223697y+0.108425" ). (16)

Also, for the problem of the edge field of a flat ca-
pacitor with thick electrodes, the solution (14) can be
presented in this way ([18], ch. II, §3, p. 39, example
3):

x+iy=%(\/exp(7r(v+iu))+l +ln(\/exp(ﬁ(v+iu))+1 —1)—%(v+iu)j,

a7

where the electrode with voltage +1 is a quadrant
y>+1, x<0, and the electrode with voltage —1 is
a quadrant y < -1, x < 0. Figure 6, a, shows equipoten-
tial lines and power lines on the plane (x, y) for the
solution (15), Fig. 6, b, — graph of changes in electric
potential along the line x=0, ye[-1, +1], which is
obtained with the help of numerical solutions of alge-
braic equations (17). With accuracy +0.0025 this de-
pendence is described by an empirical formula

U(y)=y-1-*(0.171353y +0.0389675y" ). (18)

Thus, the Fourier linear approximation is quite ap-
plicable for the estimation of the values of the har-
monic series, except for the cases of modeling the
movement of ions in the immediate vicinity of the
edges of the electrodes.

Fig. 6. Solution (15) of the problem of the edge field
of a flat capacitor with thick electrodes.

a — equipotential lines and lines of force on the
plane (x, y), b — graph of the change in the norma-
lized electric potential along the line x=0,
yel[-1, +1].

RADIO FREQUENCY TRANSPORT
CHANNELS WITH NON-CIRCULAR DIAPHRAGMS

Along with analytical axisymmetric solutions (5),
(6) there are analytical multipole solutions:

U, (z,r) =

=U, cos(marctan(y/x))cos(Az)1,, (l x4y ),
19)
U, (z,r) =

=U, sin(marctan(y/x))cos(lz)Im (l x*+y? ),

U, (z,r) =

=U, cos(marctan(y/x))sin(1z)1, (l Xy ),
(20)
U, (z,r) =

=U, sin(marctan(y/x))sin(lz)lm (i x*+ ) ),

where m is a natural number, and I, is a m-order
modified function of Bessel [11-13]. The first sub-
script corresponds to the choice of cosine or sine for
the azimuthal multiplier, the second subscript — for
the axial multiplier. In the vicinity of zero

Im(é)zé”’/(f”m!), for  large

1,(8)~e /275 .

Potentials (5), (6) correspond to diaphragms with
circular apertures (Fig. 7), and to potentials (19) — to
multipole diaphragms (Fig. 8).

arguments.

Fig. 7. The exact shape of the electrodes for axisym-
metric electric potentials (5), (6).

a — three-dimensional view of the electrodes, b —
equipotential lines in the cross sections z = const of
the locations of the maxima and minima of the axial
distribution of the potential (shape of the holes)




Fig. 8. The exact shape of the electrodes for the mul-
tipole (quadrupole) analytical electric potential (the
first formula (19) for m = 2).

a — three-dimensional view of the electrodes corres-
ponding to the equipotential surfaces, b — equipo-
tential lines (possible shapes of the diaphragm holes)
in the sections z = const of the maxima and minima
of the axial potential distribution

The superposition of these solutions allows you to
examine channels with diaphragms of a complex
shape. Figure Il in Appendix shows elliptical aper-
tures for the sum of axially symmetrical and quadru-
pole potentials.

Similar to how flat diaphragms can be used instead
of diaphragms with a curvilinear profile for axisym-
metric cylindrical channels, coarse multipole segmen-
tation of diaphragms can be used for multipole chan-
nels (Fig. 9).

Fig. 9. Quadrupole-segmented cylindrical channel
electrodes with simplified electrode segmentation.

As before, for a system of electrodes with identical
flat multipole or non-circular diaphragms, different
electric voltages can be applied to even and odd di-
aphragms and thereby create an electric field corres-
ponding to the weighted sum of electric potentials
shifted in space along the OZ axis.

Moreover, it is possible to use separate multi-field
segmentation for even and odd diaphragms (Fig. 10, a).

Fig. 10. Cylindrical channels with alternating diaph-
ragms.

a — alternating multipole segmentation, b — alter-
nating non-circular diaphragms of different shapes

The result will be a configuration of electrodes,
with the help of which an electric field is created in
the transportation channel. This field is corresponding
to the weighted sum of multipole electric potentials,
shifted in space along the OZ axis and with different
multipole symmetry. When synthesizing transport
channels with non-circular diaphragms, the same ap-
proach can be used to create channels with different
shapes of smooth and non-circular diaphragms
(Fig. 10, b).

The use of flat diaphragms instead of diaphragms
with an ideal curved profile (Fig. 3), as well as multi-
pole segmentation of circular diaphragms instead of
ideal multipole profiles (Fig. 11), leads to the appear-
ance of parasitic components of the electric field.

Fig. 11. Aperture shape of a multipole (quadrupole)
diaphragm.

a — for an exact analytical solution in the cross sec-
tion z = 0 (the first of formulas (19) for m = 2);

b — for multipole segmentation of a thin circular
diaphragm in the section z =0 for m =2

The parasitic components of the electric field cor-
respond to the senior harmonics when decomposing
piecewise-linear boundary conditions for the axial
coordinate (Fig. 4) and/or for the azimuthal angle
(Fig. 12) into the corresponding series of Fourier.

Fig. 12. Edge azimuthal distributions of the multi-
pole (quadrupole) potential along the lines » = const,
@ € [0, 2x] in the cross-sections of the placement of
flat diaphragms.

a — analytical solution, b — segmented circular di-
aphragm

Analytical potentials (5), (6), (19), (20) allow or-
ganizing the decomposition of the electric potential,
given in the whole space, in Fourier series (possible,
double) both in the axial and in the azimuthal direc-
tion. For this, multiple multipole indices m and/or
multiple geometric scales A are required to be substi-
tuted into these formulas. Comparison with the Fouri-
er coefficients of the roughened boundary conditions
allows us to construct an exact analytical solution for
the electric potential of the disturbed electric field.

With the help of azimuthal series Fourier for the
rough edge condition shown in Fig. 12, the process of
exponentially fast decay of parasitic azimuthal senior
harmonics, which occurs as the distance from the
edges of the diaphragm, can be investigated. This al-
lows you to find estimates for the geometric characte-
ristics of flat diaphragms, for which the resulting dis-
turbance of the electric field will be insignificant. The
procedure is analogous to the study of attenuation of
senior axial harmonics, which was performed in the
previous section.

CONCLUSION

Methods of describing electric fields of cylindrical
radio-frequency transport channels using analytical
expressions were investigated. It is shown that it is
possible to use the analytical representation of the
electric potential not only for the main axial compo-
nent of the electric field, usually used in the study of
ion-optic properties of cylindrical transport channels,
but also for senior parasitic harmonics.

The appearance of senior parasitic harmonics is
connected with the deviation of the real form of the



electrodes from the ideal form corresponding to the
equipotential surfaces of the main axial component of
the electric field. Their presence is capable of signifi-
cantly distorting the functioning of the radio frequen-
cy transport channel. Estimating the exponential
damping of parasitic axial harmonics as they move
away from the edge of the diaphragm helps to choose
the geometric characteristics of the electrodes, optimal
for the device's function.

It has been shown how, with the help of obtained
analytical expressions, it is possible to describe elec-
tric fields of radio-frequency transport channels with
multipole diaphragms, as well as diaphragms with
non-circular apertures. It is also shown how it is poss-
ible to take into account the influence of parasitic se-
nior azimuthal harmonics of the electric field in the
case of replacing ideal multipole profiles for diaph-
ragm apertures with multipole segmented circular di-
aphragms. Estimation of the exponential-step damping
of parasitic azimuthal harmonics as the distance from
the edge of the diaphragm helps to choose the geome-
tric characteristics of the electrodes, optimal for the
device's function.

In subsequent publications, it is planned to study
the features of the functioning of cylindrical radio-
frequency transport channels using a pseudopotential
model of the movement of charged particles in high-
frequency electric fields and analytical expressions for
electric fields obtained in this article.

APPENDIX

Fig. I1. The exact shape of the electrodes for the sum
of axisymmetric and quadrupole potentials.

a — three-dimensional view of the electrodes, b —
equipotential lines in the cross sections z = const of
the location of the maxima and minima of the axial
distribution of the potential (shape of the holes)




