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O TAMWJIBTOHOBOM ®OPMAJIM3ME JJIs1 YPABHEHUM
OIITUKU 3APAKEHHBIX YACTUIL

B cratbe paccMmaTpuBaroTCsi 0COOCHHOCTH MTPUMEHEHHS TaMUIBTOHOBOH (hOPMBI ypaBHEHHI JBM)KEHHS AJISI perie-
HUS 337a4 ONTHKM 3apsDKEHHBIX YacTUL. AHAIM3UPYIOTCS HEKOTOPHIE HEOUEBUAHBIE CIIEACTBHSA, BBITCKAIOIINE
U3 KCHOJb30BAHUS UHTErpanbHOro MHBapuaHTa Ilyankape — Kaprana. IlokazaHo, 4TO BO3MOXKHO HCHOIB30BATh
ypaBHEHHs ABWKEHHs B TaMHJIBTOHOBOM (hopMe /sl OTTMCaHUsl ABMKCHUS 3apsDKEHHBIX YacTHI] B JIOKAJIBHOM CHC-
TeMe KOOPJMHAT, CONPOBOXKIAIOIIEH IEHTPAIbHYI0 TPACKTOPHUIO, B TOM YHCJIE U TOIJa, KOIrja B KauecTBe HEe3aBH-
CHUMOH TIEpEeMEHHON UCTIONb3yeTCs JInHA 6a30BOI TPAaeKTOPHH.

Kn. ca.: ypaBHEHUSI IBHKECHUS B TaMIIBTOHOBOI (hopme, 0011I1e BOIPOCH! ONTHKH 3apsHKEHHBIX YacTHIL,
abeppannoHHble K03(UINEHTHI, CHMITICKTHIECKHE COOTHOIICHHS, aHATNTHIECKast IMHAMHKa

BBEJAEHUE

VYpaBHEHHUs NBUKEHUS, 3allUCaHHBIE B TaMMJIIBTO-
HOBOH (hopme, oOecreunBalOT MaTEMaTHYECKH dile-
TaHTHBIA BUI GOPMYJT U MO3BOJIAIOT IPUNUTH K HEOYe-
BUJHBIM BBIBOAAM, CICIYIOIMM W3 (yHIaMEHTalb-
HBIX pE3yJbTaTOB AHANUTHUYECKON nuHamuku [1-4].
Opnako JUIst 337a4 ONTHUKH 3apsKEHHBIX YacCTHII, KO-
TOpasi, KaKk MPaBUJI0, UMEET JEJI0 C y3KUMH IIyYKaMH
MOHOB M DJICKTPOHOB, Takas (GopMa ypaBHCHUH IBH-
KEHUSI HE CIUIIKOM ymoOHa [5, 6] oT4acTH B CBS3HU
C UCTIOJIb30BAaHHEM BPEMEHHU B KaueCTBE HE3aBUCUMOM
nepeMeHHOU. B To e Bpems ¢yHIaMEHTaIbHBIE BBI-
BOJIBI, CIEAYIOUIME U3 TaMHJIBTOHOBOW (OpPMBI ypas-
HEHHUH JBWXCHUS, CIMIIKOM LEHHBI, YTOOBI TaK MpO-
CTO OT HHMX OTKa3bplBaThcs. B manHoil pabore pac-
CMaTpUBAETCs] KOMIIPOMUCCHBIN MOAXOM, MpPU KOTO-
pOM TaMHIBTOHOB (OpPMaU3M YIAeTCsl COXPAHHTH
JUIsL IBWKEHHS 3apsDKEHHBIX YacTUI[ B JIOKAJbHOM
CHCTEME KOOPAWHAT, COIMPOBOXKIAIOMICH IIEHTpab-
HYIO TPaeKTOPHIO. YPOBEHb H3JIOKEHHS OPHUEHTHPO-
BaH Ha CTY/JEHTOB TEXHWYECKUX BY30B M CIICHUAIIH-
CTOB, IPAKTHYECKH 3aHUMAIOLINXCS 3a1a4aMH ONTUKU
3apsDKCHHBIX YacTHll, a He Ha (U3UKOB-TCOPETHKOB
60 mpodeccuoHaroB-MaTeMaTHKOB,

VYpaBHEHHUs OBUKEHUS, 3allUCaHHBIE B TaMMJIIBTO-
HOBOH (opme, OMPEeAENIIOTCS CISAYIOUNMH Xapak-
TEpPHBIMH OCOOCHHOCTSIMH. MexaHnveckass cucTremMa
XapakTepusyeTcs 2n napaMeTpaMu i 9;

(i = 1,2,...,n) , UI3MEHEHUE KOTOPBIX BO BPEMEHHU OIH-
CHIBACTCS TMHAMHYCCKIUMH YPaBHECHUSIMH

2 -2, 0

roe H ( pl.,qi,t) — Hekoropas (GYHKUUS (TaMUIBTO-
HHAaH), XapaKTepU3yollas pacCMaTpUBAacMyl0 CHCTe-
My. IlepemenHble ¢, Ha3pIBaIOTCSA OOOOIEHHBIMH KO-

OpAMHATaMH, a IEPEeMEHHble p, — O00O0OIIEHHBIMU

UMITYJIbCAMH, XOTS PA3IMYHe MEXKIY HUMH JOCTATOY-
HO ycnmoBHO [2, 3]. Hampumep, mpu mojcTaHoBKe
ﬁi =4q;, qz’ =PDi> H(ﬁiaqnt) :_H(qz'aﬁi’t) (‘ITO AB-
JIETCS KAaHOHMYECKMM TIpeoOpa3oBaHHMEM, COXpa-
HSIONIMM ~TaMHUJIbTOHOBY (OPMY JIHHAMHUYECKUX
ypaBHeHu# [2]) 00001EHHBIC KOOPIUHATHI CTAHOBSIT-
csi 0OOOIIEHHBIMH WMIYJIbCaMH, OOOOIICHHBIE HM-
MyJIBCHl CTAHOBATCS OOOOIIEHHBIMH KOOPIWHATAMU,
OJTHAKO TaMWJIbTOHOBa cuMMeTpus (1) ams guHAMHA-
YECKUX ypPaBHEHHM, OMMCHIBAIOIIUX IMOBEIACHUE CHUC-
TEMBI, OYEBUIHBIM 00pa30M COXPaHICTCI.

Jis  HEepeNITUBUCTCKUX ypaBHEHWH JBUKCHUS,
OTNHMCHIBAIOIINX B paMKax MOHHOW ONTHUKH JIBUKCHUE
3apsHDKEHHBIX YacTHI] (MOHOB) TIOJ BO3AEHWCTBUEM
BHEIIHUX 3JICKTPUYCCKUX W MArHUTHBIX TOJIeH, ra-
MUJIBTOHHAH ornpeaenseTcs Gpopmyoii [7, 8]

1 2
H =%(p—§AX (x,y,z,t)} +

1 2
+%(q _SAY (x,y,z,t)] +

1 2
+E(r_gAz(x,y,z,t)) seU(xnp20). ()

3nece m — Macca MOHa; e — DIIEKTPUUYECKUH 3a-
psn  HOHA; X,y,Z — JIEKapTOBBl KOOPJUHATHI,
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urparomue POJib 0606I_I_ICHHBIX KOOpAuHAT.
OGOGH.IeHHLIe UMIIYJBCBl p,q,r CBA3aHbl CO CKOPO-

CTIMHU X, y,Z, KOOPAUHATAMU X,Y,Z W BPEMEHEM [
COOTHOIICHUSIMH

p =m>'c+£AX (x,y,z,l),
c

g=my+= Ay (x,,2.1), (3)
r= mZ'+EAZ (x,y,z,t).
c

Bexrop-hyakmms A(x,y,z,t)z(AX,Ay,AZ) — BEK-
TOPHBI NOTEHLMAJ, CBSI3aHHBIA C MHAYKLHEW Mar-
HUTHOTO TIOJIS B(x,y,z,t)z(BX,By,BZ) COOTHOIIIE-
HHEM

B=rot A=V xA.

Oynkuuss U (x, y,z,t) — CKaJSIPHBIA TNOTEHLHUA,
CBSI3aHHBIN C HANPSPKEHHOCTBIO AJIEKTPUIECKOTO OIS
E(x,y,z,t) = (EX,Ey,EZ) COOTHOLIEHUEM

1 A 1 0A

E=-gradU -——=-VU .
c ot c ot

[locne s3nemeHTapHBIX NpeoOpa3oBaHU TaMHIIb-
TOHOBHI ypaBHeHUs (1) ¢ raMuiIbTOHHMAHOM (2) TIpH-
o0peTaroT BUJ KJIACCHYECKHX HEPEISATUBHUCTCKUX
YpaBHCHUU JBWKCHUS 3apsSDKCHHON YaCTHIBI B DIICK-
TPUYECKOM M MArHUTHOM TOJISIX, MCIIOJIL3YIOUINX Ta-
yccoBy cucremy enuant; CI'CE [7]:

mi = eE, +=(B, - 2B,),
C

m§ = eE, +<(~iB, +B,), (4)
C

m# = eE, + (B, — j By ).
C

B BexTOpHBIX 0003HAYEHHAX YpaBHEHHS IBHKE-
HUs (4) BBITISAST CIEIYIOIIUM 00pa3oM:

mﬁzeE+£(pr),
c

rae p(t):(x(l),y(t),z(t)) — paguyc-BEKTOp, OIl-
pEACIAIOIIMM  [IOJ0XKEHUE 3apsSKEHHOW  YacCTHLIbI
B MPOCTPAHCTBE B MOMEHT BPEMEHHU ! B BHIOpaHHOMN

JIEKapTOBOM p (t) =

=(5c(t),y(t),z'(t)) — CKOpPOCTb YacCTHILBI B MOMEHT

CHUCTEMC KOOpAWHAT,

BpPEMCHU t. HaHpﬂ)KeHHOCTL QJICKTPUYCCKOI0 IOJIA

E(p,t) Y WHAYKIHUS MarHUTHOTO TTOJIS B(p,t) ObuH

OIIpEJIeNICHBI paHee C MOMOIINBI0 CKAISIPHOTO M BEK-
TOPHOTO TOTEHIUAIIOB, KOTOPBIE JUISI TAMUJIBTOHOBBIX
YPaBHEHUH IBWKCHUS CTAHOBSTCS INEPBUYHBIMHU Xa-
PAKTEPUCTUKAMU JICKTPOMArHUTHOTO TIOJISL.

Jlanee ypaBHEHUS JBMKECHUS HOHOB B UMEIOLIUXCS
JJICKTPUYECKOM W MAarHHTHOM TOJIAX OYJyT paccMar-
puBathcst B o0meM Buzae (1) ¢ n 0000IIEHHBIMU MM-

IIyJabCaMHu p;, n 0606H_16HHLIMI/I KoopAuHaTaMHu ¢,

1 abCTPaKTHBIM TaMWJIBTOHHAHOM H ( pl.,ql.,t), XOTS

MPUKIIAIHOC 3HAUCHHUEC MOJYUYaCMbIX PE3YJIbTATOB IJIA
OINITUKN  3apsKCHHBIX  YaCTHUILL 6y,I[€T IIOCTOSAAHHO
HUMCTHCA B BULLY.

1. MHTETPAJIbHBII MTHBAPUAHT ITYAHKAPE

JUId TaMHIIBTOHOBBIX CHUCTEM CYILECTBYET CIELH-
(UUecKnii 3aKOH COXpaHEHUs] — aOCOJIOTHBIA HHTE-
rpanbHbIil nHBapuaHT llyankape [2—4, 9—11]. B aud-
(depeHunansHON opMe OH UMEET BUA

S(t)=>_ [dp,.dg,]=const, 5)

k=1,n

r7e KBaJIpaTHbIE CKOOKM 00O3HAYalOT BHEIIHEE MpO-
n3Benenue auddepeHnuanon (moapodHee 0 BHEIITHEM
MPOM3BENCHNH W BHEmHeM auddepeHnrnpoBaHun
cum. [12, 13]). B Beipaxkennn (5) nuddepernrpoBanme
OCYLIECTBJIAETCS 110 CBOOOAHBIM TapameTpam &,
OT KOTOPBIX 3aBUCAT TPACKTOPHUU JUHAMHYECKON CHC-
TEMBbI, HO HE TAMHJIbTOHOBA (DYHKITHS:

() =p(L:66,-.), (1) =4, (L8,6,....),
:8pk(t;g]>825---)dg +5pk(l;8],82,...)

de, +..., (6
s 0¢, ! o, ? ©
dg, = oq, (t;€,.¢,....) de + oq, (t;€,.¢,....) de, v
0O¢, Os,

B yacTtHOM ciydyae B KauecTBE BapbUPYEMBIX Ia-
pamMeTpoB BBICTYIIAIOT HadalbHBIE YCIOBHUS, B OOIIEM
cilydae BapbHpyEMble HapaMeTpbl MPEJCTaBIAIOT CO-
0ol (GyHKIIMK OT HAYaIbHBIX YCIOBUH. BO3MOXHOCTE
CBOOOZHOrO BbIOOpa MMapaMeTPOB, XapaKTePU3YHOLINX
HavaJbHbIE YCIIOBHS JJIs YpPaBHEHUH IBM)KEHUS, 3a-
METHO o0Jjerdaer padoTy MO Hepexony OT KaHOHHYe-
CKUX TaMHJIBTOHOBBIX ypaBHEHHU# (1) K ypaBHEHUSIM
OTITUKH 3apsKEHHBIX YaCTHI], T/Ie Ha4aJbHbIE TaHHBIE
U TpaeKTOpHbIE (PYHKIMU JOJKHBI UMETh HAIJISAHBIA
FEOMETPUYECKUI CMBICII.

Bapeupyemble mapameTpsl HE3aBUCHUMBI  JAPYT
OT Jpyra B TOM CMBICJIE, 4TO MOpsAaok auddepenu-
POBaHMs KaK IO 3TUM IapaMeTpam, TaK U 10 BPEeMEHH
a1t QyHKIUH p, ¥ g, MOXKHO MEHATh MECTAMHU:

HAVYYHOE ITPUBOPOCTPOEHMUE, 2024, Tom 34, Ne 2



O TAMUJIIBTOHOBOM ®OPMAIJIN3ME 5

o 0 o[ 0 o o 0 (0
=, = — =] — .
Og;\ Og, | Oe \og ) ot\Os, | Og \ot
J J t J J
B cooTBercTBMM € IMpaBHUIaMH BHEIIHETO IMPOU3-
BeJieHUS U QepeHInanoB, TPOU3BEICHUE CyMM
npeoOpasyercs B CyMMYy NpPOH3BEICHUH (C coXpaHe-
HUEM TIOpsijika MHOXHTENeH), HenuddepeHmnaibHbie
MHOXHUTeNW T1pu AuddepeHIanax BBIHOCITCA 3a
KBaJ[paTHbIE CKOOKU BHEITHETO MPOMU3BEICHHUS, a CAMO
BHEIITHEE TPOM3BENICHNE dJIeMEHTapHBIX muddepeH-
[dgi, de j] =

orajIoB AHTUCUMMCTPUYHO!

—[ds - de, ]

[Ipu moncranoBke muddepennuanor (6) B BvIpa-
eHue (5) ¢ yuyeToM BO3MOXHOCTH BBIHECEHUS He-
I depeHInalbHBIX MHOXKUTENEH 32 CKOOKH W CBOK-
CTBa aHTMCUMMETPUYHOCTH BHEILIHETO MPOU3BEICHUS

[dsi, dsj] = —[dej, dei] HOJIy4aeM:

= Z [dpk,d%f]:

k=1,n

Prge 3 g, |-
Z 265 dgi’zag de; | =

k=Ln| i O€; i 0¢;

op, @
Zapgkazk[d 4z |-

k=1,n

P 94

5 i 94y _
O¢; Og,

[dsi,dg} .
O¢, O¢, !

Takum oOpa3om, nHBapuaHTHas BHemHAA nudde-
penuumansHas Qopma (5) pacmamaeTcs Ha COBOKYII-
HOCTh WHBApUAHTHBIX BBIPAKEHUI, 00jee MpPUBbIU-
HBIX JUISl TPAKTHYECKUX BBIYMCIICHUH:

S;(1)=2,

k=1,n

i>j\ k=l.n

9P 94 _
g, Og,

P 94,

= const,
O¢; Og,

(7
rae & u &, — aodas napa cBOOOAHBIX APaAMETPOB,
OT KOTOPBIX 3aBUCUT pacCMaTpUBAEMbIil IyUOK TpaekK-
TOpUi ( i (t),qk (t)) , TIPHYEM OYEBUIHBIM 00pazoMm

5,(1)=-5,(1). 5,(1)=0.

i Toro, 9To65! BeIpaxkenne (7) ObUIO WHBapHaH-
TOM, TaMWJIBTOHUAH [ He JIOJKEH 3aBUCETh OT Ma-
PaMeTpoB &; U &, B IBHOM BHJIE, YTO HE MELIAET eMy

3aBHCETh OT 3THX MAPAMETPOB OINOCPEIOBAHHO YEpe3
3aBUCHMOCTb OT &; U &; OOOOIIEHHBIX KOOPIMHAT
u uMIyibcoB. Torna BelpakeHus (7) HE 3aBUCAT OT
BpeMeHU. JIeCTBUTENBHO, TIOCKOIBKY

() o (an) s e o,
oe.  Oe\Op, ) .\ Op,Op, Oc.

O°H g,
apkaQS ag*
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0&, 0€,

2022
dr

0°H op,
y[-

s=1,n aqk apx 68*

O°H 0q,
0q,0q, Oc.

(I‘,Z[C BMCECTO &, INOACTABIIIOTCS 3HAYCHUA &, H Sj ),

To mocie auddepeHuupoBanuss BbipaxkeHus (7)
110 IEPEMEHHON ¢ TOJy4aeMm:

~
~—

d
d_ Sl/ (

op; 04, Op, 0q, Op; 04,

Og; Og, O¢, O¢; O¢; O,

P %s .
0os, 88

k=1,n

__O°H op, Oq; _
0q,0p, 0O¢, O¢,

O°H_0g, Og,
0q,0q, 0¢, O¢,
2 2
L OH opdp  OH Ip 0g
Ip.0Op, O¢; O¢; 0p,0q, O, O¢;
o°H 8p56qk+ 0°H 0q, 0q;
aqkép O¢; Og, 0q,0q, O¢; O,

62H aps apk

O’H 9q, op,
op,0q, O¢,; O¢,

=0.

8pk6p O, 0,
®)

CnenoBaTenbHO, XOTs BeIpakeHue (7) MpU pa3HbIX
3HAQUEHUSAX HA4YaJIbHBIX IIAPAMETPOB &|,&,,... LIPHUHU-
MaeT pa3Hble 3HAUYEHHs, OJHAKO MPH (PUKCHUPOBAHHBIX
&,&,,... €r0 3HaUeHUE B JIOOOH MOMEHT BpEMEHU
OyZeT OHUM H TEM Ke.

Ilpumeuyanue. Ecniun B KauecTBe HadallbHBIX Tapa-
METPOB &,,&,,... IIPUHUMAIOTCSI HAYaJIbHBIC YCIIOBHSA

0 _ 0
b =p; (to ) > 4;
HavaJIbHBII MOMEHT BpPEMCHU t:tO’ TO HWHBApPHUAHT-

=q[(t0), BBIOpaHHBIE B HEKOTOPBIN

Hble BbIpaxkeHHs (7) COBMALYT C TPaIUIIMOHHBIMHU
CUMIUICKTUYECKUMU COOTHOIICHUSIMH TSI TAMHJIBTO-
HOBBIX cucteM [4—6]. OIHAKO MHBAapUAHTHOCTH BBI-
paxeHuil (7) OTHOCUTEIBHO IMapaMETPOB &,E,,...,

C TOMOIIBI0 KOTOPBIX 33JaeTcsi MHOTOINapamMeTpuye-
CKUI TyYOK 3apsDKEHHBIX YacTHIl, 3HAYMTEIBHO 00-
jeryaer paboOTy MO MEpexoAy OT TaMHIBTOHOBBIX
0000IIEHHBIX KOOPAWHAT W WMITYJIBCOB K T€OMETpPH-
YEeCKU COJIEpXKATENbHBIM BEIHMYMHAM, HCIIOJIb3YEMbIM
B OIITHKE 3apSDKEHHBIX YACTHII.
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2. ”HTETPAJIbHBIA UHBAPUAHT
ITYAHKAPE - KAPTAHA

B BrIpaxkenun (5) BpeMs ¢ ABISETCS HE3aBUCHMOMN
MEepEMEHHON, UTparolleil 0coO0yI0 pob, OJIHAKO 3TO
He Bcerga ymoOHo. /g 3amad ONTHKY 3apsKEHHBIX
yacTul Ooyiee €CTECTBEHHO paccMaTpuBaTh CiIydai,
KOTJa BpeMSl ! CTAHOBUTCA OJHOH W3 3aBHCHUMBIX
0000IIIEHHBIX KOOPIWHAT, a Kakas-Tn0o 00oO0IeHHas
KOOpJIMHATa CTaHOBUTCS HE3aBHCUMOHW MEPEMEHHON
(cMm. manee cnemyromuit pasnen). B wactHocTH, cede-
HUS x =const, y=const 1100 z =const MO3BOJIAIOT
pa3buBaTh CIOXHYIO CHCTEMY Ha OTAENbHBIC "KyOu-
Ku" C OTHOCHUTENIBHO TPOCTOH CTPYKTYypOH, a 3aTeM
3¢ PeKTUBHO KOMOWHMPOBATh MX JIPYr € APYrom |5,
6]. Ograxko wHTerpanbHbIM MHBapuaHT llyankape (5)
IUIOXO MPUCTIOCOOJICH K TAKOMY BapUaHTY IEHCTBUIL.

IlycTe nmeercs (2n + 1) -MEPHBIN My4YOK TPACKTO-
puit ( ) (t),qk (t)), 3aBUCALIUMN OT MapaMeTpoB

&/5€,,-.., MCHSIOIINXCA B HEKOTOPOH OrpaHUYEHHOI

obmactu (cM. puc.). Bmecro ceuenus ¢ =const pac-
CMOTPHM CEMEICTBO 271 -MEpHBIX CEYEHHH 3TOTO
MTy4YKa, COOTBETCTBYIOIIEE yCIOBHIO

€))

OdeBHHO, UTO CEUEHHS = const SABISIOTCS OJ-
HHUM U3 YaCTHBIX ciydaeB ycioBus (9).

F(qula,---,[?,,,q,,,t) = const.

[locne moacraHoBKM B paBeHCTBO (9) pemeHus
Dy = Ds (l) s 4 =4, (t) raMWJIBTOHOBBIX YPAaBHEHHHI
npwkenns (1) momydaem ypaBHeHHE

F(pl(t),ql(t),,...,pn(t),qn(t),t)zr, (10)

B KOTOPOM T — IPOU3BOJIbHBIN MapaMeTp, Ybe 3Ha-
YEHHUE MOYKHO CBOOOJIHO MEHSTh, a BpeMsl ! — HEH3-
BECTHAasI BEJINYMHA, TECHO CBSI3aHHAs C MapaMeTpoM T
¢ momomipio paBeHcTBa (10). Ecmu anrebpanmueckoe
ypaBHeHue (10) He sABIseTcd  BBIPOXKIECHHBIM,
TO MOYKHO HAlTH perieHue

(11)

rJe mapamerpsl &,€,,... BOSHUKAIOT B COOTHOIIEHUU
(11) B cuiy TOro, 4YTO OT HUX 3aBUCAT (DYHKIUH
D (l), q; (z‘) TouHo Takke, eciau 3alaTh KaKUM-

t=T(1;¢,,¢,,...) ,

mbo oOpa3oM BcroMorarenabHoe cooTHouienue (11),
TO QyHKINH

P (731,65, = Py (T(T361,650--)53612625) = Dy
0,(t:6,,6,,..) =q, (T(r;el,82,...),;31,82,...) =q,, (12)
T(t:e,6,,..) =t

OyayT 3anaBaTh B (2n+1)—MepH0M pacuIMpeHHOM

da3oBOM  IPOCTpAaHCTBE  OJHONAPAMETPUUECKOE
CEeMEWCTBO 27 -MEpHBIX CedeHHH (ha3oBOro ImydKa

g

;’/’%ﬁ//////'/

77777 7
77 /////y//é////

Puc. TpyOka TpaekTopuii B paciiupeHHOM ()a30BOM HPOCTPAHCTBE (x,)'c,t) JUI mapaMeTpU30BaH-

HOT'O ITy4YKa TpaeKTOpPIﬁ, COOTBETCTBYHOIIECTO OJHOMCPHOMY JABUIKCHHUIO MOHA B YCKOPSAIOMIEM JJICK-

TPUYECKOM TIOIE.
a) ceyeHue ¢ = const, 0) ceueHue x = const

HAVYYHOE ITPUBOPOCTPOEHMUE, 2024, Tom 34, Ne 2
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TpaeKTopui (Pk (T),Qk (T),T(T)) , 3aBUCSIIUX OT Ia-

paMeTpa 7T W COOTBETCTBYIOUIMX YCIOBHSAM T = const.
ITpn Takoii opmyIMpOBKE 3ajaun mapameTp 7,
OCYILECTBIISIIOIINI pa3BepTKy TPAeKTOPUI B paciiu-
peHHOM (ha30BOM TPOCTPAHCTBE, OOJBINE HE CBS3aH
HaIpsAMyIo ¢ (U3NYECKUM BPEMEHEM H B OOJIBIIMHCT-
BE CIly4yaeB MOXET MMETh JIOCTATOYHO aOCTPaKTHYIO
npupony. Takoil moaxon mo3BossieT Oonee THOKO 3a-
JaBaTh M WCCIIJIOBATh YCIOBUS MEpeceueHus MyYKOB
TPAEKTOPHHA C FeOMETPHUYECKHMHU T'paHUIIAMH, pasJie-
JSIFOIUMHM OT/AENBHBIE CTPYKTYPHBIE 3JIEMEHTHI CIIOXK-
HOU 3JIEKTPOHHO- MM MOHHO-ONTHYECKON CHCTEMBI.
ITocne nmoacranoBku (12) ¢da3zoBble mepeMeHHbIE
O,, T, obpasyrwomue pacmupeHHoe ¢a3oBoe
HPOCTPAHCTBO, CTAHOBATCS PAaBHONPABHBIMU. B HO-
BBIX  KOOp/AWMHATaX  3HA4YEHHUs  TaMWJIBTOHHAHA

H(p,,q;,t) BIONb OTAEIHBHO B3ATOH TPACKTOPHH
BBIUHCIIIOTCA KaK

H(t:e,,6,,...) =
=H(PB,(1:6,,6,,..).0, (1:6,.6,,..). T (7:6,,£,....) ). (13)

Pacmmpennas ¢gopma MHTErpajJbHOrO MHBapHaHTa
(5), xoTOpas Ha3BIBACTCS WHTETPaJbHBIM WHBAapUAH-
toM Ilyankape — Kaprana [10, 11], umeer Bun:

= Z [dEc,ko]—[dﬁ,dT} = const,

k=1,n

(14)

r7e, Kak ¥ paHblle, KBaJpaTHbIe CKOOKH 0003HAYAIOT
BHCIIHEE MPOM3BEACHHE COOTBETCTBYIOLIMX JIMHEH-
HBIX uddepeHnmanbupx GopM, a auddepeHIupo-
BaHHE BBINOJIHSETCS OTHOCHTENLHO IAPAMETPOB & .

Bripaxenue (14) BeiBoauTcss M3 BhIpakeHus (5)
CIIEIyIOIIUM 00pa3oM:

dr = Z—da (15)
dp, =26P de, =Y %wka—T]dgj:Z[@ﬂ—aH aT]dg —dp - A ar, (16)
7 0¢; 7\ 0¢; 0¢, 7\ 0g; 0q, O¢ 0q,
10, =Y e = Ye g O g, 5| e O OT g, gy + My, (17)
7 0¢; 7\ 0¢; 0¢, 7\ 0¢; ka 63 op,
ii7=Y Mg —5| 5| G OHOG | OHOT |, _
7 0¢,; 7\ iz Op, Og,  Og, O, ot Og,
=> —dP aHko cMar (18)
k=1,n a k 6l‘

W3 pasencts (16) u (17) MoxxHO BeIpasuTh anddepenimansl dp, n dg, gepe3 mupdepenmmanst dP,, dQ,
n d7. [locae nmoacraHoBKH 3THX AU PepeHInanoB B BeIpaxeHue (5), TIe BMECTO IIEPEMEHHON ¢ MCIOJb3YeTCs

dynkums T(7;€,,¢,,...), HOMydaem:

2. [dp..dg,]= Z[

k=1,n k=1,n

= 2[R

k=1,n

k

kln

k=l,n k=1,n k

- Z [de,ko]—[df_I,dT]

k=1,n

(3mech OBLIO UCTIONB30BAHO YCIOBUE [dT ,dT ] =0).
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L)

.dQ, |- Z oH [de,dT]+ > 27H[dT,ko]—

——dT}
op;

Zﬂaﬂ[dT dT] =

k=ln k=1.n 04 OPy

oH OH OH
= > [dR.,d0,]- D] {adﬂ,dT}— > {a—ko,dT}—E[dT,dT]_

k=1,n k

(19)
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Panee Obu10 MOKa3aHO, YTO NMPH (HPUKCHPOBAHHBIX
napamerpax &; audpdepeHunanbuas dopma (5) co-
XpaHseT CBOE MCXOAHOE 3HAUYEHHUE IPH JI0O00M U3Me-
HEHUH MEPEeMEHHOM f. DTO O3HAuaeT, YToO €CIIU HOA-
CTaBHTH B (5) BMECTO MEPEMEHHOW ¢ HOBYHO (yHK-

o T (r;gl,gz,...) JIOCTATOYHO MPOU3BOJIIEHOTO BUJIA,

TO TOJYYCHHOE BBIpaOXKEHHUE OYIET TOYHO TaK KE CO-
XpaHITh CBOE HMCXOJHOE 3HAYCHHUE, HO TEleph YiKe
npy JI000M M3MEHEHHHU MepeMeHHoi 7. M3 paBeHcT-
Ba (19) cnenyer, uro B TakoMm ciyuae auddepeHiu-
anpHas Gopma (14) odeBummHBIM 00pa3oM He OymeT
W3MEHSTh CBOETO MCXOHOI'0 3HAYCHMUsI TIPU (PUKCHUPO-
BaHHBIX MapaMETPax &, M HM3MEHEHHH CBOOOIHOM

MIEPEMEHHOH T.
WuBapuantHas ¢opma (14) mpencraBnsier coboit
CyMMY MHBApUaHTHBIX BBIPAKEHUI

oP. 80, 0P, 80
K. (7)= Tk TRk Tk ZEk |
i (7) Z(égi dg; O¢; Og, j

k=1,n

ﬁsi Og; Og; Og, ’ (20)
rae & ¥ &, — mobas napa cBOOOAHBIX MAPAMETPOB,

oT KOTOPBIX 3aBHCUT

(B{(g),Qf(r),T (r)), MPECTaBJICHHbI B MapaMeTpu30-

IIy4O0K  TPaeKTOpHil

BaHHOU (opme (12). ['amunbronnan H 3aBUCHT OT Ia-
PamMeTpoB & M &, KOCBEHHO, HY€PE3 OMMUCHIBAIOLINE

oP. 60
k(o) 5[ B

OF 99 |_
T\ O, 6gj

O¢,; O¢,

_ Pi _
k=1,n ag'

k=ln apk agi

_(aﬁ or ol aT]_

an et ot (a,
0q, Og; ) 0q,

Og;, Op, Os,

TPaeKTOPHIO OOOOILICHHBIE KOOPAWHATHI, 0000IIeH-
HbIC UMITYJIbCBI U BPEMsI, TaK YTO YaCTHBIC MPOU3BOJI-
Hble TaMuIIbTOHHaHa B (opmyie (20) BBIYHCISIOTCS
U3 CJIELYIOIIETO COOTHOIIEHUS (TI€ &, PAaBHO &, NUOO

£;):

OH (B,0,.T) _
oe..
_y OH O  OH 00, | H T ),
k=1,n apk 68* 6qk 58* at 68*

ITokaxkeM HampsMyto, 9TO BeIpaxkeHue (20) maimo
4yeM oTiIn4aercs ot ¢ uaBapuanta [lyankape (5) u Tem
CaMbIM IpU (DUKCUPOBAHHBIX IMAPaAMETPaX &,&,,...
00513aHO SIBJIATHCS KOHCTAHTOM, HE 3aBUCAINEH OT Tie-
peMeHHOU 7. JIeHCTBUTENBHO,

Oh _% . OT _0Op OH OT

de. Oe. ' “0e. Os. 0q, Oe.
00, =%+q oT aqk+8H oT

Oe. Oe. de. 0Os. p, Oe.
6H OH oF, N OH 00, 8H or
58* i\ Op, Os. 0q, Oe. 6t 68*

raAc¢ BMCECTO &, HNOACTABJIAIOTCA 3HAYCHUA &, U 81.

Torna

OH OT  0q, | OH OT | | Op, OH OT | Oq;  OH OT }|
ﬁqk o¢; )\ Og, Op, O¢; Og¢; 0q, 0¢; \ Og; Op, O¢,

oH GTD oH aT] oT
| |+—

J’_
ot o Ogj

Jxfor %_fﬂ@_T oH (g, oM OT |, oH or |oT _
faryt 6pk Og; 0q, Og, 6qk O¢; Op, O¢,; ot Og; |0g,

_ (%%_
k=1,n

P 94
Og,; O¢,

O¢; Og, '
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B 3TuX BBIpakeHHSX, COTJIACHO COOTHOIICHUSIM
(12) nna ¢yskuumit p, (t) u q, (t), HCIOJIb3yeTCA

nozxcranoBka ¢ =T7(7;6,,6,,...), a i GyHKUMH
H(p,.q,.t), cornacHo cootHowennto (13), — mox-
craHoBku  p, =P, (7;€,,6,....), q, =0, (1:€,,6,,...),
t=T (7;51,82,...). Tax xak uaBapuant Ilyankape (7)
npy (UKCHPOBAHHBIX MAPAMETPAX &; ABISETCS KOH-

CTaHTOM, HE 3aBUCSIIECH OT 3HAYCHUS] IEPEMEHHOHU
TO ¥ TOCJIE TMOJCTAHOBKM B HEro 3HAUYCHUS

t=T (1;8],82,...) BeIpakeHHe (7) OKaKeTCs KOHCTaH-

TOH, HE 3aBUCALICH OT IepeMeHHOU 7. BeiBOA: mpu
T0OBIX 3HAUYEHHAX CBOOOJHOrO Mapamerpa T BeJH-

YypHa Kl./. (‘L’) COXpaHsiCT OJHO MU TO 7KC€ 3HAUCHHUC MPHU

(pukCHpOBaHHBIX IIApaMeTpax &; .

Ilpumeuanue. B [10, 11] nmokazano, 4yTo eciu s
HEKOTOPOH IWHAMHYECKOH crucTembl Belpaxkenue (14)
SBJISIETCSl MHBAPUAHTOM, TO Takasi AMHAMHYecKasl CHC-
TeMa He0OX0AUMBIM 00pa30M OIHCHIBAETCS] CHCTEMOM
raMWIBTOHOBBIX  AU((EepeHINaIbHbIX  YpPaBHEHHUH
¢ raMuiabTOHHaHOM H. Ilo3TOMy HMKakuX JOMOIHH-
TEJIbHBIX MHBApUAHTHBIX BHEMIHUX AuddepeHmans-
HBIX (hopM, He3aBUCHUMBIX OT ¢opmsl (14), y Takoit
cucTeMbl ObITh HEe MOeT. CleoBaTEeIbHO, HE MOXKET
OBITh TOTIOHHUTENBHBIX (YHKIIMOHAIBHO HE3aBHCH-
MBIX A (epeHInanbHbIX COOTHOIICHUH, aHaloTuy-
HBIX CHUMIUIEKTUYECKHM COOTHOIICHHsM Uit abeppa-
LUOHHBIX KO3((HUINMEHTOB, UCIOJIb3yEMbIX Ul ONU-
CaHMsl MYyYKOB JJIEKTPOHOB M MOHOB B ONTHKE 3aps-
JKeHHBIX YacTull [5, 6].

[Tpumep: 3akon JlnyBuiis o coxpaneHnH ($a3oBo-
ro ob0pema [1-4] oSKBHUBaJIEHTEH WHBAPHUAHTHOCTHU
BHEIIHEH nudpepeHunanbHon GOpMBbL, COCTOSIIEH U3

€IMHCTBEHHOI'0 MOHOMa [dpldqldpqu2...dpndqn] c2n

coMHoXxuTenaMu. Opnako 3ta auddepeHnranbHas
(dopma sBnsieTcs: pe3yIbTaTOM 7 -KPaTHOTO BHEIITHETO
npousBenennss auddepennmansHoi  popmer  (5)
Ha camy ce0s. [loaToMy WMHBapHaHTHOCTH BHEIIHEH
muddepenmansaoil hopmbl JInyBuuIa sBIETCS ai-
reOpandecKuM CIIEICTBUEM HWHBAapUAHTHOCTH (HOpMBI

().

3.3AMEHA BPEMEHU HA KOOPIUHATY

BHumatenbHbIM B3IJI HA MHTETPAJIbHBII UHBApU-
anT [lyankape — Kaprana (14) noncka3ssiBaer, 4To Bce
MapHbIC BHEIIHUE TMPOU3BEACHUSA IU(PHEpEeHIINAIOR
UMEIOT OJMHAKOBBIA Bec. [I0aTOMy MOKHO BBECTH
B pacCMOTpPEHHE HOBBIH BUPTYaIbHBI 000OIIECHHBIN
umnynsc P=—H 1 HOBYIO BUPTyaJlbHYI0 0000IIEH-
Hy0 KoopAauHaty (=T, IpH 3TOM B KaueCTBE HOBO-

ro 'rammisToHmana" B3aTh (QyHKIIO H =-h,
a B KauecTBe HOBOTO "BpeMeHH" — O0OOLICHHYIO KO-
opmunary T =(,. VuBapuantHOCTh BHEMIHEH Iud-
¢depennmanbHoit Gopmbl (14) oT Takol 3amMeHBI HE
W3MEHHTCS U, CIIeI0BATEIbHO, COOTBETCTBYIOIAS JTU-
HaMHYeCKasi CHCTEMa CHOBA OYJET OIHMCHIBATHCS CHUC-
TEeMOM ypaBHEHHUW C TaMUJIBTOHOBOM CUMMETPHUEH.
3aKOHHOCTb 3TOW omepauud 0OOCHOBHIBAETCS MHBa-
PHAHTHOCTHIO AH(QepeHInaTbHOTO BRIPAKEHUS IS
nepsoro auddepennuana cnoxxHon pyHkun [14].

Paccmotpum a3ToT mporecc Oosee moapoOHO.
ITycth 13 anredpandeckoro ypaBHEHUs!

P=—H (P4, P1,q>> P>, 1) (22)

000O0IEHHBI UMIYJbC P, BBIPAXKEH Kak (DyHKIMS

HEPEMEHHBIX p,f, D,,q,, ..., P,.q, U ¢, (A1 3TOro
J0CTAaTO4YHO, IITO6I>I BBIITOJIHAJIIOCH yCJ'IOBI/Ie
OH [op, #0):

2 ==8(P1:450s 0,24, P15, ) - (23)

JIOTIONHUTENbHO U3 paBeHCTBa ¢, (1)=T Bpems ¢
BBIP)KEHO KaK (yHKIHMS HOBOH HE3aBHCHMOW Tepe-
MeHHOWH T: t=T (1) (mns aTOrO Tpedyercs, YTOOBI

q, (t) #(0, YTO ONATh-TAKW SKBHUBAJICHTHO YCJIOBHUIO
OH [op, #0). st GyHKumii

B(e)=p(T(). Q(r)=a,(T()).
P(e)=-H(R(r).0 ()P, (2).0,(e):7(7)). 7()

oJry4acM JUHAMHUYCCKHUEC YPABHCHUS

dB(r) _[dp ()|  |dT(z) _ 0H(pi.g,st) [da,(t) _
dr dt |t:T(T) dr 0q, dt
__OH(p,q,.t) [OH(p;q;:1)
oq, ap, ’

HAVYYHOE I[TPUBOPOCTPOEHMUE, 2024, Tom 34, Ne 2
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)

in(T)z dql.(t)| dT(r)ZOH(pi,qi,t) dql(t)_
dr dr |, ) dr op, d
ZOH(pi,qi,t)/aH(pi,qi,t)
p; p, ’
dP(r)__ d | dT(r):_ ¥ ai[p.#LH
dr de LZT(T) dr S\op, ' og,
__OH(p,q,.t) [0H (p;,q;:t)
ot op, ’
dT(l’):1 dql(t)| :l/ﬁH(pl.,qi,t)
dr dr |, o

rae norpedyercs caenarsb MOJICTaHOBKY p, = P (1) , g,

i

JKCHHBIX CIIpaBa OT 3HAKa PABCHCTBA.

Ipumeuanue. Pemenne ¢,(f) raMUIBTOHOBEIX
JUHAMUYECKUX ypaBHEHUH i 000O0IIEHHOH KOoOop-
JVHATBl ¢, SIBISETCS (DYHKIMEH HE TOJIbKO BPEMEHU
{, HO W HavyalbHBIX ycioBHi. COOTBETCTBEHHO, 00-
patHas pyHKuus ¢ =1 (r) TaKXKe SIBISIeTCS] PYHKIUEH

HE TOJIHKO CBOOOJHON TIEPEMEHHON 7, HO M TEX XKeE
CaMBIX HadaJlbHBIX yCIOBUH. OUYEeBHIHO, YTO HE3aBH-

CHMO OT HauallbHBIX YCIIOBUHl ¢, (T (r)) =7, TaK 4TO
q, (T (7:))51/ T (T) AHanornyHsiM o0pa3zoM (yHK-

wn p, (1), ¢,(¢) (i=2,3,..,n) 3aBHCAT HE TOIBKO
OT BPEMEHH f, HO M OT HabOpa HayaIbHBIX YCIIOBHIA,
KOTOPBIH HMCIOIB30BANCS NP BBIYMCICHUH (DYHKIIHH

q,(1).

[Tockonbky (23) siBnsieTcs pelieHHueM ypaBHEHUS
(22), TO cipaBEATTUBO TOKIECTBO

E_H(_S(p2’qza'“’pn’qn’p’ta%)’QI>p2’q2""’pn’qn;t)'
(24)

[Tpu nuddepenunpoBannu Toxxaectsa (24) no me-
PEMEHHBIM p, p,, ¢, U ¢ NOJIy4aeM PaBEHCTBA!

\oHes | onas on
op, ap’ op, dp;  Op, ’ (25)
_OHOS OH  OHOS oH
op, oq, oq;"  op ot o’

0 (T) , t= T(T) JUISL aprTyMEHTOB (hyHKIIUH, Pactoso-

rae KOHCTPYKUHIO —S () , KOTOpasi BXOJUT B CIIMCOK
apryMeHToB (DyHKIUM H, B COOTBETCTBHUU C PaBCH-
cTBOM (23) HajI0 3aMEHUTL Ha IEPEMEHHYIO P, .

M3 nonydeHHBIX COOTHOIIEHHN MOXHO BBIPA3UTh
YacTHBIE MPOM3BOJHBIE (pyHKIMU S uepe3 dacTHHIE
nmpou3BoAHble PpyHKIMU H. DTH BBIpaXKEHUS B TOY-
HOCTH COBIIQJAIOT C MPaBbIMH YacCTAMM IOJYyUYEHHBIX

paHee ypaBHEHUH A R.(r), Qi(r), P(‘L'), T(T).

dysxkwn  P(7), O(r) (tme
i=2,3,..,n), P(T), T(z’) YIOBJICTBOPSIIOT TaMIIIb-

CiretoBaTelbHO,

TOHOBBIM YpaBHCHUAM C raMHUJIbTOHHUAHOM

S(pz,qz,...,pn,qn,p,t,r) ,The T =q, — 00001eHHas

* DT0 10CTATOYHO TOHKMiT MOMeHT. BooO1ie rosops, kak
paBeHCTBa (25), TaK U MOJTyYaeMbIE C UX TOMOIIBIO BBIBO-
JIbl HE MOTYT OBITh CITPaBE/IIMBBIMU IIPH COBEPIISHHO ITPO-
U3BOJIBHBIX IEPEMEHHBIX D,q,, Ps>qys o5 Pyo, s> Dot -

JInbo mepemeHHas p| SBISIETCS HE3aBUCUMOH, a IEPEMEH-
Hasl p BBIPa)KaeTCsl Yepe3 Hee U OCTaNIbHBIE CBOOOIHBIE TIe-
peMeHHBbIE — C TIOMOIIBbIO COOTHOIIeHHUS (22), Tub0 mepe-
MEHHas p BJIAETCS HE3aBUCUMOM, a IEPEMEHHAS P BbIpa-
JKAEeTCs Yepe3 Hee U OCTAITbHBIE CBOOOTHBIE MEPEMEHHBIE —

¢ momo1ikio cooTHomenus (23). Ho T.k. dopma muddepen-
LMaja nepBoro Mopsiika JUIs CII0XKHOM (DYyHKIIMHM MHBapH-
aHTHa [14], MOXHO 10 X0y JeNia MEHSTh, KTO U3 IEPEeMEH-
HBIX OT KOTO 3aBHCHT, HE CIMIIKOM OECIIOKOSICh O 3aKOHHO-
CTH TaKoii oneparyu. [y Mpou3BOAHKIX U 1uddepeHima-
JI0B 60JIee BBICOKOTO MOPS/IKa TaKOH IOJIX0/1, €CTECTBEHHO,
paboTath He OyZeT.
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KOOpJAWHAaTa, BBI6paHHaS[ Ha poOJb HE3aBUCHMOM IIe-
pGMCHHOP’I BMCECTO BPEMCHU t:

d2(r) oS do,(r) oS dP(z)  as
Tar o dr o dar a
dT(T)_aS
dr

Ilpumeuanue. Teopema O BO3MOXKHOCTH 3aMEHBI
BPEMEHH Ha KOOPAWHATY C COXPAaHEHHEM T'aMHJIIbTO-
HOBOM CTPYKTYpbl JUHAMMUYECKUX YpPaBHEHMH NpH-
Hamnexut Anekcy [party (Alex Dragt) [15]. B ero
¢dbyHmameHTanpHOH pabore [16] mepexom K HOBBIM
0000IIEHHBIM KOOPJIUHATAM U UMIYJIbCaM BO3HUKAET
Kak deus ex machina, He CIWIIKOM YOEIWTEIHHO
000CHOBaHHBIN C MOMOIIBIO MPUHIIMIIA HAUMEHBIIIETO
nectBud. Ilpu MCHOAB30BaHUM MHTErPajgbHOTO HH-
BapuaHTa [lyankape — Kaprana 3ToT nmepexoj1 BbITIIfA-
JTUT €CTECTBEHHBIM H MTOYTH OYEBHTHBIM.

4. PACHIMPEHHBII HABOP TAMWJILTOHOBBIX
INEPEMEHHBIX

IIpu cpaBHeHUM MHTErpayibHOrO HMHBapuaHra Ily-
ankape — Kaprana (14) 1 MCXOIHOTO MHTErPaTHHOTO
nnBapuanTa [lyankape (5) JeTko MpeanonoxuTh, 4TO
BMECTO TOTO, 9TOOBI MCKIIIOYAaTh W3 CIHCKAa TaMIIIb-
TOHOBBIX NEPEMEHHBIX KaKyo-1ubo mapy "o6oOmieH-
HBIH UMITYJIBC — 0000IIEHHAs KOOpAHHATA" C 3aMEHOM
MX Ha mapy ''monHas BSHeprus —  Bpema"
(cM. penBIaY LN pa3zen), UMeeT CMBICH JOTIOJIHUTh
TEeKyIIHHA CHUCOK TaMHJIBTOHOBBIX TEPEMEHHBIX €Ille
OJIHOM IapOM 3HAYEHUH, COXPAHUB JUIsl PACUIMPEHHO-
o CIHCKAa TEPEMEHHBIX TaMWJIBTOHOBY CTPYKTYPY
JUHaMUYeCcKUX ypaBHeHul. Ilocne Takol omepanuu
WHTErpaibHbIN uHBapuaHT [lyankape — Kaprana (14)
MIpeBpaIlaeTCcsl B MHTErpalbHblil HHBapHaHT [Tyankape
(5), zamumcaHHBIN JUIA pPAcCIIMPEHHONM CHCTEMBI Tra-
MHJIBTOHOBBIX NTEPEMEHHBIX, a 3aBUCSAIINNA OT BpeMe-
HU TaMWJIBTOHMAH CTAaHOBUTCS CTAllMOHAPHBIM.

Jlo6GaBuM K CITMCKY pEIIeHUi raMIIbTOHOBBIX JIU-

HAMHUYECKMX  ypaBHEHUH  p, (t) s g (t) (rme
i=12,..,n) byHKIUH h(t)z
= —H(pl. (1).q, (t),t) u 7(t)=1r. Taxxke 100aBUM HO-
BYIO CBOOOJHYIO TMEPEMECHHYIO S, TI€ CBSI3b MEKIY

HOBBIC

BpPEMCHEM ! U TMEPEeMEHHON S 3ajaHa kak f =T (s)
C TIOMOIIBIO TOKA YTO HE OMNpeNe]eHHON (QYyHKIHUH
T (s)

Ilycte Tenepn L( p[,qi,h,r) — OTO HOBBIA ra-

MWJIBTOHMAH, HE 3aBHCALINM B SIBHOM BHJIE OT CBO-
0oxHoit nepemenHoit s. Paccmotpum dyHKInN

HAVYYHOE I[TPUBOPOCTPOEHMUE, 2024, Tom 34, Ne 2

i)i(s):pi(T(S))’ ‘ii(s):qi(T(s))’
h(s)==H(p,(5)-G.(s)-2(s)). 7(s)=T(s),

KOTOpPBIC MPEAINIOJIOXKUTCIBHO AOJIKHBI OBITH pemie-
HUAMH HOBBIX TaMHJIBTOHOBBIX ypaBHeHHﬁ. JIHSI OTUX
(bYHKLII/Iﬁ JAOJIKHBI BBIIIOJHATBLCS paBEHCTBA:

P} (s ALle)
aH(ﬁf’gTi’f) dT(S)

ds ds op, ds
OL(p,»G,:h>%)
——
d};(s)_ _dH| dT(s)_
ds | drlg) ds
_ OH . 0H .\ oH |dT(s)
_[ i;,n(apfpi+8quij atJ ds
0H(p.q.7)dT(s)  OL(Pnghit)
- ot ds or
df(S) dT S) - M~ aL(i)[aq,'ail”f)
= =Flp.qg.h = = 7
ds ds (pl’q19 3T) ah b

(26)

rae F(p,.q,,h,T) — HeKoTopasi 110Ka He OIpeeIeH-

Hast QyHKIHSL.
Ha ocnoBanuu ananusa paBeHcTB (26) moTpebyem,

9TOOBI HEW3BECTHAS (PYHKIHS L( pi,qi,h,r) yAOBIIE-

TBOpsUIA CUCTEME YPAaBHEHUH B YAaCTHBIX IPOMU3BOJ-
HBIX

aL(pl_,gi,h,T) _ aH(pi’{’]_i’T)

oq, oq, F(pi,%’h,r)’
aL(pgii,h,r) _ GH(gglq;,T)F(pi,%,h,r),
aL(p,ézi,h,T) _ aH(l(;,;qi,T)F(pi,%,h,r),
W:F(Ea%:h’r)

27



12 A. C. BEPIHUKOB, C. B. MACIOKEBIY, 10. 1. XACHH, M. U. ABOP

(31ech OBLIO
s) / ds=F).

HCIIOJIB30BAaHO PaBCHCTBO

s Toro, 4ToOBI Yy cUCTeMBI (27) UMENIOCh peliie-
HUe, Heo0XomuMo U goctaTodHo (cm. [17, 18]), uToObt
Vi, j Ais CMEUIAHHBIX YaCTHBIX MTPOU3BOIHBIX, KOTO-

pble BBIYHCIISIOTCS C IMOMOIIBIO MPaBbIX YacTel cuc-
TeMBI ypaBHeHUH (27), ObLIH BHITIOTHEHBI TOXIECTBA

i[a_LJ_i(ﬁ_LJ i{a_L]_i(é_Lj
ap\p,) ap\ép,) éq\éq,) oq,\0q)
i(ﬁ_L]_i[a_LJ
ACECACHA
ofeL) o (oL of(oL) o (oL
GT[OpJ Op,[ﬁrj’ 81’(8q] 6_%(5}’
i(a_L]_i(a_Lj ﬁ(a_L]_i(ﬁ_Lj
oh\ op, ) op \oh) oh\ dq, | 0q.\oh)
(oL o (oL
o))

Jna cucremsl ypaBHeHUH (27) cCOOTBETCTBYIOIINE
COOTHOILECHUS UMEIOT BUI:

OH OF _0H oF OH OF ©OH OF

o, o, p p, oq; 04, g, 0q;
OH OF _0H oF
86] ; ﬁpl 6 6q ;
OH OF OH OF OH OF _0OH OF
ap,. ot or 6p aq,. ot or 6(]
OH OF _oF OH OF _ oF OH OF _oF
8 oh ﬁpl ﬁq, oh 8q or oh ot

Jlerko yGeauThesi, 4TO AJIs TOTO, YTOOBI 3TH COOT-
HOIIIEHUS OBUIM BEITTOJHEHEI, HEOOXOIUMO U JI0CTa-

TOYHO, 4TOOBl (pyHKIUS F ( pi,q[,h,r) YAOBJIETBOPSI-

JIa CUCTEME JIMHEUHBIX YPaBHEHUN B YaCTHBIX IPOU3-
BOJHBIX IIEPBOIO MOPSIKA:

gi. OF _OH OF _
apz apt ah ’

.. OF OHOF _
Vii —-——"—=0,

agz aqt ah

OF _0H oF _

ot Ot Oh

(28)

Cucrema nmuHeHHBIX TudepeHIInanbHbIX ypaBHe-
Hu#l (28) B 4aCTHBIX MPOU3BOAHBIX MEPBOTO MOPAIKA
siBisieTcst copMecTHo (cM. [17, 18]), u ee obmree pe-
IIIEHHE UMEET BU]

F(pl.,qi,h,r)

=cD(h+H(p,.,qi,f)), (29)

rae (I)(u) — Mpou3BOJIbHAs GYHKIUSA. TOYHO TaK XKe,

KOTJa BBIIIOJHEHO yciioBue (29), To cucTeMa JHHEH-
HBIX AuddepeHIraIbHbIX ypaBHeHUH (27) B 4acTHBIX
MIPOM3BOAHBIX MEPBOTO MOPSIKA SBISETCS COBMECT-
HO, U ee o0lee peleHue UMEET BUT

L(pl,q[,h,r) =Q(h+H(pi,gi,T)) ,

rae Q(u) — npoussonbHas Gynkuus. [Ipu sToM s

(30)

GyHKIMH CD(u), KOTOpasi UCIONB3YEeTCs B YCIOBHU
(29), nmomwKHO  OBITH  BBIIOJIHEHO  PABEHCTBO
Q'(u) = @(u) . OTO He TMPOTHUBOPEUUT CACTAHHOMY
paHee yTBEp>KACHUIO 00 OTCYTCTBHU YCIIOBHH, HaJO-
KCHHBIX Ha (YHKIHIO (D(u): ecln Q(u) — Tpou3-
BoJibHast pyHKuus st perrenns (30) cucrteMbl ypaBHe-
Huii (27), To u (D(u) = Q'(u) — MpOU3BOJIbHAA (PYHK-
st 1ot perenust (29) cucrembl ypaBHeHHH (28).
BreiBon: cucremMa AMHAMUYECKHX YpaBHEHHW st
pacImupeHHOW cucTteMbl (QYHKIUH p, (t) s 4 (t) R

h(t) = —H(pl. (t),ql. (t),t) " T(t) ={ SsBIACTICA Ta-
MHIBETOHOBOH ¢ rammibToHHAaHOM (30). C TOYHOCTBIO
70 3HaKa (U3MYECKUil CMBICHT (YHKLIUH h(t) — ra-

MUJIIBTOHHAH HCXOHHOfI HHHaMH‘IeCKOﬁ CUCTCMbI
(HOJ'IHaiI SHEprus, €CJiu raMuJibTOHUAH H wne 3aBucur

OT BpeMeHH), a GU3NIECKUH CMBICT QYHKIMH T(Z) —
BpEMsI ABHKCHUSI.
Ipumeuanue. T'amunbroHman (30) He 3aBUCHT

B SIBHOM BHJI€ OT HOBOTO "BpeMEHH" §, TaK 4YTO HJIs

HEro NOJKCH MUMCETh CUITY COOTBCTCTByIOH_II/Iﬁ aHaJjor
3aKOHa COXPAHCHHA SHCPIUU. Takum 3aKOHOM COXpa-

HEeHUs sBIsieTcs ycnosue h+H ( )2 ,q,.,r) = const
(;merko yOemuTbes, YTO Uil JUHAMHYECKUX YpaBHe-
Hull (26) BbIpaxXeHHe h+H ( pl,ql, ) Oyzner mepBBIM

naTerpasiom). llepemennas /s sBisieTcs BCIoMora-
TEJIBHOM, M03TOMY 0€3 OrpaHUYeHHUs] OOIIHOCTH MOX-
HO TOTpeOOBaTh, YTOOBI B HAYAIBHOW TOYKE TPACKTO-

puM BbIMONHSIOCH ycinosue A+ H ( p!.q’ ,TO) =0.

B Takom cirydae B m000i TOUKE TPaeKTOpUH, HOAUH-
HSIOIIEHCST AMHAMUYECKUM ypaBHeHusM (26) c¢ ra-
MuwibTOHHaHOM  (30),  BBIMOJNIHEHO  TOKAECTBO

ﬁ(s)E—H([),.(s),qi(s),f(s)).
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5. JOKAJIBHBIE KOOPIUHATBI 1 UMITYJIbChI

Iycte p!(t), g/ (f) — dukcupopanHas GasoBas

TpaeKkTopHsl (YaCTHOE PELICHHE), yAOBIETBOPSIOLIAs
TraMUJIBTOHOBBIM YPAaBHEHUSM C TaMUJIHTOHHAHOM

Ho(p,.o,ql.o,t), a pi(t) qi(l‘) — ofmee pemeHue
JUIsl TaMIJIBTOHOBBIX YPaBHEHHH C raMHJIBTOHHAHOM
H ( p[,q[,t). Jlerko mpoBepUTh, YTO NPUPALICHUA
) pl.(t) 000O0IIEHHBIX HMMITyJIbCOB M TPUPAICHHS

oq, (t) 0000IIIEHHBIX KOOPINHAT, KOTOPHIE 3a1aI0TCs

paBeHCTBAMHU
p,()=p(t)+6p.(t), q,(t) =4 (t)+5q,(¢), (31)

YAOBJICTBOPAIOT IaMUJIBTOHOBBIM YPaBHCHUAM C Ta-
MUIBTOHHUAHOM

f](5p,.,5qi,t)=H(pio(t)+5pi,q?(t)+5ql.,t)—
oH" (p] (t).q; (1).1
s[Frinn,,
i=l,n qi

o' (p, (f)o»% (t)’t)5p,- . (32)

op;

Takum oOpa3oM, TUHAMHYECKHE YpaBHEHHS IS
JIOKQJILHBIX TPUPAIIEHUH O0O0OIIEHHBIX UMIIYJIbCOB
¥ KOOpAMHAT CHOBA O0JIa/Ial0T TaMIUIBTOHOBOW CHM-
Metpuen. JInsg neneil ONTHKM 3apsyKEHHBIX YacTHL
CYIIECTBEHHO, 4TO 0a30Basi TpackTopus U 0000IIeH-
HBIC HMITYJIbCHI M KOOPIWHATHI OOIIEro peieHuUs,
OTHICHIBAIOIIECTO ABMKCHHE 3apsSHKCHHBIX YACTHII, MO-
TyT OBITh pa3sHbIMU (yHKIUAME. B wactHOCTH, 6a30-
Basi TPACKTOPHSI MOXET COOTBETCTBOBATH JIBIXKCHHIO
B HICATHHOM DJIEKTPUYCCKOM M MAarHUTHOM IIOJIE,
a caMO pCIICHHE — JBIKEHHIO B BO3MYILIECHHOM
AIEKTPUIECKOM M MarHUTHOM TIOJIE, TC¢ BO3MYIIICHUE
00YyCIIOBJIIGHO HETOYHOCTSIMH M3TOTOBJICHUS U COOPKHU
AJIEKTPOJIOB, MAaTHUTOB U KaTYyIIEK C TOKOM, a TaKXKe
HETOYHOCTSMH DJIEKTPUUYECKUX MMOTEHIIUAIOB, TIPUIIO-
JKEHHBIX K DJIEKTPOJAaM, U HETOYHOCTSMH SJICKTPUYIC-
CKHX TOKOB, KOTOPBIE TIPOTEKAIOT CKBO3b KATYIIIKH.

Ipumeuanue. Boobue ropops, QyHkuuu p, (t),

q’ (t) MOTYT OBITh NPOW3BOJBHBIMH (DYHKIMSIMHU

BpEMEHH, a HE TPACKTOpHEH IBMKEHUS 0a30BOil 3a-
PSKEHHOM yacTUIBl. B 3TOM ciiyyae raMuibTOHHAH,
C TIOMOIIBI0 KOTOPOTO OMPENCTISIOTCS TaMUILTOHOBEI
ypaBHEHUS [UIsl JIOKaJbHBIX TpHpaIleHuil 0000meH-
HBIX KOOpPIWHAT W OOOOIIECHHBIX HUMITYJIHCOB, UMEET
BH
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ﬁ(épi,éql.,t)zH(p? (t)+5pi,ql.0 (t)+5ql.,t)+
+ > (P (1)-84, -4 (t)-6p,). (33)

i=l,n

YacTHBIM CIIydaeM 3TOTO BBIpaXKeHHs sABJsieTcst (op-
myna (32). CaenyeT, 0JHAKO, HOTYEPKHYTh, YTO CIIY-
yaif (32), korna 6a3oBasi TPACKTOPHUS SIBISETCS peallb-
HOU TpaeKTOpHEH 3apsyKeHHOW YacTUIIBI B UAEaTbHOM
AJIEKTPUYECKOM M MarHUTHOM IIOJIE, BaXKEH JUISI KOH-
CTpYHPOBaHHA (HU3HMUECKH OCMBICICHHBIX MOJeNeH
JIBYDKEHUSI 3aPsDKEHHBIX YACTHI.

6. JOKAJIbBHASI CUCTEMA KOOPJIMHAT
C KOHTPOJIEM HAIIPABJIEHUA
KOOPIAUHATHBIX OCEHN

B npenpinymem pasznene ObUTO MOKa3aHO, YTO JIO-
KaJlbHas CHCTeMa KOOpJIWHAT, IPUBSI3aHHAS K HEKOTO-
poii 0a30BOW TPACKTOPHH, MOXKET JEMOHCTPUPOBATH
BCE TMPEUMYIIECTBA TaMHJILTOHOBOH CHMMETPHH
ypaBHEGHUH JBWXKEHUs. Takas cucTeMa KOOpJIUHAT
no3BoJisieT 3((OEKTUBHO HCIOJIB30BaTh CMEIICHUE
[EeHTpa KOOPAWHAT W €ro JBUKEHHE BJIONb 0a30BOM
TPACKTOPHUH, HO TPU ATOM COXPAHSET HEU3MEHHBIM
rino0anbHOE HaIpaBlieHHE KOOPAMHATHBIX  OCEH.
B atom pazpene Oyner moka3aHo, YTO MOXKHO THOKO
VIIPaBISITh HANpPaBJIICHUEM KOOPAWHATHBIX OCEH JI0-
KaJIbHOM CHUCTEMBI KOOPAUHAT (HAIpUMEP, COBMEIIATh
WX C KacaTeJIbHbIMU W/WJIM HOPMalIIMH K 0a30BOH
TPAeKTOPHH, KOTOPBIE COOTBETCTBYIOT TEKYIIIEH TOUKE
MPUBSI3KK JIOKAJIBHON CHCTEMBl KOOPJAWHAT) W IIPU
3TOM COXPaHSTHh TaMWJIBTOHOBY CUMMETPHIO ypaBHE-
HUM JBUKCHUS.

[TockonmbKy m1000W #-MEpPHBIA TOBOPOT MOXKHO
paccMaTpuBaTh KakK CYNEpIIO3ULIUI0 AJIEMEHTAPHBIX
TUTAHAPHBIX TIOBOPOTOB, 3aTPArnBalONINX KaKy0-TH00
napy KOOpIWHAT W HE MEHSIOUINX OCTaJbHBIE KOOp-
nuHaTH [19], orpaHMuuMCs TOKa3aTeIbCTBOM COXpa-
HEHHsI TAMWJIBTOHOBBIX CBOWCTB MPH TaKWUX DJIEMEH-
TapHbIX MOBOpOTax. [IycTh B Touke 0a30BOI TPaCKTO-
pHUH, COOTBETCTBYIOIIEH MOMEHTY BpEMEHH f, Mapa

JIOKaJIbHBIX 000OIIEHHBIX KOOPJUHAT ¢,, ¢, TOABEP-
raercsi MOBOPOTY Ha YIoi a(t). CHHXPOHHO C KO-
OpAMHATaMU  [OBOpPAuMBAeTCs IMapa JIOKAJIBHBIX
0000IIEHHBIX UMITYJILCOB p,, p., KOTOPBIE COOTBET-

CTBYIOT BbIOpaHHBIM KoopauHatam. [IpeoOpasoBanue
KOOPJIMHAT W UMITYJIGCOB BBITJISIIUT CISAYIOIIUM 00-
pasom:
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OO6patHOe npeoOpa3oBaHUEe KOOPJIMHAT M UMITYJIIb-
COB ompefenseTcs GopMyIamMu

qr(t)zqr(t)cosa(t)Jrc}s (t)sina(t),
q,(1)=—q,(¢)sine (1) + g, (¢t)cosa(t),
p.(1)=p,(t)cosa(t)+ p,(t)sina(r),
p,(t)==p,(t)sina(t)+ p, (t)cosa ().
JluHaMuYecKue ypaBHeHHs Jisl IPpeoOpa3oBaHHBIX

KOOpAWHAT ¥ MMITYJICOB TONyYaroTca u3 auddepen-
[IUPOBAHUS 110 BPEMEHHU COOTHOIIeHH (35):

(35)

. ~ ~ . .~ . .~ aH
g, =g, cosa+q sina—aq, sina+ag, coso =—,

ap,
s . . . oH
q,=—q,.sino+q cosa—aq, coso—aqg sina = 6—,
P,
. ~ ~ . . o~ . . o~ 6[‘[
P, =Dp,.cosa+ p sina—ap,Sma +ap, cosa =—a—,
q,
s . . L OH
p,=—p,sina+ p cosa—ap, cosc—ap, smo =—a—,
q,
(36)

IJie B CITUCKE apryMeHToB pyHKIMKU H Hamo clienarh
HOZCTAHOBKY ISl IEPEMEHHbIX ¢, , ¢,, p,, P, 1 3a-
MEHHTE MX Ha COOTBETCTBYIOIIME BHIPAKEHHUS C TEpe-
MEHHBIMU ¢, §., P,, D, Kak 3To0 3a1aHO (opMyia-
mu (35).

[Tocne snemMeHTapHBIX NPeoOpa3oBaHUI ypaBHEHHS
(36) mpuobpeTaroT Buj

G —chosa— sina —oaqg
qr ap} apy qs >

OH OH . .
=—-——cosa+—sina—ap,,

P! aq.

q, q, 37)
. OH . oH .
q, =—sina +—cosa +aqg,.

op, op,

. oH . oH -
p,=——Ssina———cosa+ap,.

aq, aq,

Omnpenenum HOBBIHM raMuiibToHHaH H  Qopmyroi

1(ccos Doy Py Gooenr) =
=H(...,p,cosa+ p,sinat, g, cosa +§, sina,
—p, sina + p, cosa,—q, sina +§, cosd,...)+

YacTHble npou3BOAHBIC 151 PyHKIMH (38) paBHBI

0H OH OH

—=—cosa ———sina —aq,,

op,. 0p, op,

0H OH OH

—=——cosa ——sina+ap,,

aq, 0q, aq,

O0H oH oH
—=—sina+—cosa +aq,,

o, 0p, op,

O0H oH oH
—=—sina+—cosa —ap,.

oq, 0q, aq,

Takum oOpa3om, nuHamuueckue ypaBHeHus (37)
OKa3bIBAIOTCA TaMHJIBTOHOBBIMH C TaMHJIBTOHHAHOM

(38).

BBIBO/IbI

B mpempioymux pasgenax ObUIM pacCMOTPEHBI
3JIeMEHTapHbIe OMepaliy, KaxkJaas U3 KOTOPBIX CO-
XpaHsAeT TaMIIBTOHOBY CHMMETPHIO ypaBHEHUH JIBH-
HKEHMS 332 CUET HaJUIeXKAIlero M3MEHEHUs] FaMHIIbTO-
HraHa. OOBEAMHUB ATH ONEpAVK B €IWHOE IeJ0e,
MOKHO OOOCHOBaTh I'aMUJIBTOHOBY CTPYKTYpY YypaB-
HEHHUH ABIKEHUS U, KaK CJIEICTBHE, 3aKOHHOCTH MPH-
MEHEHHUsI cHeur(UUecKuX TaMHIbTOHOBBIX HHBapH-
aHTOB JUIS JIOKAJIBHBIX CHCTEM KOOPJHMHAT, KOTOpHIE
WCTIONIB3YIOTCS B ONTHKE 3apsSKEHHBIX YaCTHII.

[Iponenypa BBIMISAUT ClEAyIOMNM  00pa3oMm.
C momompi0 TpeoOpa3oBaHUSA, PACCMOTPEHHOTO
B paszesic 5, MOXKHO TIEpPEeHTH OT III00anbHOHW cHCTe-
MBI KOOpJIMHAT K JIOKAJIBHOW CHCTEME KOOpJUHAT,
LEHTP KOTOPOH JBHMIKETCS CHHXPOHHO C JBM)KCHHUEM
BJI0JIb 0a30BOM TPACKTOPHHU. 3aTE€M C MOMOIIBIO CEPHH
npeoOpa3oBaHuil U3 pazzena 6 MOXHO Pa3BEpPHYTbH
JIOKaJbHYIO CUCTEMY KOOPIMHAT B KaXKIOH Touke Oa-
30BOM TPaeKTOpHUM TaKUM 00pa3oMm, YTOOBI OJHA OCh
OblTa HampaBJieHa MO KacaTeJIbHOH K 0a30BOM Tpaek-
TOpWH, a JIBE€ OCTAJIbHBIE OCH O0Opa30BBIBAIM COMPO-
BOXKJAIONIMHA TpexrpaHHUK. Hampumep, ecTecTBeH-
HBEIM BEIOOpOM OyeT, Korja OJHa M3 OCEH JIeKHUT
B KacaTeJIbHOM IUIOCKOCTH 0a30BOM TpaeKTOpHH
1 HallpaBJIeHa 110 HOPMaJIM K KacaTeJbHOMY BEKTOPY,
a BTOpas OCh HaIlpaBJIeHAa M0 HOPMAaJM K KacaTelbHOI
IJIOCKOCTH U TEM CaMbIM MEPIEHANKYJIISIPHA K KaKA0N
W3 paHee BBIOPaHHBIX KoopauHATHBIX oce [19]. Ilpu
9TOM, 4TOOBI KacaTesbHasi KOOpAWHATa He Oblja TOX-
JIECTBEHHBIM HYJIEM IIPH MEepEeMEIEHNH CHUCTEMBI KO-
OpAMHAT BAOJb TPACKTOPHH, Ha4aIbHOMY 3HAYEHHIO
KacaTeJIbHOM KOOpPJMHATHI MPUIHCHIBAETCS 3HAUYEHUE
JUTMHBI 0a30BOM TPAaeKTOPHUH OT TOYKH CTapTa M JIO
TEKyIIer0o MOMEHTA.

Ecau B Takoll cucreMe KOOpAMHAT 3alucaTh ypas-
HEHMS IBMOKEHUS 17151 0a30BOM TPaeKTOPUH, TO pelle-

HAVYYHOE ITPUBOPOCTPOEHMUE, 2024, Tom 34, Ne 2
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HUEM OyJleT MOHOTOHHO BO3pacTaroiias BO BpPEMEHU
KacaTesbHas KOOpJAWHATa, TOr/a Kak JBE OCTaJbHbBIE
JIOKaITbHBIE KOOPAWHATHI BJIOJIb 0a30BOi TpaeKTOpHH
TOKJIECTBEHHO paBHEI HyIO. [lociie 3aMeHbI BpeMeHu
IBIDKCHUS Ha KacaTelIbHYI0 KoopawHaty (paszmen 3)
MBI BIUIOTHYIO MOJOWIEM K TOM CHCTEME TeoMeTpuye-
CKHX ITapaMeTPOB, KOTOpas OOBIYHO HWCIIONB3YETCS
B ONTHKE 3apSHKCHHBIX YACTHUI AJISl OTMIMCAHUS ITyYKOB
TpaekTopwuii [5, 6].

Bmote 10 sTOrO mara mpu mepexojae OT OJHON
CHUCTEMBI KOOPJIMHAT K CJeayIoliel cucreMe KOOpau-
HaAT COXpaHsJIach TaMHJIBTOHOBA CUMMETpHUSI ypaBHE-
HUH JIBUKCHUS XOTS OBl U 3a CUET CYIIECTBEHHOM Iie-
pECTpOKM raMUJIbTOHHAHA AUHAMHUYECKOU CHCTEMBI.
OTO0 O03Ha4aer, 4YTo i OOOOUICHHBIX KOOPIMHAT
1 000OIIECHHBIX WMITYJIBCOB, 3allMCAHHBIX B HOBOM
CHUCTEME KOOPJIWHAT, COXPAaHUTCS WHTETPaJbHBIA HH-
BapuaHT llyankape (paszmen 1). [lockonpky B HEro He
BXOJUT B SIBHOM BHJI€ TaMHIJIbTOHHAH JHHAMUYECKON
CHUCTEMBI, TO HCKaKEHUS HCXOJHON TaMUIBTOHOBOM
(GyHKIAA, KOTOPBIE MPUTILIOCH IPUMEHHUTD TIPH TIepe-
XOJI¢ OT CUCTEMBI K CUCTEME, HE CIIUIIIKOM Ba>KHBI.

ITocnenuuii mar — mnepexoa OT raMUJIBTOHOBBIX
0000IIEHHBIX UMMYJIBCOB U KOOPIWHAT K T€OMETpPH-
YECKU COJIepP KaTeNbHBIM MmapaMerpaM (yriaM U 3Hep-
THSIM), K COKaJICHHIO, HEN30€KHO pa3pylIaeT raMUIIb-
TOHOBY CHMMETPHUIO IWHAMHYECKOW cucTeMbl. Kak
ciencTBue 3Toro (hakrta, ISl TEOMETPHYECKUX Mapa-
METPOB ITy4Ka TPACKTOPUU YK€ HEJb3s UCIIOIb30BaTh
HampsAMy0 TaMHIJIGTOHOBHl WHBAapHUAHTHI, PACCMOT-
pensble B pazaenax 1 u 2. OnHako B CHily NPOCTOH
(YHKIIMOHAIBHOW CBS3M MEXJYy TICOMETPHUCCKUMU
napaMeTpaMd W TaMWJIBTOHOBBIMH O0OOIIEHHBIMU
KOOpJIMHATAMU W HMITYJIbCAMH MOHO MOCTPOUTH
aHaJOTH TaMIJIBTOHOBBIX WHBAPHUAHTOB JUISI TE€OMET-
pUYECKUX MapaMeTPOB IMYyYKOB TPACKTOpPUH. DTa Mpo-
Ieypa U BaKHBIC BBIBOIBI, KOTOPBIC U3 HEE CIECIYIOT,
OylyT pacCMOTPEHBI B CIEAYIOMICH Ty OTHKAIIH.
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The article discusses the features of the Hamiltonian form of the dynamic equations as applied to problems

of charged particles optics. Some non-obvious consequences arising from the Poincaré — Cartan integral inva-
riant are analyzed. It is shown that Hamiltonian equations of motion can be used to describe the motion of
charged particles in a local coordinate system accompanying the central trajectory, including the case where the
length of the base trajectory is used as an independent variable.
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INTRODUCTION

Equations of motion written in Hamiltonian form
provide mathematically elegant formulas and allow
one to come to non-obvious conclusions following
from the fundamental results of analytical dynamics
[1-4]. This form of the equations of motion is not
very convenient for the optics of charged particles,
which, as a rule, deals with narrow beams of ions and
electrons [5, 6], partly due to using time as an inde-
pendent variable. However, the fundamental conclu-
sions following from the Hamiltonian form of the eq-
uations of motion are too valuable to be so easily
abandoned. This work considers a compromise ap-
proach in which the Hamiltonian formalism can be
preserved for the motion of charged particles in a lo-
cal coordinate system accompanying the central tra-
jectory. The level of writing is aimed at students of
technical universities and specialists who are practi-
cally involved in problems of charged particle optics,
not at theoretical physicists or professional mathema-
ticians.

The equations of motion, written in Hamiltonian
form, are determined by the following characteristic
features. A mechanical system is characterized by 2n

parameters p,,q, (i=1,2,...,n) , the change of which
over time is described by dynamic equations
: OH OH
0(0)=2" p(=-22
op

pz‘(t): 2

i i

) (1

where H ( pl.,ql.,t) is a certain function (Hamiltonian)

characterizing the system under consideration. The
variables ¢, are called generalized coordinates, and

the variables p, are called generalized momenta, al-

though the difference between them is quite arbitrary
[2, 3]. For example, when substituting p, =gq,,
G.=p;, H(p.q,.t)=—H (g, p,.t) (which is a canon-
ical transformation that preserves the Hamiltonian
form of dynamic equations [2]), generalized coordi-
nates become generalized momenta, generalized mo-
menta become generalized coordinates, however,
Hamiltonian symmetry (1) for dynamic equations de-
scribing the behavior of the system is obviously pre-
served.

For nonrelativistic equations of motion that de-
scribe the movement of charged particles (ions) under
the influence of external electric and magnetic fields
within the framework of ion optics, the Hamiltonian is
determined by the formula [7, 8]

1 2
H =E(p—§AX (x,y,z,t)j +

HAVYYHOE [TPUBOPOCTPOEHMUE, 2024, Tom 34, Ne 2

1 2
+E[q_§AY (x,y,z,t)j +
1 2
+E(r—SAZ (x,y,z,t)) +eU(x,y,z,t).

2

Here m is the mass of the ion; e is the electric charge
of the ion; x, y,z are the Cartesian coordinates playing

the role of generalized coordinates. Generalized mo-
menta p,q,r are related to speeds X, y,Z, coordinates

X,y,z ,and time ¢ by relations

)2 =m5c+EAX (x,y,z,l),

c
q =my+§Ay (x,y,z,t), 3)
r=mz’+£AZ (x,y,z,t).

c

A vector function A(x,y,z,t)=(A4y,4y,4,) s

a vector potential associated with the magnetic field
induction B(x,y,z,t) = (BX ,B, ,BZ) by the relation
B=rot A=V xA.

Function U (x, y,z,t) is a scalar potential related to
the electric field strength E(x,y,z,t)z(EX,Ey,EZ)
by the relation

E=—gradU—la—A=—VU .
c Ot c Ot

1 0A

After elementary transformations, Hamiltonian
equations (1) with Hamiltonian (2) take on the form of
classical non-relativistic equations of motion of a
charged particle in electric and magnetic fields, using
the CGS Gaussian system of units [7]:

mi = eE, +=(B, - 2B,),
C

my = eE, +<(~1B, +B,), (4)
C

m# = eE, + (B, — j By ).
C

In vector notation, the equations of motion (4) look
like this:

mp=eE+<(pxB),
C



A. C. BEPIHUKOB, C. B. MACIOKEBIY, 10. 1. XACHH, M. U. ABOP

where p(t)z(x(t),y(t),z(t)) is the radius vector

that determines the position of the charged particle in
space at a moment of time ¢ in the selected Cartesian

coordinate system; p(7)= =(5c(t),)>(t),z'(t)) is
a particle speed at the moment of time 7. The electric
field strength E( p,t) and magnetic field induction

B(p.t) were determined earlier using scalar and

vector potentials, which for the Hamiltonian equations
of motion become the primary characteristics of the
electromagnetic field.

Further, the equations of motion of ions in the
existing electric and magnetic fields will be
considered in general form (1) with »n generalized

momenta p, n generalized coordinates ¢, and
abstract Hamiltonian H ( pl.,ql.,t), although the

applied significance of the results obtained for the
optics of charged particles will always be kept in
mind.

1. POINCARE INTEGRAL INVARIANT

For Hamiltonian systems, there is a specific
conservation law - the absolute integral invariant of
Poincaré [2—4, 9—11]. In differential form, it has the
form

S(t)= Z [dp,.dg, | =const,, (5)

k=1,n
where square brackets denote the outer product of
differentials (for more details about the outer product
and outer differentiation, see [12, 13]). In expression
(5), differentiation is carried out according to free
parameters ¢, on which the trajectories of the

dynamical system depend, but not the Hamiltonian
function:

() =p(6.6,...), q.(t)=q,(t:€,.,....),

op, (t;€,,E,,... op, (t;€,,E,,...
dp, = "( a;l 2 )dg]+ "( 6;2 2 )d82+..., (6)
oq, (t;€,,&,,... oq, (t;€,,&,,...
PR WA AT
1 2

In a particular case, the variable parameters are the
initial conditions; in the general case, the variable
parameters are functions of the initial conditions. The
possibility of free choice of parameters characterizing
the initial conditions for the equations of motion
significantly facilitates the transition from the
canonical Hamiltonian equations (1) to the equations
of charged particle optics, where the initial data and

trajectory functions should have a clear geometric
meaning.

Variable parameters are independent from each
other in the sense that the order of differentiation both
by these parameters and by time for functions p, and

q, can be swapped:

o190 |_9]2 ﬁi_i(ﬁj
Og;\ Og; ) 0O¢,\ O¢, ot Og, ) Og, \ot '

In accordance with the rules of the external product
of differentials, the product of sums is transformed
into the sum of products (preserving the order of
factors), non-differential factors of differentials are
placed outside the square brackets of the external
product, and the external product of elementary

differentials  is [dg[ ,de, ] =

= —[dsj, dgl.]. :
When substituting differentials (6) into expression
(5), taking into account the possibility of bringing

non-differential factors out of brackets as well as the
antisymmetry property of the external product

[dsl., dgj] = —[dgj, dgl.] , We obtain:

antisymmetric

0 0q,
= E ot Tt T |-
i J j

k=1,n k=1,n i

P 94, _
b |

iJ
op, 0
B azi a(if J [de..ds, ]J-

Z Z Py 94,
i>j\ k=ln 881. ag_,'
Thus, the invariant external differential form (5)
breaks down into a set of invariant expressions that
are more familiar for practical calculations:

Y S Og, Os,  Og; O,

where ¢, and ¢, are any pair of free parameters on
which the

VAGRAQG)
S, (t)=0 in an obvious way.
In order for expression (7) to be an invariant, the

Hamiltonian H should not depend on the parameters
g and ¢ ’ in explicit form, which does not prevent it

considered beam of
depends,

trajectories
and S, (t)=-S,(1),

g

from depending on these parameters indirectly
through the dependence on ¢, and ¢, of generalized

coordinates and momenta. Then expressions (7) do

HAVYYHOE ITPUBOPOCTPOEHMUE, 2024, Tom 34, Ne 2
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not depend on time. Indeed, since

%,(1)_ 0 (oH) < &'H op,  O°H lq,
0e. oe.\op, ) S\ Op,Op, Os. Op,0q, Oé.
op(t) _ o[ oH
oe.  Oe. ﬁqk
_ 0*H ap‘ B 0*H %
52\ 0q,0p, 0s. 0q,0q, Oe.

(where the values ¢ and ¢, are substituted instead of

&.), then after differentiating expression (7) by varia-
ble ¢ we get:

d
d_SI/ (t)
9P 04, 9pi 04, _ 9Py 04x _ Opi 94y | _
in\ 0¢, O¢, 0O, Og;, O¢, Og, Og, O,
B 0’H prﬁqk_ﬁzH%%
k=l.n s=l,n aQAap 88 88 anaqc ag[ agj
2 2
L 0H opdp  OH Ip0g,
op,Op, O¢, Og; 0Op,0q, O¢,; Ot

, OH op, 0  O°H 04,04,

0q,0p, 0¢; O¢; 0q,0q, Og; O¢,
6H p, i 0*H 0q, Ip; | _
apkap Og, Og; 0p0q, O¢, O¢,

®)

Consequently, although expression (7) takes on dif-
ferent values for different values of the initial parame-

ters &,&,,..., but if g,¢&,,... are fixed, its value at any
time will be the same.

Note. If the initial conditions p; = p,(1,),
g’ =q,(t,) are chosen as the initial parameters

&,&,,..., at some initial moment of time #=¢;, then

the invariant expressions (7) will coincide with the
traditional symplectic relations for Hamiltonian sys-
tems [4—6]. However, the invariance of expressions
(7) with respect to the parameters ¢&,¢&,,... with the
help of which a multiparameter beam of charged par-
ticles is specified, significantly facilitates the transi-
tion from Hamiltonian generalized coordinates and
momenta to geometrically meaningful values used in
charged particle optics.

HAVYYHOE [TPUBOPOCTPOEHMUE, 2024, Tom 34, Ne 2

2. POINCARE - CARTAN
INTEGRAL INVARIANT

In expression (5), time is an independent variable
that plays a special role, but this is not always conve-
nient. For problems in the optics of charged particles,
it is more natural to consider the case when time ¢
becomes one of the dependent generalized coordi-
nates, and any generalized coordinate becomes an in-
dependent variable (see the next section). In particu-
lar, cross sections ~ y =const or z =const allow you
to break a complex system into separate "cubes" with
a relatively simple structure, and then effectively
combine them with each other [5, 6]. However, the
Poincaré¢ integral invariant (5) is poorly adapted to this
type of action.

Let there be a (2n + 1) -dimensional beam of trajec-
tories ( D (t),qk (t)) depending on the parameters
£/,€,,... varying in some limited region (see Fig.).
Instead of a cross section ¢=const, we consider

a family of 2n-dimensional cross sections of this
beam corresponding to the condition

€))

Obviously, cross sections ¢ =const are one of the
special cases of condition (9).

F(quls,---,P,,,q,,,t) =const.

Fig. Tube of trajectories in extended phase space
(x,)'c,t) for a parameterized beam of trajectories
corresponding to the one-dimensional motion of an
ion in an accelerating electric field.

a) section ¢ = const, 0) section x = const

After the solution p, =p,(¢),

q, =4, (t) to the Hamiltonian equations of motion (1)
into equality (9), we obtain the equation

F(p1 (t),q1 (t),,...,pn(t),qn (t),t)zr, (10)

in which 7 is an arbitrary parameter, which value can
be freely changed, and ¢ is time, which is an unknown
quantity, closely related to the parameter 7 by equali-
ty (10). If the algebraic equation (10) is not degene-
rate, then you can find a solution

substituting

1=T(7;6,,&,,...) s (11)
where the parameters ¢,¢,,... appear in relation (11)
due to the fact that the functions p, (7), g, (¢) depend

on them. In the same way, if you specify the auxiliary
relation (11) in some way, then the functions
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P (7:61,60,) = P (T(7:615620) 3605 800) = 4
0, (1:6,60-) =4, (T (736,86, 360, 800) = g (12)
T(1:6,,6,,..) =t

will set a one-parameter family of 2x-dimensional
cross sections of the phase beam of trajectories

(ﬂ (r),Qk (T),T(T)) depending on the parameter 7
and corresponding to the conditions 7 =const in the
(2n+1) -dimensional extended phase space.

With this formulation of the problem, the parame-
ter 7 that performs the sweep of trajectories in the
extended phase space is no longer directly related to
physical time and, in most cases, can be of a rather
abstract nature. This approach makes it possible to
more flexibly set and study the conditions for the in-
tersection of beams of trajectories with geometric
boundaries separating the individual structural ele-
ments of a complex electron or ion optical system.

After substitution (12), the phase variables £, , O, ,

T forming the extended phase space become equal.
In the new coordinates, the values of the Hamiltonian

H(p,.q,.t) along a single trajectory are calculated as
H(t;6,,6,,...) =

=H(PB,(7:6,,6,,..),0, (1:6,,6,,..). T (7:6,,£,....) ). (13)

The extended form of the integral invariant (5),
which is called the Poincare — Cartan integral inva-
riant [10, 11], has the form:

K(z)

= ﬂ,ko]—[dﬁ,dT]:const,

2.[d

k=1,n

= (14)
where, as before, square brackets denote the outer
product of the corresponding linear differential forms,
and differentiation is performed with respect to the
parameters & .

Expression (14) is derived from expression (5) as
follows:

oT
dr=) —d 15
Y5 (15)
J
dezzaid ]:Z %erk@_T dgl:z %_ﬁia_T d/—dk—a—HdT, (16)
7 0¢,; 7\ 0, og; | ' “F\oe 0q,0¢ 0q,
o0, oq oT 0q, OH oT 0
do, = Lde = kg —|de =) | 2+ ——|de. =dg, +—dT, 17
o ;agj ’ ;Lagj % 55,} ’ Zjl(agj poe, ) o, (17)
-y gy (een oo amer),
7 0¢,; 7\ =\ Op, Og;  0q, Og, ot Og,;
OoH
= —dP+—d dr. 18
kzl:n( a Qk} 6l ( )

From equalities (16) and (17) we can express differentials dp,and dg, in terms of differentials dF,,

dQ,,dT . After substituting these differentials into expression (5), where the function T (r;gl,az,...) 1s used in-

stead of a variable ¢, we obtain:

Z[dpk,qu]= Z

k=l,n k=l,n

= ¥ [4R.d0.]- 3 ZXan.ar]+

k=l,n k=l,n k

> [Sﬂdﬂ,dT}

k=1,n k

|:dP a—HdT ,dO, ——dTi|
oq, op,

Z[de,ko]—

= > [dp,.dQ,]-[dH 4T ]

k=1,n

(here the condition [d7,d7]=0 was used).

OH oH

Z —[dT do, |- Z ——[dT dT]=
oH
k;n{zdgk,dT} o —[dr,dT]=

(19)

HAVYYHOE ITPUBOPOCTPOEHMUE, 2024, Tom 34, Ne 2
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It was shown earlier that, with fixed parameters
€., the differential form (5) retains its original value
for any change in the variable ¢. This means that if we
substitute a new function T (7;81,82,...) of a fairly
arbitrary form in (5) instead of a variable ¢, then the
resulting expression will retain its original value in the
same way, but now for any change in the variable 7.
It follows from equality (19) that the differential form
(14) will obviously not change its original value in the
case of fixed parameters ¢, and changing free varia-
ble 7

Invariant form (14) represents the sum of invariant
expressions

0P, 80, oP, 40,
K, ()= kZ (_Q__ij _

Og; Og; Og; O¢g,
Og, Og,; O¢; O, ’ (20)

where ¢, and ¢, are any pair of free parameters on

which the beam of trajectories (Q(g),Q(T),T (T)) , pre-
sented in parameterized form (12), depends. The Ha-
miltonian H depends on the parameters ¢, and &,

indirectly, through the generalized coordinates, gene-
ralized momenta, and time that describe trajectory, so

oP, 00
K. - k 7=k _
() kzl;,,[ﬁgi Og; O¢,; Og,

_(aﬂa_T_@ﬂa_TJ

61@]

that the partial derivatives of the Hamiltonian in for-
mula (20) are calculated from the following relation

(where ¢, is equalto ¢, or ¢ ):

6H(ﬂ,Qk,T) _
0€.,
(o or  oHOQ ) HOT o
o\ Op, Os.  0q, Oe. ot Oe,

Let us show directly that expression (20) differs lit-
tle from the Poincaré invariant (5) and thus, for fixed
parameters &,,¢,,..., must be a constant independent

from the variable 7. Indeed,

8&_8pk+ or dp, OH oT

Oe. Oe. Pe de. Oe. 0Oq, Oe,’
%za&_}_q’ka_]w: aqk +8_H or R

oe. Oe. Oe. 0Os. Op, Oe.
8H OH oT

ot dg,’

OH OF,  0H 30, )
88* k=l,n

Op, Os. 0q, Oe.

where the values ¢, and ¢, are substituted instead of
&.. Then

O¢, O¢; 0O¢; O¢,
_ 9p OH OT' | 0q, OH OT | [Op, OH OT | g, OH OT || _
i\ \ O, 0Oq, O¢, )\ 0g, Op, Og, Og; 0q, 0¢; )\ O¢; Op, O¢,
oH %_G_Ha_T aH (oq, oM oT ) oH or |oT
P ka Og;, 0q, Os, 6qk Os, Op, Os, ot Og, | O¢,;
s (e 5Pk_6£5_T L OH[dq, oM oT )| o ar |oT _
faryt 6pk O¢; 0q, 0¢; ) 0q,\0¢, Op, Og, ot Og, 68

_ 5| 9P 94; _ 9P G4,
k=1,n agi 88}. agj 581. )
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In these expressions, according to relations (12) the
substitution ¢ =T (7;€,,¢,,...) is used for the functions

pe(t) g,(t), and the

P =B (1:6,,¢,,...), 7, =0, (1:6,,6,,...),
t=T(T;5],82,...) are used for the

and substitutions

function
H(p,.q,.t), according to relation (13). Since the
Poincaré¢ invariant (7) with fixed parameters &, 1is

a constant that does not depend on the value of the
variable ¢, then after substituting the value into it

t=T(T;81,82,...), expression (7) turns out to be
a constant that does not depend on the variable 7.
Conclusion: for any values of the free parameter 7,

the value K P (T) retains the same value in the case of

fixed parameters ¢ .

Note. It is shown in [10, 11] that if expression (14)
is an invariant for some dynamic system, then such a
dynamic system is necessarily described by a system
of Hamiltonian differential equations with Hamilto-
nian H . Therefore, such a system cannot take any
additional invariant external differential forms that are
independent from form (14). Consequently, there can-
not be additional functionally independent differential
relations similar to the symplectic relations for aberra-
tion coefficients used to describe electron and ion
beams in charged particle optics [5, 6].

Example: Liouville's law of conservation of phase
volume [1-4] is equivalent to the invariance of an ex-
ternal differential form consisting of a single mo-

nomial [dp]dqldpquz...dpndqn]with 2n factors. How-

ever, this differential form is the result of the #-
multiple outer product of the differential form (5) with
itself. Therefore, the invariance of the external diffe-
rential Liouville form is an algebraic consequence of
the invariance of form (5).

3. REPLACEMENT OF TIME FOR COORDINATE

A careful look at the Poincare — Cartan integral in-
variant (14) suggests that all paired exterior products
of differentials have the same weight. Therefore, you
can enter a new virtual generalized momentum

P=-H and a new virtual generalized coordinate
Q=T into consideration, while taking the function
H =—-P, as a new "Hamiltonian", and the generalized

coordinate 7'=(), as the new "time". The invariance

of the external differential form (14) will not change
from such a replacement and, therefore, the corres-
ponding dynamical system will again be described by
a system of equations with Hamiltonian symmetry.
The legality of this operation is justified by the inva-
riance of the differential expression for the first diffe-
rential of a complex function [14].

Let's look at this process in more detail. From the
algebraic equation

p:_H(pqul’pz’qz""’pn’Qn;t) (22)

the generalized momentum p, is expressed as a func-
tion of the variables p.t, p,.q,, ..., p,.q, and g,
(for this it is sufficient that the condition 6H/dp, # 0
be satisfied):

2 ==S(P1.45s 0,4, P14, - (23)

Additionally, from the equality ¢, (#)=7, time ¢ is
expressed as a function of the new independent varia-
ble 7: r=T(7) (this requires that ¢, (¢)= 0, which is
again equivalent to the condition 0H/dp, #0). For
functions

R(r)=p(T(), O(r)=4,(T()),
P(T) = —H(Pl(r),Q1 (T),...,Pn (T),Qn (T);T(T)), T(T)

we obtain dynamic equations

dr dt | dr 0q,

t:T(r)

:_aH(piaqi>t)/aH(pi’qi’t)

() (a0 )ar()_ oH(p.g.0) Jat).

B

0q, ap,

i

in(T)z dql.(t)| dT(T)ZOH(pi,qi,t) dql(t)_
dr dr |, ) dr op, d
ZOH(pi,qi,t)/OH(pi,qi,t)
p; o, ’
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dP(t dH dr OH . OH .
( )=— | (T):_ Z 7pi+7qi
dr dr |t:T(r) dr i=1,n apl 8qz
__OH(p.q,,t) [OH (p,4,.t)
ot op, ’
a)_ a0 ) e (na)
dr dr |, o

where one needs to make a substitution p, =P (z), ¢,
located to the right of the equal sign.

+aH]/dq1(t)_
ot dt

=Q,(r), t=T(r) for the arguments of the functions

Note. The solution g, (t) to Hamiltonian dynamic
equations for a generalized coordinate ¢, is a function
of not only time ¢, but also the initial conditions. Ac-
cordingly, the inverse function ¢=T (r) is also

a function not only of the free variable 7, but also of
the same initial conditions. It is obvious that, regard-

less of the initial conditions ql(T(r))

SO

T 2
4,(T(r))=1/T(r).Ina similar way, functions p,(¢),
ql.(t) (i=2,3,...,n) depend not only on time ¢, but

also on the set of initial conditions that was used for
calculating the function ¢, (¢).

Since (23) is a solution to equation (22), the identi-
ty holds

pE
_H(_S(pZ’qZ""’pn’qn’pﬂt’ql)9ql>p2’q2""’pn’qn;t)’
24

When differentiating identity (24) with respect to
the variables p, p,, g, and ¢ we obtain the equali-
ties

\oHes | _anas on
op, ap’ op, Op,  Op, ’ (25)
_OHOS OoH  OHOS oH
op, g, 0q, ap o o’

where the construction —S(...) that is included in the
list of function H, arguments must be replaced” with

* This is a rather subtle point. Generally speaking, both
equalities (25) and the conclusions obtained with their help
cannot be valid for completely arbitrary variables p,,q,,
P3s4s> > P,»4,> Pst. » .., , . Either the variable p; is
independent, and the variable p is expressed through it and
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a variable p, in accordance with equality (23).

From the obtained relations, it is possible to ex-
press the partial derivatives of the function S in terms
of the partial derivatives of the function H. These
expressions exactly coincide with the right-hand sides

of the previously obtained equations for P(7),
0, (r) , P(‘L') , T (r) . Consequently, the functions
P(r), O/(r) (where i=23,...,n), P(r), T(r) sa-
tisfy the Hamiltonian equations with the Hamiltonian
S(P2+qys-s P-4, P-1,T), Where T =g, is the genera-

lized coordinate chosen to be the independent variable
instead of time 7 :

dB(r) oS do,(z) as dP(z) &S
Cdr oq, dr  op, dr o’
dT(7) oS
Tdr

Note. The theorem on the possibility of replacing
time with a coordinate while preserving the Hamilto-
nian structure of dynamic equations belongs to Alex
Dragt [15]. In his fundamental work [16], the transi-
tion to new generalized coordinates and momenta ap-
pears as a deus ex machina, not very convincingly
justified using the principle of least action. When us-
ing the Poincare — Cartan integral invariant, this tran-
sition looks natural and almost obvious.

the remaining free variables — using relation (22), or the
variable p is independent, and the variable p, is expressed
through it and the remaining free variables — using relation
(23). But because the form of a first-order differential for
a complex function is invariant [14], one can change which
of the variables depends on which along the way, without
worrying too much about the legality of such an operation.
For derivatives and differentials of higher order, this ap-
proach, naturally, will not work.
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4. EXTENDED SET OF HAMILTONIC
VARIABLES

When comparing the Poincaré — Cartan integral
invariant (14) and the original Poincaré integral inva-
riant (5), it is easy to assume that instead of excluding
any pair "generalized momentum — generalized coor-
dinate" from the list of Hamiltonian variables and re-
placing them with the "total energy — time" pair (see
the previous section), it makes sense to supplement
the current list of Hamiltonian variables with another
pair of values, preserving the Hamiltonian structure of
dynamic equations for the extended list of variables.
After such an operation, the Poincaré — Cartan integral
invariant (14) turns into the Poincaré integral invariant
(5), written for the extended system of Hamiltonian
variables, and the time-dependent Hamiltonian be-
comes stationary.

h(t)=

Let's add
=—H(pl.(t),ql. (t),t) and 7(7)=1¢ to the list of solu-
tions to Hamiltonian dynamic equations p,(7), ¢,(¢)

(where i=1,2,...,n). We also add a new free variable
s , where the connection between time ¢ and variable

new functions

s isgivenas t =T (s) using a yet undefined function

T (S)
Let now L(p,,q,,h,7) be a new Hamiltonian that

does not explicitly depend on the free variable s.
Let's look at the functions

~ B)=p(T(s). @ls)=a.(T()),
h(s)=—H(P,(5)G.(5).7(5)), 7(s)=T(s),

which presumably should be solutions of new Hamil-
tonian equations. These functions must satisfy the
equalities

dp.(s) . dT (s
Py (1) -
 0H(p.g.7)dr(s)  OL(Png.hof)
o, ds oq,
dg, (s) =ql(T(s)) dT(s) _ OH (p,,q,,T) dT (s) _
ds ds op, ds
aL(ﬁi,ql,ﬁ,r)

ds dr ds
_(y[o 0, | O AT(s)
~ pi p[ a ql at dS

_0H(p,,4,,F) dT(s) :_GL(i?,-,_é.,,h 7)

ot ds ot ’

d#(s) dr(s) -\ OL(B.q.h7)
= Flp h - = 7/

R CR A0 o

(26)

where F ( pl.,q,,,h,r) is some as yet undefined func-

tion.
Based on the analysis of equalities (26), we require

that the unknown function L( pl.,ql.,h,z') satisfy the
system of partial differential equations

8L(pl.,gl.,h,f) _ 8H(pi,gi,r)

og, oq, Florgoh),
aL(p;;Iii,h,r) _ aH(g;q,-,T)F(ppgi,h,r),
aL(piZi,h,r) _ 5H(l;;%af)F(pi,%,h,T),
W:F(Ma%’h’r)

27)

(equality dT (s) / ds = F was used here).
In order for system (27) to have a solution, it is ne-
cessary and sufficient (see [17, 18]) that for all mixed
partial derivatives, which are calculated using the

right-hand sides of the system of equations (27), the
identities are satisfied

i[a_Lj_i(ﬁ_Lj i{a_L]_i[a_LJ
ap,\p,) ap\ép,) éq\éq,) éq,\0q )
ﬂ[a_LJ_i(a_Lj
A AC
0 ( oL 0 (oL
ﬁr(ﬁpl] 67 ’ EKa_qu:a_q,(Ej’

() e e
ah 8p op; oh\ dq, ) o0q,\ oh)
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o) ()
oh\or) ocr\oh)
For the system of equations (27), the correspond-
ing relations have the form:
OH oF _ oH oF
p; Op;  Op; p;
OH oF _ oH oF
oq; p; ap, 0q; "

OH OF _OH oF
dq; 0q; 0q; 0q;

OH OF _OH OF - 0H OF _ 0H OF
dp, 0t 0t dp, 0Oq, Ot Ot dq,

OHOF _OF  OHOF _OF  OHOF _OF
op, oh 0Op,”  0Oq, Oh dq,  ~ Ot oh Ot

It is easy to see that to satisfy these relations, it is
necessary and sufficient that the function

F ( pi,ql.,h,r) satisfy the system of linear partial diffe-

rential equations of the first order:

i, OF OHOF _
' dp; Op; Oh ’
. OF OH oF
Vi, ——————=0,
dq, 0Oq, Oh
OF _oHoF
ot Ot Oh

(28)

The system of linear differential equations (28) in
partial derivatives of the first order is consistent (see
[17, 18]), and its general solution has the form

F(pgqoht)=0(h+H(p.g.7)),  (29)

where (D(u) is an arbitrary function. In the same way,

when condition (29) is satisfied, then the system of
linear first-order partial differential equations (27) is
consistent, and its general solution has the form

L(pqh7)=Q(h+H(pogiT)),  (30)

where Q(u) is an arbitrary function. In this case, the

equality Q'(u) = d)(u) must be satisfied for the func-

tion that is used in condition (29),. This does not con-
tradict the statement made earlier about the absence of

conditions imposed on the function ®(u): if Q(u) is
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an arbitrary function for solving (30) to the system of
equations (27), then ®(u)=Q'(u) is an arbitrary
function for solving (29) of the system of equations
(28).

Conclusion: the system of dynamic equations for
the extended system of functions p,(¢), ¢,(¢).
h(t)=- (pi(t),qi(t),t) and 7(¢t)=¢ is Hamilto-
nian with Hamiltonian (30). Up to the sign, the physi-
cal meaning of the function h(t) is the Hamiltonian

of the original dynamical system (the total energy if
the Hamiltonian A does not depend on time), and the

physical meaning of the function 7(7) is the time of
motion.

Note. Hamiltonian (30) does not depend explicitly
on the new “time” s, so that the corresponding analo-

gue of the law of conservation of energy must be valid
for it. This conservation law is a condition

h+H(p,.,ql.,T) =const (it is easy to verify that the
expression h+H ( Di»q;»T ) is the first integral for dy-

namic equations (26)). The variable 4 is auxiliary,
therefore, without loss of generality, we can require

that the condition A"+ H ( p,.o,qlo,ro) =0 be satisfied

at the initial point of the trajectory.
In this case, at any point of the trajectory that ob-
eys dynamic equations (26) with Hamiltonian (30),

the identity &(s) =—H ( p,(s),g; (s),Z (s)) is satisfied.

5. LOCAL COORDINATES
AND PULSES

Let p’(t), g/ () be a fixed reference trajectory
(particular solution) satisfying the Hamiltonian equa-
tions with the Hamiltonian H° ( pl.o ,q,.0 ,t), and let

D; (t) q; (t) be the general solution to Hamiltonian
equations with Hamiltonian H ( Di» qi,t). It is easy to
check that the increments o p, (t) of generalized

pulses and the increments Jg, (t) of generalized
coordinates, which are set by the equalities

pi(t)=p!(1)+0p:(1) 4, (t)=4; (1) + g, (¢), (1)

satisfy the Hamiltonian equations with the Hamilto-
nian
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ﬁ(é'pi,é'qi,t)=H(p?(t)-i—é'pl.,q?(t)+5ql.,t)—
oH’ (p! (¢),q (¢).t
[0,
i=l,n i

+6H°(p?(f),q?(t),t)

op!

op,

i

(32)

Thus, the dynamic equations for local increments
of generalized momenta and coordinates again have
Hamiltonian symmetry. For the purposes of charged
particle optics, it is essential that the reference trajec-
tory and the generalized momenta and coordinates of
the general solution describing the motion of charged
particles can be different functions. In particular, the
reference trajectory can correspond to movement in an
ideal electric and magnetic field, and the solution it-
self is movement in a disturbed electric and magnetic
field, where the disturbance is caused by inaccuracies
in the manufacture and assembly of electrodes, mag-
nets, and coils with current, as well as inaccuracies of
electric potentials applied to the electrodes, and inac-
curacies of electric currents, that flow through the
coils.

Note. Generally speaking, the functions p; (t),

q’ (t) can be arbitrary functions of time, and not the

trajectory of the reference charged particle. In this
case, the Hamiltonian, with the help of which the Ha-
miltonian equations for local increments of genera-
lized coordinates and generalized momenta are deter-
mined, has the form

]:I(épi,éq[,t)zH(p,o(t)+5pi,q?(t)+5ql,,t)+
+ > (5 (1)-84, -4 (1) 6p,). (33)

i=l,n

A special case of this expression is formula (32). It
should, however, be emphasized that the case (32),
where the reference trajectory is the real trajectory of
a charged particle in an ideal electric and magnetic
field, is important for constructing physically mea-
ningful models of the motion of charged particles.

6. LOCAL COORDINATE SYSTEM
WITH DIRECTION CONTROL
OF COORDINATE AXES

In the previous section, it was shown that a local
coordinate system tied to some reference trajectory
can demonstrate all the advantages of the Hamiltonian
symmetry of the equations of motion. Such a coordi-
nate system makes it possible to effectively use the
displacement of the coordinate center and its move-

ment along the reference trajectory, but at the same
time, it keeps the global direction of the coordinate
axes unchanged. This section will show that it is poss-
ible to flexibly control the direction of the coordinate
axes of the local coordinate system (for example,
combine them with tangents and/or normals to the
reference trajectory that correspond to the current
anchor point of the local coordinate system) and main-
tain Hamiltonian symmetry equations of motion.

Since any n-dimensional rotation can be consi-
dered as a superposition of elementary planar rota-
tions affecting any pair of coordinates and not chang-
ing the remaining coordinates [19], we limit ourselves
to proving the conservation of Hamiltonian properties
when performing such elementary rotations. Let a pair
of local generalized coordinates ¢,, ¢, undergo a ro-

tation through an angle o (t) at the point of the refer-

ence trajectory corresponding to the moment of time
t. A pair of local generalized pulses p,, p, that cor-

respond to the selected coordinates rotates synchron-
ously with the coordinates. The transformation of
coordinates and pulses is as follows:

g, (1
q, (1
(¢
(

q,(t)cosa (1) —q, (¢)sina(t),
q,(1)sina(1)+q, (t)cosa(t),
p,(t)cosa(t)—p, (¢)sina (¢
=p,(t)sina(1)+ p,(¢t)cosa(t

)=
)=

(34)

b,

p, (¢

The inverse transformation of coordinates and
pulses is determined by the formulas

qr(t)zc} (t)cosa(t)-u}s (t)sina(t),
q,(t)=—4,(t)sina(t)+q,(t)cosa(t),
p,(t)=p,(t)cosa(t)+ p,(t)sina(t),
p,(1)==p, (t)sinc (1) + p, (t)cosa(r).
Dynamic equations for transformed coordinates

and momenta are obtained from differentiation with
respect to time of relations (35):

(35)

t

. ~ ~ . .~ . .~ 6H
q. =g, cosa+q sina—aq, sina+ag, coso =—,

ap,
. . . . oH
q, =—q,.sIno+q cosa—aq, cosa—aq, sina =a—,
P,
. ~ ~ . . o~ . .~ aH
P, =D, Cosa+ p sma—ap, Sma+ap, cosa =—a—,
q,
. OH
D= p sma+p cosa—ap, cosa—ap, sma——a—
q,
(36)
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where it is necessary to make a substitution for the
variables ¢,, q,, p., p, and replace them with the

corresponding expressions with the variables ¢,, ¢,,

D,, b, in the list of function H arguments, as given

by formulas (35).
After elementary transformations, equations (36)
take the form

. OH OH .
q, =——cosa ———sina —-aq,,
op, op,

OoH OoH . .
p, =———cosa +—sina—ap,,

o o
q, q, 37)

. OH . oH .
g, =—sina +——cosa +aq,.

~ Op, ap,

. oH oH .
p,=———sina———cosa +ap,.

- 0q, aq,

Let us define a new Hamiltonian A using the
formula
H(.s 3G DyrGorenr) =
=H(...,p,cosa + p,sina,q, cosa + 4, sina,
—p,sina + p, cosa,—q, sina + G, cosa,...) +

+a(_ﬁrqv + ﬁSQF)'

(38)

The partial derivatives for function (38) are equal
to

oH oH oH . -
—=——cosq ———sina —aq,,
p, op, P |
0H ©oH OH . .
—=———cosa——sina+ap,,
aqr 8% 6qv A
O0H OoH . oH .
—=—smma+—cosa +aq,,
aps 5[7, apv
OH OoH . oH .
—=—-sina+—cosa —ap,.
oq, 0q, aq,

Thus, dynamic equations (37) turn out to be Ha-
miltonian ones with Hamiltonian (38).

CONCLUSIONS

The previous sections examined elementary opera-
tions, each of which preserves the Hamiltonian sym-
metry of the equations of motion by appropriately
changing the Hamiltonian. By combining these opera-
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tions into a single whole, it is possible to substantiate
the Hamiltonian structure of the equations of motion
and, as a consequence, the legality of using specific
Hamiltonian invariants for local coordinate systems
that are used in the optics of charged particles.

The procedure is as follows. Using the transforma-
tion discussed in Section 5, one can move from a
global coordinate system to a local coordinate system,
the center of which moves synchronously with the
movement along the reference trajectory. Then, using
a series of transformations from Section 6, the local
coordinate system can be rotated at each point of the
reference trajectory so that one axis is directed tangent
to the reference trajectory, and the other two axes
form an accompanying trihedron. For example, a nat-
ural choice would be when one of the axes lies in the
tangent plane of the reference trajectory and is di-
rected normal to the tangent vector, and the second
axis is directed normal to the tangent plane and there-
by perpendicular to each of the previously selected
coordinate axes [19]. The initial value of the tangent
coordinate is assigned to the value of the length of the
reference trajectory from the starting point to the cur-
rent moment so that the tangent coordinate is not iden-
tically zero when moving the coordinate system along
the trajectory.

If we write the equations of motion for the refer-
ence trajectory in such a coordinate system, then the
solution will be the tangent coordinate that monotoni-
cally increases over time, while the other two local
coordinates along the reference trajectory are identi-
cally equal to zero. After replacing the time of move-
ment by the tangent coordinate (Section 3), we will
come close to the system of geometric parameters that
is usually used in the optics of charged particles to
describe beams of trajectories [5, 6].

Up until this step, when moving from one coordi-
nate system to the next coordinate system, the Hamil-
tonian symmetry of the equations of motion was pre-
served, at least due to a significant rearrangement of
the Hamiltonian of the dynamical system. This means
that for generalized coordinates and generalized mo-
menta written in the new coordinate system, the
integral Poincaré invariant will be preserved (Sec-
tion 1). Since it does not explicitly include the Hamil-
tonian of the dynamical system, the distortions of the
original Hamiltonian function that had to be applied
when moving from system to system are not very im-
portant.

The last step - the transition from Hamiltonian ge-
neralized momenta and coordinates to geometrically
meaningful parameters (angles and energies), unfortu-
nately, inevitably destroys the Hamiltonian symmetry
of the dynamic system. As a consequence of this fact,
for the geometric parameters of a pencil of trajectories
it is no longer possible to directly use the Hamiltonian
invariants considered in Sections 1 and 2. However,
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due to the simple functional connection between the
geometric parameters and the Hamiltonian genera-
lized coordinates and momenta, it is possible to con-
struct analogues of the Hamiltonian invariants for the

geometric parameters of trajectory beams. This proce-
dure and the important conclusions that follow from it
will be discussed in a future publication.
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