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CUCTEMA YPABHEHHUH OJIsI MOJEJAPOBAHUS
IJEKTPOOCMOTHYECKOI'O M3JYYATEJISA B IIPUBJIUKEHUN
BA3KOU HEC)KMMAEMOMHM TEIJIOITPOBOJAHOHU KUIAKOCTH

B pa60Te 000CHOBBIBAETCSI BO3MOKHOCTh HCIIOJIL30BaHUS FHHPOHHH&MHQGCKOﬁ MOACIN — BSI3KOM HEC)KHUMaeMOM
TeHJ’IOHpOBOHﬂHIefI JKUIAKOCTH — IUIA pacydeTa napaMeTpoB JICKTPOOCMOTHYCCKOTO TCUCHUSA B HOpHCTOﬁ cpeac, Ha-
MOJIHEHHOM KUAKOCTBIO, B YCIIOBUAX MPUJIOKCHHUA K JTOHU Cpe€AC MOCTOAHHOI'O U NEPEMEHHOI'0 JJICKTPUUCCKUX I10-
JICH. HpI/IBOJIFITCSI yCJIoBHUA MIEpexoJia K JTOHU MOACIN OT MOACINU BH3KOﬁ, CXKMMaeMOM KHJIKOCTH. Vka3beIBaroTCs
TpaHULBI MapaMETPOB 3aaaydr, B YaCTHOCTHU I'PaHHUIbL CKOpOCTef/'I TEYCHHA W YaCTOTHBIC OIrpaHUYCHUA IJIsA OIpaB-
JAHHOCTH TAKOI'0 nmepexojaa. Honyqum)Ie peE3yIbTaThl MOTYT OBITh MCIIOJIb30BaHbI IIpyU MOACITMPOBAHUN YKAa3aHHBIX

TIPOIIECCOB HA BBIYUCIIUTEIIbHBIX ITAKETaX.

Kn. cn.: JJICKTPOOCMOC, BA3KasA HECXKUMACMas TCIIJIONPOBOAHASA KUAKOCTb, CUCTEMaA ypaBHeHHfI Haspe-Crokca

1 NEPEeHOCa TeIJia

BBEJIEHUE

B nocnennee Bpemst MosSBUIIOCH TOCTATOYHO MHOTO
paboT, TMOCBAIICHHBIX HCITOJIB30BAHUIO 3JIEKTPOKHHE-
TUYECKUX SIBICHUN NIl CO3JaHMsI AJIEKTPOKHMHETHYE-
CKHX TIpeoOpa3oBaTeNieii: 3BYKOBBIX H3JIydaTeleH,
NPUEMHUKOB M PETPAHCISATOPOB. YK@KEM JIMIIb He-
CKOJIBKO pa0boT, BBIISANINX B HOCeaHue rojsl [ 1-8].
Pemenne 3Toro Bompoca ¢ TEOPETUIECKOM TOUKHU 3pe-
HUS MIPAKTUYECKH 3aBEPILEHO, OJTHAKO HE TOJTHOCTHIO
CHATHl HAYYHO-TEXHHYECKHE BOIPOCHI, CBS3aHHBIE
c obecrieueHHEM NPAKTHYECKOH peanu3alydyd 3TOro
mpoekTta. M kacaercsi 3To B EpBYIO0 O4epenb BOIPO-
COB TIPAaKTUYECKOM peaqu3alui 3JIeKTPOKHHETHYE-
CKMX  TmpeoOpasoBaTeneii B KHIKOW  cpeqe.
B ciydae ¢ BO3OYUIHBIMH 3JIEKTPOKMHETHUECKHUMHM
mpeoOpa3oBaTeNsIMH 3TH BOIPOCHI K HACTOSIIEMY
MOMEHTY MOXXHO CUMTaTh PELICHHBIMH. TeM He Me-
Hee, He J0XKHJAsiCh OKOHYATEJIbHOIO pEIIeHUs Hayd-
HO-TEXHUYECKHX MPOOIIEM, CBSI3aHHBIX C yKa3aHHBIMHU
npeoOpa3oBaHMsAMH B JKUAKOCTH, >KEJIATEIBLHO BOC-
MOJIb30BATHCS YUCIIEHHBIM MOJICIMPOBAHUEM IIpOIIEC-
COB Ha BBIYMCIHUTEIBHBIX IAKETaX C LENbI0 OLECHKU
CpaBHUTEIBHOHN d(P()EKTUBHOCTH YKUIAKOCTHBIX U BO3-
OYUIHBIX 3JIEKTPOKMHETHYECKHX IpeoOpasoBaTeneit
BOOOIIE M AIEKTPOKMHETHYECKUX H3JIydaTesieil B ya-
CTHOCTH JJISl aJeKBaTHOTO MPOTHO3a 3(PPEKTUBHOCTH
uX paboTHI B )KUIKOH cpee.

IMOCTAHOBKA ITPOBJIEMbI

OcHoBHas 1enb PaOOTHI 3aKIIOYaeTCsl B BBIOOpE
1 00OCHOBAaHUU MPOCTEHINEH MaTEeMaTHYECKOW 3JIEK-

70

TPOTUAPOJIUHAMUYECKONW MOJETH (PyHKIIMOHUPOBAHUS
JNEKTPOKMHETUIECKOTO M3JIydaTeist B BOJE€ M B BO3-
IyXe 10 KOMIPOMUCCHOMY KPUTEPHIO "TOUYHOCTh BbI-
YHCIEHUM — CKOpOCTh BBIYMCIeHHH". Takoil kpure-
puil axkTyaseH Onarozaps OYEHb LIMPOKOMY KpYyry
BBIOOpa MaTeMaTHYECKUX MOJIENICH M0 UX CIIOKHOCTH
W, COOTBETCTBEHHO, 110 HEMaJIOMy BPEMEHHU UYHCIICH-
HOTO MOJIEIMPOBAHMUSA YKa3aHHBIX HEIMPOCTBIX IPO-
LIECCOB.

OCHOBHBIE YPABHEHUA J1JIS1 OIIMCAHUA
SJEKTPOOCMOTHUYECKOI'O TPOIIECCA

PaccmartpuBaemas B paboTe TeMaTHKa OTHOCHUTCS
K KOMIETEHIIMH JOCTaTOYHO MOJIOJON obiacTH Gpu3u-
ku — anexkmpozuopoounamuxe (II')]). Cormacuo [9,
c. 653], B cpenax ¢ 04eHb MajOW 3JEKTPONPOBOAHO-
CTBIO 1 0€3 MPHUIIOKEHHOTO M3BHE OOJBIIOTO MarHHT-
HOT'O TIOJNS TPU CKOPOCTSX JIBMDKCHHS KHUIKOCTH,
MHOTO MEHBIIINX CKOPOCTH CBETA, OMPEIEIISIONIAM BO
B3aMMOJICWCTBUHU 3JIEKTPOMArHUTHOTO TOJS CO Cpe-
JIOW SIBNISIETCSI HE MAarHUTHOE, a DIIEKTPHYECKOEe TOJIE.
Onexrpudeckoe noje B DI/l ommceiBaeTCs 3aKOHAMU
JNEKTPOCTATHKH, a €ro BO3ACHCTBHE Ha Cpeny —
JJIEKTpUYeCKON dacTelo cuibl Jlopennma p,E, rne

p, — IUIOTHOCTBH SJIEKTPHYECKOTO 3apsijia B Cpeje,

a E — BeKkTOp HanpsnKEHHOCTH HJIEKTPUYECKOrO OIS
ONEKTPUICCKUIN TOK ONPEACIICTCS IIPU 3TOM HE TOJb-
KO CaMOCTOSITEIbHBIM JIBH)KEHUEM 3apsi/I0B, HO U Y4H-
TBIBAETCS TOK NIEPEHOCA 3apsia KUIKOCTBIO P,V (V —
CKOPOCTh TEYCHHS >KUAKOCTH) M TOK CMCIICHUS.
VYpaBHEHUSIM  3JEKTPOTHAPOJUHAMUKN  TTOCBAILIEHO
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JIOCTAaTOYHO MHOTO TyONHKaIuii (OTHIOAL HE ITOJTHBIN
uX nepedeHsb npusesieH B padore [10]). lanee npuse-
nem cucremy ypaBHeHuit OI'/l, Beimucannyio B [10]
C HEOOXOJIMMBIMH KOMMEHTAPHUSIMH, CBSI3aHHBIMU
¢ MozenupoBanueM mpoieccoB Ha makere COMSOL.

[lepBpIMU  paccMOTPUM  THAPOJUHAMHYECKUC
YpaBHEHUS: COXpaHEHHE HMMITylbca (ypaBHeHue Ha-
Bbe — CTOKCa) M ypaBHEHUE HETIPEPHIBHOCTH IS HE-
C)KAUMAEeMOH KHUIKOCTH ¢ HEOOXOAMMBIMH OOOCHOBa-
HUSIMH BBIOODA.

Haunem c¢ oOmiero ciyudass CKMMaeMOM BSI3KOH
sxkuakoctu. Cormacuo [11, ¢. 73], ypaBuenue HaBbe —
Crokca (CoxpaHEeHHs] UMITYJIbCa) U YPaBHECHUE HETIpe-
peiBHOCTH [11, c. 18] ©MEIOT COOTBETCTBEHHO BU/I;

ov
p[5+(v-v)v}—
:_vp+nAv+[g+gjv(v-)v+f, (1)

ﬁp+V-(pv)=0. ()
ot
[Ipu ompeeieHHbIX YCIOBHAX KHUAKOCTH MOXKHO
CUMTATh HEC)KMMAEMOM, 4TO BieueT 3a coboil ympo-
1eHHe cUcTeMbl ypaBHenuii Habe — CTOKca u ypas-
HEHHs HETPEPHIBHOCTH, KOTOPHIE B CIIyyae OJHOPOJI-

HOM XKUAKOCTH CBOASITCS COOTBETCTBEHHO K BUAY [11,
c. 73, 37]:

p[%+(V-V)V}=—Vp+UAV+f, 3)
V.v=0. “4)

B (1)—(4) npunsTel 0003HAYEHHUSA: V — TI0OJIE CKO-
pocTeil  KMAKOCTH; p  — TOJ€  JABJICHHUSA
B KHIKOCTH;, 7] =const m § =const — cABUTOBas
U OO0bEeMHass BA3KOCTH JKHJIKOCTH COOTBETCTBEHHO
(1S yOpoOIIEeHUsT pacueToB MPUHUMAETCS Oy IIEHHE
0 nocrostHcTBe ATUX BenuuuH); f = p E — ob6bemHas
cuIla, JICHCTBYIOIIAs HA EAWHHIYY 00beMa KHIKOCTH,
XapakTepHas s 3JEKTPOOCMOTHYECKHX  3ajady;
E= (0, 0,E ) — HaIIPSHKEHHOCTD AJIEKTPUYECKOrO I0-
JI51, IPUJIOKEHHOTO K TOPI[AaM PacIoIOKEHHOTO BIIOJb
BEPTHKAIFHOW OCH (z HANOIHEHHOTO XHJIKOCTHIO
Kawuigpa JUIMHOK [/; p, — IUIOTHOCTH 3JIEKTpHUUe-
CKOTO 3apsiia B JKHIKOCTH (DJIEKTPUYECKHN 3apsn
eIMHUITEI 00beMa XuakocTr). Kpome Toro, B cirydae
(1), (2) p — mone TIOTHOCTH CPeIbl B OOIIEM CIIy-
gae p #const, a B ciuydae (3), (4) moje IIOTHOCTH
Cpeabl IOCTOSHHO O = const.

Jlamee paccMOTpHM TpeneNbl BO3MOXHOCTH HC-
MOJIb30BAHUS MOJETH HECKMMAaEeMOM BSI3KOM KHUIKO-
CTH JIJISl DJIEKTPOOCMOTHYECKHX TiporieccoB. CoriacHo

HAVYYHOE [NPUBOPOCTPOEHMUE, 2024, Tom 34, Ne 3

[11, c. 41], *KHMAKOCTb MPU CTALMOHAPHOM €€ TCUCHUH
MOXHO CUHMTATh HECXKUMAEMOU MPH YCIOBHH, UTO Ba-

A

pHAaLUK IIOTHOCTH CPEIbl MaJIBL: P« 1, 4ro pas-
P

HOCHJIBHO YCJIOBHIO |V| < ¢, O |V| — aMIIMTya

BEKTOpa CKOPOCTHU JKUIKOCTH, C — CKOPOCTb 3BYKa
B kuaAKocTd. Kpome TOro, B HeCTallMOHAPHOM PEXKHU-
M€ IBIDKEHUS >XKUIKOCTH HEOOXOIUMO BBITIOJTHECHHUE
eme oaHoro ycnosus [11, c. 42]:

/
T > =,
c
rie T U | — BeJIMYUHBI MOPSJIKA IIPOMEKYTKOB Bpe-
MEHM U PACCTOSHHM, HA KOTOPBIX CKOPOCTh JKHIKOCTH
U TIPOMEKYTKH BPEMEHH COOTBETCTBEHHO HCITBITHI-
BaIOT 3aMETHOE M3MECHECHHE.

CornacHo pesympTaTam pabotel [12], cuctema
YpaBHEHHUH THAPOJUHAMUKH IS HECOKMMACMOM KHI-
koctH (3), (4) ageKBaTHO OIKCHIBACT TUAPOJINHAMHUKY
MPOIIECCOB B AJICKTPOKMHETHUYECKHUX IMpeoOpa3oBaTe-
JISIX COOTBETCTBEHHO B Bojie 10 4actorT f <100 kI
n f <20 x['u B Bo3ayxe.

Janee paccMOTpUM ypaBHEHHE COXpaHEHHUS dHEp-
run (ypaBHEHHE TETUTONPOBOIHOCTH) TaKXke I 000-
HX CJIy4YaeB >KMJKOCTH — CKHMaeMOM M HeC)KuMae-
MOTA.

B ciyyae cxxmmaeMo# JKHIKOCTH 3TO ypaBHCHHE
umeet Bup [11, c. 273]:

pT{%+V-Vs}=V-(KVT)+

2
ov, ov, 2 . . N2
+ 1 —L+—E-Z5,divv | +{(divv) . (5)
2\ox, ox, 3
3necs T — T0JIe TEMIIEPaTyp B KUIAKOCTH; § —
SHTPOINMS €IMHULBI MACChl JKUIKOCTH; K — KO-

(UIMEHT TEeTTOPOBOIHOCTH.
B ciiyuae HecxkumaeMol JKUIKOCTH YpaBHEHHE TEIl-
JIOMPOBOIHOCTH TIpeobpasyercs k Buay [11, ¢. 277]:

Z—T+V.VT=;(AT+L M, o
t

2¢,\ 0Ox, O

+w/ pc,, (6)

rae v=n/p — KHHEMaTHYECKas BSI3KOCTh, & BMECTO
Ko3((pHIFEHTa TEIIOMPOBOJHOCTH K BBEACHA TEM-
IEPaTypONpOBOJHOCTE ¥ =K/ pc,; ¢, — yJenbHas
TEIIOEMKOCTh IIPU OCTOSIHHOM JIaBJICHHH.

B ypaBuennn (6), B otimmane ot [11, (50.2)], crpa-
Ba J00aBlieHa IJIOTHOCTh TEIJIOBOTO HCTOYHHUKA W
(HOpMHpOBaHHAas1, KaK BCS IpaBas 4acTh, MPOU3BEJIC-
HUEM OC,) — TEIUIOTA, BBIICICHHAA HCTOYHHKOM

B €IMHUIly BPEMEHH B €IMHHWIE 00BeMa >KHIKOCTH,
[W]ZBT/M3. Paccmorpum  cimywal, Kkorma Takou
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TEIJIOBOW MCTOYHMK IOPOXKJIAETCS IPOIECCOM IIPo-
XOXKJICHHS Yepe3 BJCKTPOJIUT SJISKTPHUECKOTO TOKa.
B nannom cnydae Bocmosib3yeMcs 3akoHOM JIKoyms —
JIeHITa 0 BBIJICJICHUHN TeIUia MPH MPOXOXKICHUHU TOKA.
MOIHOCTE BBICICHUS TEIIa W (TEIlIia, BBRIACIIEMO-
ro B eIWHHIE Oo0OBbeMa cpelsl B CIWHUIY BPEMEHH)
MPpU TPOTEKAHWU DJICKTPUUYECKOTO TOKA IMPOMOPIIHO-
HajJbHA TPOW3BENCHUIO IIOTHOCTH DSJIEKTPUICCKOTO
TOKa j Ha BEIMYMHY HAMPSHKEHHOCTH DJICKTPHICCKO-

ro moiass E [14, c. 604, 605]. MareMaTH4eCKH 3TO
3aIMCHIBAETCS TAK:

w=j-E. (7)

Jiis Toro, 9TOOB B YpaBHEHUSAX IBWKCHHS HEpaB-
HOMEPHO HAarpeTod XHUIKOCTH MOXHO OBUIO CUHTATh
TUIOTHOCTBH TIOCTOSIHHOM, HE00X0ANMO, TOMUMO MaJIo-
CTU OTHOLLEHUS CKOPOCTH XKHUIKOCTU K CKOPOCTH 3BY-

Ka |v| < ¢, 4TOOBI UMEIONIAECS B KUIAKOCTH pas3Ho-

CTH TeMIlepaTyp ObLIM JOCTaTOYHO Maibl (peyb HICT
MMEHHO 00 aOCONIOTHBIX 3HAYCHUSX PA3HOCTH TEMITe-
paryp, a He O TpaJIMeHTe TeMIepaTypsl). B aTom ciy-
4ae IKHUJIKOCTh MOXHO CUUTATh HECKUMAEMOM.
Cunrtas pa3HOCTH TEMIepaTyp MaJbIMU, MOXHO IMpe-
HeOpeYb TaKXKe M TEMIEPATYPHOU 3aBUCUMOCTBIO BE-

JUYUH 77, K U Cp , T.C. YPAaBHCHUC TCIJIONIPOBOAHO-

CTH MOJKET OBITh 3amucano B Buzae (6) [11, c. 277].

Taxkum 00pa3oM, IPU IPUHATHIX BBIIIE JOMYIICHASIX
TUJIPOJMHAMUYECKAs. 4YacTh YPaBHCHHMU, OIHCHIBAIO-
IIMX HCCIEAYEMBIH IMPOIECC, MOXKET OBITh 3alKcaHa
B BHje ypaBHeHMid HaBbe — CTOkca Ui Hec)KMMae-
Moit xuakocTH (3), (4), a ypaBHEHHE TETUTOPOBOTHO-
CTH MOJKET OBITh 3amucano B Buge (6), (7).

O IINIOTHOCTHU TOKA
B QJIEKTPOOCMOTHYECKOM IMPOLECCE

B anexktpoocMoTHYeCKOM Tpoliecce MpH BEIYHUCIIE-
HAW  TUIOTHOCTH  DJIGKTPHYECKOTO  TOKa j

B 3alOJHEHHBIX JKUIKOCTHIO TOHKHMX KamWuIsIpax
n auadparmMax HEOOXOIUMO YYHUTHIBATH HEKOTOPHIE
OCOOCHHOCTH 3JICKTPOIPOBOJHOCTH, B OTJIMYHE OT
AJIEKTPOIIPOBOAHOCTH B CBOOOIHON J>KHIKOCTH (CM.,
Hanpumep, [15, ri. 5], [16, c. 211-214]). Do cBsA3aHO
C TIOBBITIICHUEM KOHIICHTPAITUN HOHOB OKOJIO TTOBEPX-
HOCTEH paszaena XKUAKOCTb — TBEPAOE TEJIO BCIEACT-
BHE OOpa30BaHUS JIBOWHOTO DJIICKTPUUCCKOTO CIIOS
(12C). B pesynbpraTe amcopOnuu MOHOB CyMMapHas
KOHIIEHTpaIus uX B moaBuxkHON yactu JIDC mpeBbI-
I1aeT TAKOBYIO B OKPY aroIlieM CBOOOIHOM pacTBOPE.
N36wiToK poTHBOMOHOB B JIOC mnpeBbIiacT mo abco-
JOTHOM BETWYMHE HETOCTATOK KOWOHOB. B aTOM Ciny-
yae BO3HUKACT JOMOJHUTEIBHAS 3JICKTPOIPOBOJI-
HOCTb O, OOYCIIOBJIEHHAs IOBEPXHOCTHBIM H30bIT-

KOM HMOHOB KW Ha3bIBa€Mast HOBerHOCTHOfI IpoBOAM-

Mocthro. Otmerum [16, c. 211], 4ro BenuuuHa O,
3/1eCh OTHIOJb HE SABISAETCS YJIENbHOM MPOBOIUMO-
CThIO TIOBEPXHOCTHOTO CIIOSI, a TPEICTaBiIsieT coboit
N30BITOK O0BEMHOW MPOBOAMMOCTH JKUAKOCTH O
B MIOPHUCTOM Cpefie, YCpPeIHEHHBIHN, Kak Obl "pa3MasaH-
HBIH" 0 BceMy 00beMy Kanmmuisipa. Takum oOpazom,
yIenabHasi 3JIEKTPOIPOBOIHOCT MOPOBOTO pacTBOpa
O SIBISETCS CYMMOU 0ObEMHOM DIIEKTPOIIPOBOIHOCTH
O, U TIOBEPXHOCTHOM DJIEKTPONPOBOJHOCTH O:

v
c=0,+0,.
B pabore [15, ¢. 26] TeM He MCHEE OTMEYCHO, YTO
MIPY BBIIOJHEHUH YCIIOBHUS

o
Rel=—2

<1 (8)
(2

v

IMOBEPXHOCTHAs TPOBOIUMOCTh OKa3bIBaeT ciiaboe
BIIMSIHUE Ha JJICKTPOKWHECTHUCCKUE SIBIICHHS. A s
ciTy4asl KalWUBIPOB ITOCTOSSHHOTO CEYCHHS TIOIPaB-
ko (8) wucuepnbiBaeTCS BIHUSHUE ITOBEPXHOCTHOM
MIPOBOJIUMOCTH Ha DJICKTPOKHHECTHICCKUE SIBICHUS
U, B YaCTHOCTH, Ha 3JIEKTPOOCMOC.

ITockonpKy majee MpU TPOBEACHUH MOICITBHBIX
SKCIIEPUMEHTOB PAJANYC Kamuuisgpa, HaIMOJIHEHHOTO
KUJKOCTBIO, B KOTOPOM OCYIIECTBIISICTCS MOJIe-
JIUPOBAHKE DJIECKTPOOCMOTHYECKOTO IMporiecca, Oyaer
3HAYMUTEIbHO OoJbIine Tonmuuel JI9C, TO KHIKOCTD,
TEeKyIas depe3 Kammuisip, OyIeT UMETh YACIBbHYIO
3JIEKTPONPOBOJHOCTh O, OJM3KYI0 K O,, U IOBEPX-

HOCTHOMU TTPOBOJIMMOCTHIO MOKHO TIpEHEOPEUb.

O IVIOTHOCTHU TEIIVIOBOI'O UICTOYHUKA w

MomnocTs W BbIAeneHus Temia (7) B Kammuisipe
BBIYHCIIACTCS TaK:

2

L
GV

E

|2

=oE-E=0,

i ©)

Ha smextpoasr MeMOpaHbl 37IeKTPOKHHETHIECKOTO
n3aydarens oOblMHO mogaercst cmeck U, +u, mocro-

SHHOrO HanpsbkeHus U, =const U NEpPEeMEHHOrO CHU-
HYCOMIATBHOTO HATIPSIKEHHA U, = U e COOTBETCT-
BEHHO (31€Ch 1, — aMILIUTy/a IEPEMEHHOIO Halpsi-
KEHus u,). B cilyuae rapMOHUYECKOr0 NEPEMEHHOTO

HanpspkeHst B (9) HY)KHO YYUTBIBATh Oelicmeyioujee
3HAYCHHE AMIUIUTYIbI JJCKTPUYECKOrO IOJs, B CIIy-
Yyae TOCTOSHHOTO HampspDkeHus B (9) yduThIBaeTCs

" B Hacrosimee Bpemst Oe3pasmepHoe uucio Rel momydwmiio
oOmenpu3HanHoe HazBaHue "umcio JlyxwHa" Du B 4ecTh
OJTHOTO W3 COaBTOPOB paboTHI [15], MpemIoKUBIIET0 3TOT
KpHUTEpUil Mo 00usI.
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aMIUTUTYJIa IOCTOSIHHOTO HampsikeHus. Torna (9) mo-
Clie OCpeIHEHHs MO TEePHOoAY KOoIeOaHWi IMepenuchl-
BaeTCA Tak: W=W,+W,, TIe W, U W, DaBHBI COOT-
BETCTBEHHO:

E0|2 =0, (Uo/l)2 u

WO :Gv

El =0, (u/l) =0, (u /1) /2.

w =0,

3necs /| — TommmHAa MEeMOpPaHBI AIIEKTPOKHHE-
THYeckoro uanydatens. OkoHuatenabHo aiusa (9) ume-
eM:

w=%[U§+u§/2]. (10)

Torma ¢ yderom (10) ypaBHeHue (6) 3amumiercs
CIICAYIOMIUM 00pa3oM:

2
%+V-VT=%AT+L[@+%] +

2¢,\ Ox, Ox
O
+— U +u; /2| (11
pe Uit /2] an
BBIBO/IbI

Takum o00pa3om, BbIIEC TOKAa3aHO, YTO CHCTEMa
YpaBHEHUH IS ONMMCAHHS THAPOIUMHAMHUYCECKHUX IPO-
1IECCOB M TPOIIECCOB, CBSA3aHHBIX C TEIUIONEPESHOCOM,
MPUMEHUTEIIEHO K MOJICITHUPOBAHUIO JJIEKTPOKUHETH-
YECKOTr0 M3JIydaTesis MpH MoJade Ha HETO MOCTOSHHO-
ro HalpspKeHUs Hakauku U, U NEepeMEHHOro Harps-

XKCHHUA aMHHHTYHOﬁ Uy, MOXCT OBITH OrpaHvuy4cHa

THAPOIUHAMHUYECKON cucTemoi ypaBHenuit (3), (4)
c ucrounukoM f = p E B (3) u ypaBHEeHHEM coxpaHe-

Hus sHepruu (11) ¢ ucrounnkom %[U& +ug / 2] .
P
[IpennoxeHHas cuUCTeMa YpPaBHEHHUH sBIsETCS
MOJHOM ¥ MaKCHMAJIbHO YHPOIIEHHOH, T03BOJIAs 10C-
TaTOYHO TOYHO YHCIEHHO MOJEIUPOBATH PacCMaTpH-
BaeMbI€ POIIECCHI.

Paboma evinonnena ¢ UAIl PAH ¢ pamxax 'ocyoapcm-
6enn020 3a0anus Munucmepcmea HayKu u @vicuie2o obpa-
306anus PO Ne 075-01157-23-00 om 29.12.2022 2.
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SYSTEM OF EQUATIONS FOR MODELING ELECTROOSMOTIC
EMITTER IN THE APPROXIMATION OF VISCOUS
INCOMPRESSIBLE HEAT-CONDUCTING FLUID

B. P. Sharfarets

Institute for Analytical Instrumentation of RAS, Saint Petersburg, Russia

The paper substantiates the possibility of using a hydrodynamic model of a viscous, incompressible, heat-
conducting fluid to calculate the parameters of electroosmotic flow in a porous medium filled with liquid under
conditions of the application of a constant and alternating electric field to this medium. Conditions for transi-
tioning to this model from the model of viscous, compressible liquid are given. The boundaries of the problem
parameters, in particular the boundaries of flow velocities and frequency constraints for the justification of such
a transition, are specified. The obtained results can be used in modeling the above processes using computation-

al packages.

Keywords: electroosmosis, viscous incompressible heat-conducting fluid, system of Navier-Stokes equations and heat

transfer

INTRODUCTION

Recently, quite a lot of work on the use of electro-
kinetic phenomena has appeared to create electroki-
netic transducers: sound emitters, receivers, and re-
peaters. We will indicate only a few works published
in recent years [1-8]. The state of solving this issue
from a theoretical point of view is almost complete,
but it does not completely consider scientific and
technical issues related to ensuring the practical im-
plementation of this project. And this concerns, first
of all, the issues of the practical implementation of
electrokinetic converters in a liquid medium. As for
air electrokinetic converters, these issues can be con-
sidered resolved by now. Nevertheless, without wait-
ing for a final solution to the scientific and technical
problems associated with these transformations in lig-
uids, it is desirable to use numerical modeling of
processes on computer packages in order to assess the
comparative efficiency of liquid and air electrokinetic
converters in general and electrokinetic emitters in
particular for an adequate forecast of their efficiency
in a liquid medium.

PROBLEM STATEMENT

The main goal of the work is to select and justify
the simplest mathematical electrohydrodynamic mod-
el of an electrokinetic emitter operating in water and
air according to the compromise criterion "calculation
accuracy — calculation speed". This criterion is rele-
vant due to the very wide range of mathematical mod-

75

els in terms of their complexity and, accordingly, the
considerable time spent on numerical modeling of
these difficult processes.

BASIC EQUATIONS FOR DESCRIBING
THE ELECTROOSMOTIC PROCESS

The topics considered in the work refer to the
competence of a fairly young field of physics — elec-
trohydrodynamics (EHD). According to [9, p. 653], in
environments with very low electrical conductivity
and without a large magnetic field applied from the
outside, at liquid velocities much lower than the speed
of light, the determining factor in the interaction of the
electromagnetic field with the medium is not the mag-
netic, but the electric field. The electric field in the
EHD is described by the laws of electrostatics, and its
effect on the medium is described by the electric part
of the Lorentz force p,E where p, is the electric

charge density in the medium, and E is the electric
field strength vector. The electric current is deter-
mined not only by the independent movement of
charges but also by taking into account the current of
charge transfer by the liquid p,v (v — the flow rate

of the liquid) and the bias current. Quite a lot of publi-
cations are devoted to the equations of electrohydro-
dynamics (by no means a complete list of them is giv-
en in [10]). Next, we present the system of EHD equa-
tions, written out in [10] with necessary comments
related to modeling using the COMSOL package.

The first to consider are the hydrodynamic equa-
tions: momentum conservation (Navier — Stokes equa-
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tion) and the continuity equation for an incompressi-
ble fluid, with the necessary justifications for the
choice.

Let's start with the general case of a compressible
viscous fluid. According to [11, p. 73], the Navier —
Stokes equation (conservation of momentum) and the
continuity equation [11, p. 18] are respectively of the
form:

ov
p[5+(v-v)v}—
:_vp+nAv+[g+gjv(v-)v+f, ()

£p+V-(pV)=O. 2)
ot

Under certain conditions, the liquid can be consi-
dered incompressible, which entails the simplification
of the Navier — Stokes equations and the continuity
equation, which in the case of a homogeneous liquid
are reduced to the form [11, pp. 73, 37]:

p[%+(V-V)V}=—Vp+UAV+f, 3)

V-v=0. “

In (1)—(4), the following designations are adopted:
v — fluid velocity field; p — fluid pressure field,;
n =const and { =const — shear and volumetric vis-
cosities of the liquid, respectively (to simplify the cal-
culations, the assumption is made that these values are
constant); f = p E — volumetric force acting per unit
volume of the liquid and characteristic for electroos-
motic tasks; E = (O, 0,E ) — the electric field strength

applied to the ends of a capillary of length / located
along the vertical axis Oz and filled with liquid; p, —
density of the electric charge in the liquid (electric
charge per unit volume of liquid). In addition, in cases
(1), (2) p is the density field of the medium in the

general p # const, and in the cases (3), (4) the density
field of the medium is constant p = const.

Next, consider the limits of possibility using an in-
compressible viscous fluid model for electroosmotic
processes. According to [11, p. 41], a liquid with its
stationary flow can be considered incompressible pro-
vided that the variations in the density of the medium

are small: ap « 1, which is equivalent to the condi-

0
tion |v| « ¢, where |V| is the amplitude of the liquid
velocity vector; ¢ — the speed of sound in fluid. In
addition, in the transient mode of fluid movement, one
more condition must be met [11, p. 42]:

)
> -,
c
where 7 and / are values of the order of time inter-
vals and distances at which the liquid velocity and
time intervals, respectively, experience a noticeable
change.

According to the results of work [12], the system
of equations of hydrodynamics for incompressible
fluid (3), (4) adequately describes the hydrodynamics
of processes in electrokinetic transducers, respective-
ly, to frequencies f <100kHz in water and
f <20kHz in the air.

Next, consider the energy conservation equation
(thermal conductivity equation) for both cases of lig-
uid — compressible and incompressible.

In the case of a compressible fluid, this equation is
[11, p.273]:

pT[%+V-VS} =V (kVT)+

2
n{ov, ov, 2. .. N2
+—| —L—+—FL—-=05 divv | +{(divv) . 5
2(axk o 3" §(divy) ©)
Here T is the temperature field in the fluid; s is the
entropy of the mass unit of the fluid; x is the thermal
conductivity coefficient.

In the case of an incompressible fluid, the equation

of thermal conductivity is converted to the form [11,
p. 277]:

2
a—T+v-VT:;(AT+L ﬂJr% +w/ pc,, (6)
ot 2¢,\ ox, Ox !

where v =1/ p is the kinematic viscosity, and ther-
mal conductivity x is replaced by thermal diffusivity
x=x/pc,; c, is the specific heat capacity at con-
stant pressure.

In equation (6), unlike [11, (50.2)], the density of
the heat source w (normalized as the entire right side
by the product pc,) is added to the right side— the

heat emitted by the source per unit time per unit vo-
lume of liquid, [w] =W/m’. Consider the case when

such a thermal source is generated by the electric cur-
rent passing through the electrolyte. In this case, we
will use the Joule — Lenz law on the release of heat
during the passage of current. The power of heat re-
lease w (heat released per unit volume of the medium
per unit time) during the flow of electric current is
proportional to the product of the electric current den-
sity j by the value of the electric field strength E
[14, pp. 604, 605]. Mathematically, it is written like
this:
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w=j-E. 7)

In order for the density of an unevenly heated lig-
uid to be considered constant in the equations of mo-
tion, it is necessary, in addition to the smallness of the
ratio of the velocity of the liquid to the speed of sound

|V| « c, that the temperature differences in the liquid

are sufficiently small (we are talking about the abso-
lute values of the temperature difference, and not
about the temperature gradient). In this case, the liquid
can be considered incompressible. Considering the
temperature differences as small, one can also neglect
the temperature dependence of the values 1, k¥ and

¢, i.e., the equation of thermal conductivity can be

written in the form of (6) [11, p. 277].

Thus, with the above assumptions, the hydrody-
namic part of the equations describing the process
under study can be written in the form of Navier —
Stokes equations for incompressible fluid (3), (4), and
the equation of thermal conductivity can be written in
the form of (6), (7).

ABOUT CURRENT DENSITY
IN ELECTROOSMOTIC PROCESS

Considering the electroosmotic process and calcu-
lating the electric current density j in thin capillaries
and diaphragms filled with liquid, it is necessary to
take into account some features of electrical conduc-
tivity in contrast to electrical conductivity in a free
liquid (see, for example, [15, Ch. 5]; [16, pp. 211—
214]). This is due to an increase in the concentration
of ions near the liquid — solid body interfaces due to
the formation of an electrical double layer (EDL). As
a result of the adsorption of ions, their total concentra-
tion in the EDL moving part exceeds that in the sur-
rounding free solution. The excess of counterions in
EDL exceeds the deficiency of coions in absolute va-
lue. In this case, additional electrical conductivity
arises due to the surface excess of ions and is called
surface conductivity. Note [16, p. 211] that the value
o, here is not the specific conductivity of the surface

layer, but is an excess of the volumetric conductivity
of the liquid o in the porous medium, averaged, so to
speak, "distributed" throughout the capillary. Thus,
the conductivity of the pore solution ¢ is the sum of
the volumetric conductivity o, and surface conduc-
tivity o, o =0, +0,.

In work [15, p. 26], however, it is noted that when
the condition is met"

* Currently, the dimensionless number Rel has received the
generally recognized name "Dukhin number" Du in honor
of one of the co-authors of the work [15], who proposed
this similarity criterion.
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o
Rel =—2

<1 (8)
(o2

v

surface conductivity has little effect on electrokinetic
phenomena. And for the case of capillaries of constant
cross-section, correction (8) exhausts the effect of sur-
face conductivity on electrokinetic phenomena, in par-
ticular electroosmosis.

Since, in conducting model experiments, the radius
of the liquid-filled capillary in which the electroos-
motic process is simulated will be significantly greater
than the thickness of the EDL, the liquid flowing
through the capillary will have a specific electrical
conductivity o close to o, and surface conductivity

can be neglected.

ABOUT HEAT SOURCE DENSITY w

The heat generation power w (7) in the capillary is

calculated as follows:
jd il
~—=—=0E-E=o0,
o, O

v v

|2

E|.

w=JE= 9

The electrodes of the electrokinetic emitter mem-
brane are usually supplied with a mixture U, +u, of
constant voltage U, = const and alternating sinusoidal
voltage u, =u e, respectively (here u, — the am-
plitude of the alternating voltage u,). In the event of
harmonic alternating voltage in (9) it is necessary to
take into account the actual value of electric field am-
plitude; in the event of constant voltage in (9) it is ne-
cessary to take into account the amplitude of constant
voltage. Then, after averaging over the period of oscil-
lations, (9) can be rewritten as follows: w=w, +w,,

where w, and w, are equal, respectively:

E0|2 =o,(U,/l)’ and

WO :Gv

El =0 (u/l) =0, (u/l) /2.

W, =0,

Here [/ is the thickness of the membrane of the elec-
trokinetic emitter. Finally, for (9) we have:

w=%[U§+u§/2]. (10)

Then, taking into account (10), equation (6) can be
written as follows:
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2
6—T+V'VT=ZAT+L ﬂ-ﬁ-% +
ot 2c, ox,

o, 2 2
+pc—plz[U0 +M0 /2]

ox,

(11

CONCLUSIONS

Thus, it is shown above that the system of equa-
tions for describing hydrodynamic processes and
processes associated with heat transfer in relation to
modeling an electrokinetic emitter when applying
a constant pump voltage U, and an alternating vol-

tage with amplitude u, to it can be limited by the hy-

drodynamic system of equations (3), ( 4) with the
source f=pE in (3) and the energy conservation

equation (11) with the source %[U& +ug / 2] .
pc,l
The proposed system of equations is complete and
simplified as much as possible, allowing us to accu-
rately model the processes under consideration.
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