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K BOITIPOCY O PEHLIEHUHN YPABHEHUA
IMYACCOHA-BOJIBHMAHA B CJIYYHAE HEBBIIIOJIHEHUA
YCJOBUIN NMPUBJINXEHUS JTEBASA-XIOKKEJIS
B JIEKTPOKMHETUYECKHUX IMTPOLHECCAX

B pabote mpuBeneH HaO0Op MaTeMaTHYECKHX MOJeEINeH, MCIIONB3YeMbIX NPH YHCICHHOM MOJACIHPOBAaHUM 3a1ad
3JIEKTPOKUHETUKH, & UMEHHO PACCMOTPEHBI MAaTEMAaTHUYECKUE MOJEINHN JUIsSl BBIYUCIICHUS SIEKTPOKUHETUIECKHUX MIPO-
LIECCOB IIPU MCCIIEAOBAHNHU JIBU)KEHUSI HECKUMAEMON BSI3KOU JKUIKOCTH B KpYroBOM Kanujuisipe. [IpuBeneHsl coot-
BETCTBYIOIINE YPaBHEHUS TUIpoAnHaMuKy. PaccmorpeHo npubnmxkenue Jlebas—XI0KKens B 2JIEKTPOOCMOTHYECKHUX
npolieccax Mpu pemeHuH ypasHeHus Ilyaccona—bosibnmMana, a Takke IPUBEAEHBI CIIOCOOBI €ro peIIeHus B ciyda-
AX, Korna npubmwkenue Jlebas—XIOKKesass HEPaBOMEPHO. DTO MO3BOJISIET 3HAYUTENILHO PACIIMPHUTH JIHAIla30H Be-
JIMYMH JI3€Ta-IOTEeHIHAaJI0B, IPU KOTOPBIX MOXKET OBITh pelieHo ypaBHeHue [lyaccona—bonbimana

Kniouegvie crosa: sneKTpoocMoc, BA3Kasi HEC)KUMaeMas XKUAKOCTb, cucteMa ypaBHeHnit HaBre—CroKCa,
anmpokcumManus Jledas—Xaxens, pemennue ypasHeHus [lyaccona—bomnbimMana B cirydae HEJIOCTOBEPHOCTH

annpokcumanuu Jlebas—Xakes

BBEJEHUE

[Ipu MOnEenUpOBaHUHU BIEKTPOKUHETUYECKUX 3a-
Jad Ha BBIYMCIUTCIIbBHBIX IIaK€TaX OJHUM H3 IICH-
TPaJbHBIX BOIPOCOB SBISIETCS PACUET XapaKTEPUCTHK
3JIEKTPOOCMOTHUYECKOTO TEUEHUs! BA3KUX HECKHMae-
MBIX JKMJKOCTEH B IOPUCTBIX Cpelrax. BaxHoil 3anxa-
yeld Ipu 3TOM SBJSIETCsl pelleHue ypaBHeHus Ilyac-
coHa—bosblMaHa, MO3BOJISIOLIEE CBA3BIBATH BEJINUH-
HY 3JIEKTPHUYECKOr0 IMOTEHIMajda MO B KHIKOCTH,
3aMOJHSIONIEH TOPUCTYIO Cpedy, U 00BbEMHYIO ILIOT-
HOCTh 3JIEKTPHUYECKOI0 3apsifia B 3JIEKTPOKHHETHYE-
ckux mporeccax. [Ipyn HeOONbIIMX BETUUMHAX J13€Ta-
noteHiaoB { (¢§ < 20-25 mB) ata mpobiiema pe-
IIAETCsI JOCTATOYHO MPOCTO C TIOMOLIbIO IPUMEHEHHUS
npubmmkenus Jebas—Xrokkens [1, . 8.3.2], oxHako
Ha npaktuke ([1, 2, 3] u aAp.) MEKTPOKUHETUIECKHUIT TIO-
TEHIIMAJT MOXKET JocTurarh 3Hauenuit { ~ 100200 mMB
u OoJee, 4TO JeNacT HEMPAaBOMEPHBIM MPHUOIMKEHUE
Jebas—X10KKenss U HE TO3BOJSET MPOBOAWTH AJIEK-
BaTHOE YMCIIEHHOE MOJIENMPOBAHUE SIEKTPOKUHETH-
YECKHX MPOLIECCOB.

ITOCTAHOBKA TTPOBJIEMBI

Hns 3¢ ¢deKTUBHOTO NPOBENCHHUS YUCICHHOTO MO-
JICTTMPOBAHUS  DJICKTPOKUHETHYECKUX  IIPOIIECCOB
B Cllydae JOCTaTOYHO OOJBIINX BEIHYHH ¢ -TIOTEH-

IHaJIOB MOCJIEA0BATECIIbHO pacCMaTPUBACTCA CUCTEMA

97

ypaBHeHnit HaBbe—CTOKCa, OCHOBBI T€OPHH MPUOIH-
xeHus Jlebas—XrOKKeNs U ero OrpaHuYCHUs, a TAKKE
MpeI0KEHHBII paHee MeTO]l pacueTOB AEKTPOKUHE-
TH4ecKuX 3¢ PekToB npu GONBIINX 3HAYCHUSX § -TIO-

TEHIIMAIA.

YPABHEHHME HABBLE-CTOKCA JIJISI KAITUJIIAPA
JJ ITOCTOAHHOU 1 TIEPEMEHHOU
COCTABJAOININX

3anumem ypaBHeHue HaBpe—CTOKCca mNpuUMEHH-
TEJIbHO K HWIMHAPUYECKOMY KallWIIspy, 3alojHEeH-
HOMY HEC)KMMAaE€MOW BSI3KOM MKUIKOCTBIO, B Cllydae
OJHOMEPHOTO TeueHud. JJi1 HeCKMMaeMOU )KUIKOCTH
B Clydae 3JEKTPOOCMOTHYECKOTO CMEMIAaHHOTO Tede-
HUS BJOJb IWIMHAPUYECKOIO Kamuiuigpa C OChIO,
OpPHUEHTHPOBAHHOHN BAONH Ooch Oz, UMEIOIIETO TOCTO-
sHHyI0 ckopocTh V, =(0,0,v,) U mepeMeHHylo CKo-
pocts v=(0,0,v,), a TakxKe IOCTOSHHOE U MEpEeMeH-
HO€ JIaBJICHUsl p; = p, + p. EAnHCTBeHHast OTiaMYHAs

OT HyJs z-cocTaBisitonias ypaBHeHus: HaBbe—Crokca
umeet Bun ([4, c. 76], [5, 1. 2, ¢. 395] u np.):

v +(v. +v,)

Z
ot

KpOMC TOTr0, OOJDKHO BBIIOJHATHECA YPABHCHHUC
HEMPEPBIBHOCTH, KOTOPOE B JIAHHOM ClIyyae HMEET
Bux [4, c. 76]:
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ov
2 =0. 2
o @)

B (1) BenuumHa 77 — JMHAMHUYECKAs BS3KOCTH;
BEIMYMHA V =7/ p — KHHEMaTH4YecKas BSI3KOCTh;
p =const — TUIOTHOCTh HEC)KUMAEMOH >KHIKOCTH;
F. — monnmepoMoTOpHas cuiia, paBHAs B Ciydae Ofl-

z

HOPOJHBIX 3JIEKTPUUECKUX IapaMEeTPOB KUIKOCTH
([1, c. 141], [6]) F.=p,E=p,E, . YuureBas, 4ro
B DJICKTPUYECKOM I[I0JI€ HPUCYTCTBYIOT IBE COCTaB-
nsromme £ =FE  +E__, To mpaBas yacth B (1) umeer
z z0 Ezz
Bug —=—="+—=. Kpome toro, ypaBHenue (1) siB-
p P P
JsieTCsl HeTMHEWHBIM, BCIIEICTBUE YEr0 BO3HUKAET TaK
Ha3bIBAEMBIA PEKMM HAKaykW, OIMCAHHBIA paHee
B paboTax [7] u ap.

K ypaBuenusm (1) u (2) HeoOXoammo 100aBUTH
KpaeBble yciioBus. B pabore [3] kpaeBble ycioBus
Ha OOKOBBIX IPaHUIAX KAaIMJUIAPa U HA €ro OCH 3aIlu-
CBIBAIOTCS CIEAYIOIEM 00pa3oM:

v(r=r0)=0, 6; =0. 3)
r=0

U3 ypaBuenus (1) BUAHO, YTO MPH HAIWYHMU TIO-
CTOSIHHOTO TEYECHHUS BIOJIb OCH Z TIPHCYTCTBYET pe-
UM HaKayKu, 3aKJIFOYAIOMIMACS BO BIMSHUHM MOCTO-
SHHOW CKOPOCTH TEYEHHs V, Ha MEPEMEHHYIO CKO-

pPOCTb TEUEHUS U NIEpeMEHHOE JaBieHue [7].

NPUBJIMIKEHUE JEBASA-XTOKKEJIA
B OJIEKTPOOCMOTHUYECKUX ITPOIIECCAX

B anexTpokHHETHUYECKHX SIBICHUSAX, HMEIOLINX
MECTO B JKHAKOCTSIX, HPUXOIUTCS OIHOBPEMEHHO
YUUTBIBATh 3JIEKTPOCTATHUUYECKYIO M TMAPOAMHAMUYE-
CKyI0 TIpupony siBieHud. ['mapomuHamudeckue 3¢-
(heKThI BKpaTIle OMHCAHBI BHIMIE. 31eCh OYIyT 3aTpo-
HYTbI 2JIEKTPOCTATUYECKUE ACTIEKTHI SIBJICHHUSL.

CBs3p MeXOy TMOTEHLHAJIOM HANPsHKEHHOCTH
3NEKTPOCTATUYECKOrO MOMs Y M 00BEMHOI MIOTHO-

CTBIO DJJIEKTPUYECKOro 3apsga p, B cucreme CHU

(B nmampHeliieM npuaepxxkuBaeMcsi cuctemsl CH) orr-
penensieTcst ypaBHeHueM llyaccona [1, c. 141]:

P
Atr// = __e’ (4)

&g,
rae ¥ — DJEKTPOCTATHYCCKHi MOTEHIHAT;, &, —
Z[HSHCKTqueCKaH MOCTOsAHHAsA, € — OTHOCHUTCJIIbHaA
,I[I/IBJICKTpI/IIIeCKaH HpOHI/IL[aeMOCTL; pel — 06’BCMH35{

IUIOTHOCTB 3apsfa.
[Ipumem nomymieHre o TOM, 4TO JEKTPOJIUT, I/Ie
peanu3yoTcsl JIEKTPOKUHETUYECKUE MPOLECCH, SB-

nisieTcsl OuHapHbIM Z—Z-BajieHTHBIM. Toraa jyis 00b-
eMHOMI IUIOTHOCTH AIIEKTPUIECKOTO 3apsa
B JJIEKTPOJIUTE O, UMEET MECTO CIEJyIollee BbIpa-
xenne [1, c. 147]

Pu(r)=—2Zec,sinh kZ—;y/(r) . %)

B

[loncranoBka (5) B ypasaenue Ilyaccona (4) mpu-
BOJUT K ypaBHeHuto [lyaccona—bonbimMana

Zec, Ze
Ay (r)=2—"sinh| —w (r)|. 6
y(r) . L w(r) (6)
Brlimie mpucyTCTBYIOT OOO3HA4YeHUs: e — Ddiie-

MEHTAapHBIA AIEKTPUUECKUM 3apsi
e= 1.602 176 634-10™" Ki;

7 — BaJICHTHOCTb MOHOB DJIEKTPOJIUTA; k, — IOCTO-

stuHas bonbumana; T — temneparypa KenbBuna.
VYpasuenne Ilyaccona—bonprmana (6) B o0mem

cllydae HE HMeeT AaHAJUTHYECKOTO pEeUIeHHs s

JIEKTPUYECKOTO MOTEHLHANa ¥ , a UMEET TaKOBOE

TONBKO B DJKCKIIO3MBHBIX ciy4dasx (B pabore [1,
c. 147] mpencraBieHO OMHO W3 TaKWX pEIICHHH —
pemienne I'yn—YenMeHna mis cilydas 3JIEKTPOJIMTA,
3aHUMAIOLIEr0 MOJYIUIOCKOCTh z >0 ¢ TIpaHuLen
z=0 ). [losTomy B 00IIEM CiTydae pelieHne ypaBHe-
HUs (3) monyvaroT ¢ IoMoUIbio mpuoxkeHus Jledas—
Xrokkend. Huxe npuBeneM HIEONOTHI0 3TOr0 IpH-
onmmxenus [1, c. 147].

B ypaBHenun (6) B mpaBoil 4acTW NMPUHUMAETCS
JOMYIICHHE O TOM, YTO AJEKTPHUYECKast SHEPrHsi MHO-
T'0 MEHBIIIE TETUTOBOW PHEPTHUH, a UMeHHO [1, c. 147]

Zel < kgT. (7

3neck § — a3eTa-noTeHuuan; k, — IMOCTOSHHAs
bonsimana; T — temmnepatypa KensBuHna.

B ciyuae crpasennuBocTa (7) UMEET MECTO IpH-
ONMKEHHOE PAaBEHCTBO

Ze Ze
nl Z6 < Le
sin kBTz//(r) kBTl//(r),
1 ypaBHeHHHE (6) 3aIIMCHIBAaETCS B BUJIE
(Ze)2 C 1
A = =— , 8
vn=2 2 (=), ®
eg kT

rae A, = — mmaHa Jlebas [1, c. 147].
2(ze) ¢,
3amcr ypaBHeHus llyaccona—bombimana (6)
B Buje (8) HocuT Ha3BaHue mpuOIMKeHus Jlebas—
XIOKKEs.
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VYpasaenne (8) yxe SABIAETCS JIMHEHHBIM U TIO3BO-
JSIeT JIOCTAaTOYHO IPOCTO IOJIydaTh €ro pELICHUs
BO MHOTHX CIIy4asiX. 31eCb IPUBEIEM PEIICHUE YpPaB-
HeHus (8) I OUIMHIPUYECKOro Kalmmuiapa paiuy-
com r=r, [1, c. 148, 149]. VYpaBuenue (8) B 3TOM

CJIydac 3a1rcCbiBa€TCA B BUAC!

{azw(r)+1aw(r)}_ L),

or’ r or b

re[O,rO].(9)

Pemenne ypaBHeHus (9) uiercs mpu  KpaeBbIX
ycnoBusX [3]

oy
— =0 = 10
o . = w(r)., =¢ (10)
Y UMEET CIEIYOUIUI BUA:
Io(r/ %)
ylr)= ——+, re|0,x]. (11)
)= ) [0.]

W3 (11) BuaHO, YTO NpU 7 =7, JEHCTBUTEILHO

CIIPaBEINBO TPAaHUYHOE Y/ (r = ”o) =¢.

OI'PAHUYEHWA ITPU ITPUMEHEHNIN
NPUBJIMKEHU A JEBASA-XIOKKEJIA

B snexTpokuHETHUECKHX Ipoleccax HaOI0AaroT-
Csl BEJIMYMHBI /3€Ta-NMOTEHIMAIOB A0 COTEH MUJUIH-
BOJbT [2, 3]. OgHako B pabore [2] OBLIO TOKa3aHO,
4TO yXe IpHu § =25 MB 1 0qHO—OJHO BaJIEHTHOTO

aneKkTponuTa npudmmxerne Jlebas—XIOKKens He BbI-
nonHsieTcs. B paborte [1, c. 147] 1 BoBce yTBepKIaeT-

s, 4TO NPUOIMKEHUE sinh{ﬁx//(r)}zkw(r)
kyT kT
Py KOMHATHOW TEMIIEpaType BBIOJHSACTCS TOJBKO
mpu { K 26 MB.
Takum 00pa3oM, HaMW4YHE HA MPAKTHKE OONBIINX
sHayeHuit £ =noreHnuana (no 100200 MB u Gonee)

HE TO3BOJISIET TMOJIb30BATHCS MpHONMKeHueM Jlebas—
XIOKKeJIsl, 4TO CHIBHO OCIOXKHSET TEOPETUUECKHE
pacdersl. Orta mpoOiieMa paccMOTpeHa M pelleHa
B pabore [3] u ap.

METO/J BbIYNCJIEHWA JJI1 PACUETOB
SJIEKTPOKMHETMYECKUX 5ODEKTOB
ITPU BOJIBIINX 3HAYEHUAX (-ITOTEHIIMAJIOB

([3]map.)

B pabote [3] u ap. mpeuiokeH MeToa i 00Xoa
orpaanueHust Jlebas—XrOKKensi, ONMMCAHHOTO BBHIIIIE,
npu pemennn ypaBHeHusi [lyaccona—bonbimana (6).
Hwmxe npuBegem ero cmeich (cM. Takke [8, T 5)).
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st aToro B [3] U Ap. pasMepHoe ypaBHeHue (6) npu-
BoauTcsA K OespazmepHomy Buny. s storo B [3]
BBOJATCS cieqytoue 0e3pa3mMepHble BETMYHHBL:

— BMECTO 3JIEKTPHYECKOT0 TMOTeHnmanta y(r), oo-
Pa30BaHHOIO JBOWHBIM CJIOEM, BBOAMTCS BIIEKTpUYE-
CKUM NOTEHIIMAI

‘P(r):el//(r)/kT, (12)

0003HavYaONMi Oe3pa3MepHBIi TOTEHIUAI, 00YCIIOB-
JICHHBIA WCKIFOYUTENBHO AP (PeKTaMu ABOWHOTO CIIOS
(31€ch MO-TIpEXKHEMY e — DJIEMEHTAPHBIH 3JIEKTPU-
YeCKUM 3apas (3apsia MPOTOHA);

— BMECTO DPaJHaTbHON KOOPJIWHATHI ¥ BBOJIMTCS
Oespa3mepHas KoopauHata R=kr, rae Kk =1/ 4, —
BEIIMYMHA, 0OpaTHas anuHe [lebas A ;

— BMECTO 3JICKTPOKHHETHYECKOTO MOTEHIHana ¢
BBOJIUTCS Oe3pa3MepHBIi N3eTa-MOTeHIINAI
V¥, =¥(xa)=el /kT, rae a— paauyc Kanuuispa.

ITocne storo ypaBHenue Ilyaccona—bonbumana
B HOBBIX 0003HAUCHHUSIX MTEPEUCHIBACTCS B BHJIC:

dWw(R
1d[fpd¥(k) —sinh ¥ (R) (13)
RAR| dR
CO CJICIYIOIIUMHU KPaeBbIMHU YCIIOBUSAMU
¥ (ka)=¥,, (14)
v, (15)
dR|,,

B [3] yTBepkmaercs, 4TO HET MPOCTOTO AHAIUTHU-
gyeckoro pemieHus ypaBHeHus (13), ofHaKO W3BECTHO,
YTO MaTeMaTHYECKOE PUOIIKEHNE

sinhW(R)=¥, Ye[0,1), (16)
sinh‘P(R)z%exp(‘P), Y1 17)
oOecrieunBaeT Xxopoliee MpuONMmKeHne (QyHKIUN

sinh ¥ (R) B nuanasone W (R)>0.

Hanee mpemmaraercsi BMecto ypaBHeHus (13) pe-
IaTh Mapy CIEAYIOUINX ypaBHEHHH

li(RszTL(R), 0<R<R", (18)
RdR dR

1 d (RleH(R)j_le

—— | R———— |=— XP[TH(R)]’

RdR dR 2 (19)

R <R<ka,

MpH  COOIIOZCHNN JOTMOIHUTENBHBIX KPAaeBBIX YCIIO-
BHI1
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¥ (R)=w,(R)=1 (20)
¥, (R)| _d¥,(R) o
dR | . dR | .~

(B (18, 19) yepe3 R* obo3HaueHO Takoe R, ISl KOTO-
poro cnpaBemmmBo (20)), KOTOpblE TapaHTHPYIOT
TIIagKocTh paccuuThiBaemMoir m3 (18), (19) xkpuBon

‘P(R) Wunexc L o0o3HauaeT HU3KOMOTCHIIUAIBHYIO

(BHYTpeHHIOW) 00nacTh R, a uHAekc H — BobIcOKO-
MOTeHIIHANbHYI0 oOmacte R . Buyrpm obmactm L
MOXXHO 3(QeKTHBHO TpHUMEHATh NpuOmmxeHune Jle-
Oas—Xrokkens. Eciu W, <1, Tto pernon L oxBarhbl-
BaeT BCE MONEpPEYHOe CceueHue Kamwuiapa. Ecmum

W¥(0)=1, To pernon H oxBaTbIBaeT BCe MOMEPEIHOE

cedeHne Kanmumuisapa. Bemmunaa R =R’ B BhIpakeHH-
ax (20), (21) onpenensiercst ycnoBuem (20).

Bcero B [3] BeIeneHo 4 1o1001aCcTH, B KOTOPBIX
pasIMYHBIMU cllOcO0aMM TaK WM HHAa4ye PEIIAITCs
ypaBHenus [lyaccona—bonbumana tumna (18), (19).

— Iomo6macte 1. OHa XapakTepusyeTcsl yCIOBHEM
Y <1.Dro o3nHauaeT, 4yTO BO BCcell mopobaacTu (Juis

Bcex R BHYTpH STOW TOAO0ONACTH) BBHITOIHIETCS
o0ObrgHOE ycrmoBHe Jlebas—XIOKKelnss W MOXKHO TIOJb-
30BaThCs npuodmxkeHueM Jedas—Xrokkens tumna (18).
— Iomobmnacte 1I. OHa XapakTepuszyeTcst TeM, 4TO
B HEW 4YaCTHMYHO HY)KHO IOJIb30BATHCS ypaBHEHUEM
(18), a wactrano (19) B 3aBECcHUMOCTH OT panuyca R .
— Ilogo6macts III. OHa xapakTepu3yercsi OTCYTCT-
BHEM PETUOHA, TJie Obl ObUIO CIIPABEIIMBO MPHOIIH-
xeHne Jlebas—XIoKKkenst (IpyruMy CIIOBAMH BEJINUH-
Hel ka 1 ¥ TakoBbl, uTo noreHuman ‘¥ Ha ocu ka-

MAJUTSIpa Beeria OObIIe eTUHIIIBI).

OtmeTuM, 4TO BCE 3TH Clydau MHOAPOOHO pac-
CMOTpeHHI B [3], TIe ¥ MPUBEACHBI MOJHBIE PEIICHUS
ypaBHenuii (18), (19) c kpaeBbiMu ycnoBusmu (20),
(21).
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REGARDING THE PROBLEM OF SOLVING
THE POISSON-BOLZMANN EQUATION
WHEN THE DEBYE-HUCKEL APPROXIMATION
CONDITIONS IN ELECTROKINETIC PROCESSES ARE NOT MET

B. P. Sharfarets

Institute for Analytical Instrumentation of RAS, Saint Petersburg, Russia

The paper presents a set of mathematical models used in the numerical modeling of electrokinetic problems,
namely, mathematical models for calculating electrokinetic processes during the study of the motion of an in-
compressible viscous fluid in a circular capillary. The corresponding hydrodynamic equations are given. The
Debye—Huckel approximation in electroosmotic processes is considered when solving the Poisson—Boltzmann
equation, and methods for solving it in cases where the Debye—Huckel approximation is invalid are given. This
allows us to significantly expand the range of zeta potential values at which the Poisson-Boltzmann equation
can be solved.
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INTRODUCTION

When modeling electrokinetic problems using
computational packages, one of the central issues is
the calculation of the characteristics of the electroos-
motic flow of viscous incompressible fluids in porous
media. An important task here is to solve the Poisson-
Boltzmann equation, which allows us to relate the
magnitude of the electric potential of the field in the
fluid filling the porous medium and the volume densi-
ty of the electric charge in electrokinetic processes. At
small values of zeta potentials £ (£ < 20-25 mV),
this problem is solved quite simply by applying the
Debye—Huckel approximation [1, ch. 8.3.2] but in
practice ([1, 2, 3], etc.) the electrokinetic potential can
reach values of ¢ ~ 100200 mV and more, which
makes the Debye—Huckel approximation invalid and
does not allow for adequate numerical modeling of
electrokinetic processes.

STATEMENT OF THE PROBLEM

For efficient numerical modeling of electrokinetic
processes in the event of sufficiently large values of
¢ -potentials, we focus successively on the system of
Navier—Stokes equations, the fundamentals of the
theory of the Debye—Huckel approximation and its
limitations, as well as the previously proposed method
for calculating electrokinetic effects at large values of
¢ -potential.

NAVIER-STOKES EQUATION FOR A CAPILLARY
FOR A CONSTANT AND VARIABLE
COMPONENTS

Let us write the Navier—Stokes equation as applied
to a cylindrical capillary filled with an incompressible
viscous fluid in the case of one-dimensional flow. In
the case of electroosmotic mixed flow, for an incom-

pressible fluid with a constant velocity v, =(0,0,v,)
and a variable velocity v =(0,0,v,), constant and vari-
able pressure p, = p, + p along a cylindrical capil-

lary with an axis oriented along the Oz axis, the only
non-zero z-component of the Navier—Stokes equation
has the form ([4, p. 76], [5, v. 2, p. 395], etc.):

v ov 1 op o’v
z4(y 4y )=, =+ F /p. 1
A = AT

In addition, the continuity equation has the form
[4, p. 76] and must be satisfied

ov
Z=0. 2
o 2
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In (1), n is the dynamic viscosity, v =7/ p is the
kinematic viscosity; p =const is the density of the
incompressible fluid; F, is the ponderomotive force,

equal to in the case of homogeneous electrical para-
meters of the fluid ([1, p. 141], [6]) F, =p,E=p,E..

Considering that there are two components
E =FE +E__, in the electric field, the right-hand
F. F E

—==—204+—2= gide in (1) has the form. In addition,
p P

equation (1) is nonlinear, which results in the so-
called pumping mode, described earlier in [7], etc.

It is necessary to add boundary conditions to equa-
tions (1) and (2). In [3], the boundary conditions on
the lateral boundaries of the capillary and on its axis
are written as follows

v.(r=r,)=0, o,

6}” r=0

=0. 3)

From equation (1), it is clear that the constant flow
along the axis z, a pumping mode is present, consist-
ing in the influence of a constant flow velocity v, on
a variable flow velocity and variable pressure [7].

DEBYE-HUCKEL APPROXIMATION
IN ELECTROOSMOTIC PROCESSES

In electrokinetic phenomena occurring in liquids, it
is necessary to take into account both the electrostatic
and hydrodynamic nature of the phenomena. The hy-
drodynamic effects have been briefly described above.
Here, the electrostatic aspects of the phenomenon are
touched upon.

The relationship between the potential of the elec-
trostatic field strength w and the volume density of

the electric charge p, in the SI system (hereinafter,

we adhere to the SI system) is determined by the Pois-
son equation [1, p. 141]:

Ay =L, “)

g,
where y is the electrostatic potential; &, is the per-

mittivity; ¢ is the relative permittivity; p, is the vo-

lume density of the charge.

Let us assume that the electrolyte in which the
electrokinetic processes occur is a Z—Z binary-valent
type. Then, the following expression is true for the
volume density of the electric charge in the electrolyte

Pa [1,p. 147]

Pu(r)=—2Zec,sinh L{Z—;y/(r)} . %)

B
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Substituting (5) into the Poisson equation (4) leads
to the Poisson—Boltzmann equation

Zecy . .| Ze
Ay (r)=2 . smh{kBTx//(r)} (6)

The following notations are present above: e is
elementary electric charge

e= 1.602 176 634-10"°C;

Z 1is the valence of electrolyte ions; k, is the
Boltzmann constant; T is the Kelvin temperature.

The Poisson—Boltzmann equation (6) in the general
case does not have an analytical solution for the elec-
tric potential y but has one only in exceptional cases
(one of such solutions is presented in [1, p. 147] —
the Gouy—Chapman solution for the case of an elec-
trolyte occupying a half-plane z >0 with the boun-
dary z=0). Therefore, in the general case, the solu-
tion to equation (3) is obtained using the Debye—
Huckel approximation. Below we present the ideology
of this approximation [1, p. 147].

In equation (6), on the right-hand side, an assump-
tion is made that electrical energy is much less than
thermal energy, namely [1, p. 147]

Zel < kgT. (7)

Here ¢ is the zeta potential; k, is Boltzmann con-

stant; 7 is Kelvin temperature.
In the case of the validity of (7), there is an approx-
imate equality

sinh[ﬁw (r)} ~Z (v,

ke, T ke, T

and equation (6) is written as

(Ze)zc0 1
Ay (r) =222 50 (1) = —y (), 8
vr)=2 v () =pv () ®)
where A, = % is the Debye length
2(Ze) C
[1,p. 147].

Writing the Poisson—Boltzmann equation (6) in the
form (8) is called the Debye—Huckel approximation.

Equation (8) is already linear and allows one to ob-
tain its solutions quite simply in many cases. Here we
present the solution of equation (8) for a cylindrical
capillary of radius r =7, [1, p. 148, 149]. In this case,

equation (8) is written as

{azw(r)+1aw(r)}_ L),

=— o, (.
or’ r or AS re[ ,ro] ©)
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The solution of equation (9) is sought under the
following boundary conditions [3]

oy
i w(r)_, =¢ (10)
and has the following form:
I (r/ﬂD)
w(r)=¢21—22, re|0,r|. (11)
(r) 1,(ry/ 2p) [0:1]

From (11) it is clear that for »=r;, the boundary
condition y (r=7,)=¢ is indeed valid.

LIMITATIONS IN THE APPLICATION
OF THE DEBYE-HUCKEL APPROXIMATION

In electrokinetic processes, zeta potentials up to
hundreds of millivolts are observed [2, 3]. However,
in [2] it was shown that even at £ >25mV for a mo-
novalent electrolyte, the Debye—Huckel approxima-
tion is not satisfied. In [1, p. 147], it is even stated that

L. . Ze Ze

the approximation s1nh{ T v (r)} T w (r)at
room temperature is satisfied only at { << 26 mV.

Thus, the presence of large values of the £ =-
potential in practice (up to 100200 mV and more)
does not allow the use of the Debye—Huckel approxi-
mation, which greatly complicates theoretical calcula-
tions. This problem is considered and solved in [3] et
al.

METHOD FOR CALCULATING
ELECTROKINETIC EFFECTS AT LARGE
¢ -POTENTIAL VALUES ([3] et al.)

In [3] et al. a method for bypassing the Debye—
Huckel limitation described above when solving the
Poisson—Boltzmann equation (6) is proposed. Below
we present its meaning (see also [8, Ch. 5]). For this
purpose, in [3] et al., the dimensional equation (6) is
reduced to a dimensionless form. For this purpose, the
following dimensionless quantities are introduced in
[3]:

— instead of the electric potential y (r) formed by
the double layer, the electric potential is introduced

‘P(r):el//(r)/kT, (12)

denoting the dimensionless potential caused exclu-
sively by the effects of the double layer (here, as be-
fore, e 1is the elementary electric charge (proton
charge));
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— instead of the radial coordinate », the dimen-
sionless coordinate R =xr is introduced, where

Kk =1/ 4, is the reciprocal of the Debye length A ;

— instead of the electrokinetic potential £ , the di-
mensionless zeta potential W, =W (xa)=el /kT is
introduced.

After this, the Poisson—Boltzmann equation is re-
written in the new notation as:

d¥(R
1d [ pd¥(k) —sinh ¥ (R) (13)
RdR dR
with the following boundary conditions
¥(xa)="¥,, (14)
o 0. (15)
dR R=0

It is stated in [3] that there is no simple analytical
solution to equation (13), however, it is known that
the mathematical approximation

sinhW(R)=¥, Ye[0,1), (16)

Y >1

sinh‘P(R)z%exp(‘P), a7

provides a good approximation of the function
sinh ¥ (R) in the range W (R)>0.

Next, it is proposed to solve the following pair of
equations instead of equation (13)

1 d d¥, (R) .
——| R————= |=¥,(R), 0<SR<R 18
RdR( de (R). U9
Y, (R
T G T AL
(19)
R <R<ka,
following additional boundary conditions
¥ (R)=w,(R")=1, (20)
v (R _av (R
dR | _» drR |, .
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which guarantee the smoothness of the curve ‘P(R)

calculated from (18), (19). The index L denotes the
low-potential (internal) region R, and the index H
denotes the high-potential region R. Inside the re-
gion L, the Debye—Huckel approximation can be ef-
fectively applied. If ¥ <1, then the region L covers

the entire cross section of the capillary. If W (0)>1,
then the region H covers the entire cross section of
the capillary. The value R=R" in expressions (20),
(21) is determined by condition (20).

In total, 4 subregions are distinguished in [3], in
which the Poisson—Boltzmann equations of type (18),
(19) are solved in one way or another.

— Subregion 1. It is characterized by the condition
W <1. This means that in the entire subregion (for

all R, inside this subregion) the usual Debye—Huckel
condition is satisfied and the Debye—Huckel approxi-
mation of type (18) can be used.

— Subregion II. It is characterized by the fact that
in it it is partially necessary to use equation (18), and
partially (19), depending on the radius R .

— Subregion III. It is characterized by the absence
of a region where the Debye—Huckel approximation
would be valid (in other words, the quantities xa and
Y are such that the potential ‘¥ on the capillary axis

is always greater than unity).

Note that all these cases are considered in detail in
[3], where complete solutions of equations (18), (19)
with boundary conditions (20), (21) are given.

CONCLUSIONS

The paper presents the currently available data for
modeling electroosmotic processes using computa-
tional packages such as COMSOL MULTIPHISICS
for arbitrary values of (" -potentials. This circumstance
allows such modeling to be carried out at { -potential
values equal to or greater than 200 mV, which is sig-
nificantly greater than 25, maximum 50 mV, available
when using the Debye—Huckel approximation.
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