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JANHAMMKA 3APSAKEHHBIX YACTHUILL B IBYMEPHbBIX
MATHUTHBIX MMPU3MAX C YYETOM BJIMAHUSA
KPAEBBIX I1IOJIEN

Jl1 cKansipHOrO MarHWTHOTO MOTEHIMANA ABYyMEPHONH MarHUTHOM ITPU3MBI C MATHUTHBIMH 9KPaHaMU UCIOIb3YIOT-
Csl aHAJIUTHYECKHE BBIPa)KeHUs, TIOJy4eHHBIE JUIsl IOTEHIMANIa IEKTPOCTATHIECKOr 0 MO Ae(IICKTOPHBIX IUIACTHH
C 3a3eMJIEHHBIMHU dKpaHaMu. Onpenesnsist HHAYKIMIO MAarHUTHOTO MOJIS IPU3MBI KaK IPaJMeHT CKaJIIPHOTO MarHUT-
HOT'O IIOTEHIMAIa, Mbl OTHOBPEMEHHO ONMCHIBAEM AHAITUTUYECKH KpaeBble IO MarHura. B aTom cimyuae mns pac-
YeTa TPAeKTOPUN 3apsDKEHHBIX YacTHIl B IBYMEPHOW MarHUTHOH NpH3Me yJOOHO HCIHOJIB30BaTh Oe3pa3MepHbIC
ypaBHeHHs HbIOTOHA, MO3BOJISIIOIINE YUECTh BJIMSHME KPAaeBbIX MOJIEM MAarHuTa Ha CBOWCTBA Mpu3M. PaccuuTaHsbl
KOPIYCKYJISIPHO-OIITHYECKNE XapaKTEPUCTHKH JBYMEPHBIX MarHUTHBIX IPU3M C MarHUTHBIMH KpaHAMHU B TEJIECKO-
IMYECKOM pexuMe (POKYCHPOBKH C yIE€TOM BIMSHHUS KPaeBbIX MOJIEH MarHuTa.

Kn. cn.: nBymepHas MarHuTHas IpU3Ma, KpaeBble MOJIs MarHuTa, Oe3pa3MepHble ypaBHeHNsT HpioTOHA,

TENIECKOMMYECKUN PEKIM (POKYCUPOBKU

BBEJIEHUE

JIByMepHble MarHUTHBIE IPU3MbI MOTYT HCIIOJIB30-
BaThCsl B Kau€CTBE OTKJIOHSIOIINX HPU3MEHHBIX CHC-
TeM B NPHU3MEHHBIX MAarHUTHBIX Macc- M Oera-cIek-
TpoMmeTpax. Takue CIEKTPOMETPBl MO CBOEH CXeMe
aHAJIOTUYHBl TIPU3MEHHBIM CBETOOITHYECKHM CIIEK-
TpoMeTpaM. OHU CHa0XarOTCA KOJUTMMATOPHOH H ¢o-
Kycupyromei nuH3amMu [1-5]. VYrioBele mucnepcuu
MarHUTHOM MPHU3MBI [0 Macce U YHEPruu OIMHAKOBBI
¥ paBHbI D', IpH 3TOM JIMHEHHAS TUCIIEPCUS IPUOO-
pa ompenensiercs: GopMyIIOoi:

D=D'f,, (1)
rie f, — QokycHoe paccrosHue (QOoKycupyromei
nuH3bL [lo3ToMy nuHeHas aucnepcrs NPU3MEHHOIO
mpubopa MoKeT OBITH yBeldndeHa 0e3 yBeTMYeHHs
JMHEHHBIX Pa3MEpOB INPU3MBI 33 CUET YBEIWYEHUS
(hOKyCHOro paccTosHus f, .

JIByMepHble MarHUTHbIE IPU3MBI 00JIaJat0T Cpel-
HEll IIOCKOCTBIO, SIBIIAIOLIEHCS ITOCKOCTBIO AHTH-
cuMMeTpuM MarHutHoro nons. Ha puc. 1 cxemaTtuue-
CKHM IIOKa3aHa ABYMEpHas MarHuTHas NpHU3Ma, Mar-
HUTHbIE MOJIOCA KOTOPOM 3HAYMTENBHO BBITSHYTHI
BIONb ocu z. IlosTOoMy B 0GnacTv IBMXKEHHS IydKa
3apsDKEHHBIX YacTHUL], KOTOPBIH BXOAUT B MPU3MY 110
YIJIOM Q, MarHMTHOE I10JI€ IPU3MBbI 3aBHCUT TOJIBKO
OT IBYX APYI'HX IEeKapTOBBIX KoopauHat. [lapamnens-
HBII [JIOCKUI ONHOPOIHBIM MYYOK 3apsDKEHHBIX Yac-
THL, ABWKYLIMICS B CpEAHEW IJIOCKOCTU MPHU3MBI,
OTKJIOHSIETCSI IPU3MOH M BBIXOAUT M3 HEE TaKKe Ia-
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Puc. 1. /IBymepHas MarHuTHas mpu3mMa

paJulenbHO BCJIEICTBHE HICHTHYHOCTH TPAECKTOPHI
gacTHull. TakuM 00pa3oM, B MarHUTHBIX MPH3Max CO-
XpaHsAeTcsl MapauleNbHOCTh IIOCKUX TapaulelIbHBIX
OZIHOPOIHBIX ITyYKOB 3apsDKEHHBIX YaCTHIL, JIBHKY-
muxcss B cpenHeil miuockoctu. CoxpaHeHHe Mapal-
JIENFHOCTA 00BEMHBIX ITyYKOB MPU STOM obOecreunBa-
ercst Giarogapsi BBITONHEHHUIO YCIOBHS TEIECKOINY-
HocTH [1-5].

JIByMepHBIE MarHUTHBIE NPU3MBI PACCMOTPEHBI
BO MHOTHX pabotax (cMm., Hanmpumep, [1-6]). Bo Bcex
3THX paboTaXx MarHUTHOE IOJIE JBYMEPHON MarHuT-
HOM TIPU3MBI ONHKCHIBAETCS C HCIONB30BAHUEM BEK-
TopHOrO moreHnmana. OJHaKo Takoe ONMMCAHUE Mar-
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HUTHOTO TIONISl HE SIBJISIETCSl €IMHCTBEHHO BO3MOXK-
HbIM. B olyacTu, re OTCYTCTBYIOT 3JIEKTPHUYECKHE
TOKH HPOBOAMMOCTH, POTOpP BEKTOpa MAarHUTHON HH-
Oykiuu B paBeH HyJO:

rot B =0. 2)

DTO TIO3BOJISET ONMPENETUTh HHIYKIIMIO MAarHUTHO-
ro monss B TpW3MBI Kak TPajlieHT CKaJsipHOTO Mar-

HHUTHOI'O INOTCHIIMAJIA :

B=-grado=-Vo. 3)

PACYET MATHUTHOT O ITOJISI TPU3MBI

B pa6ore [7] ObLIM TIOTYYEHBI aHATUTHYECKHE BBI-
paKeHUs JUIS CKaJIIPHOTO MOTEHIHMaia JediIeKkTop-
HBIX IUIACTUH C JBYMS 3a3€MJICHHBIMH JKpaHaMH.
AHanornuHble BBIPAKCHUS MOXKHO HCIIOJIB30BaTh
W JUTSl CKaJSIPHOTO MarHUTHOTO TIOTeHInana @ (X, y)

JBYMEPHOH MarHMTHOH NPU3MBI C MarHUTHBIMHU JK-
paHaMmu:

(a2 —1) cos%

C
o(x,y)= P arctg

4 2ac ﬂ—(c12+1) sinﬂ_
d

(@ |

2ach%+ (a2 +1) sin——

cos =
d

—arctg

4)

C
3ech i? — MOTEHIIMaJ MAarHUTHBIX ITOJIOCOB,

d — paccTosHHE MEXKIYy MarHUTHBIMH ITOJIOCAMH,
a mapaMerp a paBeH

)
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rae /| — IIMpHHA MarHUTHBIX TIOJIIOCOB B HAaIlpaBlie-
HHUH OCH X, TPEIIOJIaraeTcsi, 4YTO B HAIPABICHUH OCH
Z TIONIOCA JIOCTATOYHO TPOTSDKEHHBIE, YTO U obec-
MEeYNBAET JBYMEPHOCTH TOJII B OOJIACTH JBYKCHUS
3apsHKEHHBIX YacTHIl. J[BymMepHass MarHWTHas IpH3Ma
C DKpaHaMH M COIYTCTBYIOIIAS JIeKapTOBAa CHCTEMA
KOOpAWHAT CXeMaTHYEeCKH M300pakeHbI Ha pHC. 2.

Ha pucyHke MarHUTHBIE SKpaHBI C MOTEHIIMAIOM
C, =0 wn300paxeHbl TOHKMMH JIMHHSAMH, a MarHuT-
HBIE MTOJTI0Ca — TOJICTBIMU JIMHUSIMU.

Huddepentupys (4), HaiizeM KOMIOHEHTH BEKTO-
pa marauTHO# nHAyKmu B(x,y)=—Vo:

Bx:_a_w:_i r_r ©)
Ox 2d| @ O
=—(a*-1) Z+(a*-1
By:_a_a’zi (_ )_ ( ), (7)
Y 9y 2d Q) e
rae

Y= 2a(a2 —1) cos[ﬂjsh (Exj,
d d

O =4ad’ chzzx—

d

2r
—4ala® +1)ch z)c sin 2 —2a*cos——y +a’ +1,
(1) [d j [dyj a’

O =4a>ch*Zx+

d

2r
+4ala®+1) ch z)c sin 2 —2a*cos==y +a* +1,
(e+1) [d j [dyj a’

=) =2a(a2 —l)ch [%xjsin(%yj.

Puc. 2. Cxemarmyeckoe wn300pakeHHe
JIBYMEPHOM MarHUTHOM IpPU3MBI C Mar-

HUTHBIMH 3KpaHaMHU

HAYYHOE ITPUBOPOCTPOEHME, 2023, Tom 33, Ne 4
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Pacnpenenenve MarHuTHOM MHAYKIUU B CpelHEN

IUTOCKOCTH IIPU3MBI OIIPEAENSIeTCs. BEIPAKEHUEM :
a* -1
BB x0-C TN
2 127 2 2
4a”ch —x+(a —1)
d
ITycte B, — XapakTepHO€ 3HAYECHHUE BEINYHHEI

WHIYKIAA MarHUTHOTO TIONA. DTO MOXET OBITh 3Ha-
YeHWe WHAYKIUN B IeHTpe MarHuTa mpu x =0

n y =0, KOTOpOoe MOXHO U3MEPUTh, HAMIPUMED, JAaT-
grkoM Xoiuta. CormacHo (8), momydnm:

Ca*-1
8,(0,0)[ =5, :322 =

©)

Vo
Torma BbeIpakeHUEe -— 5 =B, ompenenser 6es-
0
pa3sMepHYI0 HHIYKIHIO MarHuTHoro noid B, . Ha puc. 3

NPUBEICHO pachpenenenne 0e3pa3MepHoil HHIYKIHN
MarHUTHOTO TIONISI B CPEIHEH IUIOCKOCTH JBYMEpPHOI
MarHUTHOM NPU3MBI JUIs TIPU3MBbI ¢ [/d = 6, BbIuMC-
nerHoe 1o ¢opmyne (8), Mo ocH OpaWHAT OTIOXKEHa
BennynHa B (x,0).

BE3PASMEPHBIE YPABHEHUS HBIOTOHA

B HepenaTHBHCTCKOM TPHUOMIKSHUH JBHKEHHE
3apsHKEHHOM YaCTHIBI C DIICKTPUYECKHM 3apsaoM €
W Maccol 7 MOXHO OMUcaTh clemyrommm audde-
peHIMaIbHBIM ypaBHeHHeM HbroToHa:

1. ®. CIIMBAK-JIABPOB, O. A. BAVICAHOB, C. V. IIIAPUIIOB, b. 0. CAPCEMFAEB

3nece r — panuyc-Bekrop yactuuel, E — Ha-
HNPSKEHHOCTh 3JIEKTPUYEcKOoro noist, B — nuayknus
MarHuTHOro noist, vxB — o0o3Hayaer BEKTOpHOE
MPOU3BEIECHNE CKOPOCTH YacTULBl ¥ Ha HHAYKIHIO
MAarHuTHOro nomns B.

3ammmem ypaBHenue (10) B 6e3pasmepHBIX Tiepe-
MEHHBIX, OPHEHTHPYACh B JajbHEHIIEM Ha PaccMOT-
peHue IIy4yKOB 3apsDKEHHBIX YacTHLl C pa3dpocoMm
o MaccaM u sHeprusaM. [IpeacraBum maccy 4acTHIbI
B BUJE!

(11

m=m_,(1+7),
a SHEPTHIO YaCTHIIBI HA BXOJIE B CUCTEMY B BHJIE:

W, =—(1+&)eV,. (12)

B nocnenHux BeIpaxkeHHAX: m, — Macca "LeH-
TpPaTBHON" YaCTHUIIBI, ABMKYIIEHCS IO OCEBOM Tpaek-
TOpuH, ¥ — Oe3pa3MepHBIN MmapaMmeTp, ONpenesnsio-
U OTHOCHUTENBHBIA pa30poc YaCTHII IO Macce,
& — 0e3pa3MepHBI MapaMeTp, OMPEeN IOl oT-
HOCHUTEbHBIN pa30poc 4acTUll IO PHEPrUM Ha BXOAE
B KOpmycKyisipHO-onrTrdeckyto cucremy (KOC), mpu-
geMm s "meHTpanbHOU" wactuiel ¥ =& =0. OTtme-

THM, uTO BenmuuHa (—el, >0) Beerna MONOKHTEIb-

Has (TOJIOKHUTEIbHBIE MOHBI BBITATHBAIOTCS OTpHIA-
TENBHBIM TIOTEHIIHAIIOM). JJIEeKTPOCTATUYECKAN I10-
TEHIMANl ¢ HOPMHPOBAH TaKUM 00pa3oM, 4TO OH pa-
BEH HYJIO TaM, I'Jle paBHAa HYJIIO CKOPOCTb YaCTHII,

npuyeM
E=-Vo. (13)

OpHako oOTpUIaTeNbHbIE TOTEHIHANB HEyT00HO
UCTIONB30BAaTh TPH YHCICHHBIX pacyuerax, MOITOMY

2
md ::e(E+ vxB). (10) moTeHuMan ¢ Mbl OyjieM Be3le CUMTATh IOJIOKH-
dr TEIBHBIM, TPH 3TOM KHHETHYECKash dHEPIus YacCTHI]
Oyzer paBHa |e|(o.
027 By(x,0)
; | 0 | e
-5 1, 1 o
0.4 -
-0.6
-0.8 -

1

=T

-1.2 -

Puc. 3. Pacnipenenenue 6e3pa3MepHON HHIYKIIMA MAarHATHOTO TIOJS B CPETHEH IIOCKOCTH

ABYMepHO# MaruuTHOM npusmet ¢ [/d =6

HAVYYHOE ITPUBOPOCTPOEHME, 2023, Tom 33, Ne 4
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Bo3bmeM B kauecTBe €AMHULBI AJIUHBI d — Xa-
pakrepHblii nuHelHbld pasmep KOC, V, — xapak-
TepHBI  3nekrpoctatndeckuid moreHnman KOC,
B, — xapakTepHoe 3Ha4eHHE BEIMYMHBI WHIYKIHH

MarHuTHOro mojs. Beenem taxke 6e3pasmepHoe Bpe-
Ms

T=—1. (14)
To
Teneps nepenumiem ypasuernwue (10) B Buze:
ddr__eh(l+e) Vo
t,dr? m (1+y)d V,(1+¢)
__eBd dr Vo (15)

m,(1+y) 7, dr B,

B 3TOM ypaBHEHMHM KOMIIOHEHTBI PaauyC-BEKTOPa
I H3MEpAITCA B eAMHUIAX d . Eciam Temepp 7, BBI-
OpaTh paBHBIM

7, =d (16)

IpUaeM K YpaBHEHUIO

2
B
dr_ Vo, % dr g (17)
dr l+¢ m,(1+y) dr

3nece V@ — Oe3pa3MepHBIi rpaaueHT Oe3pas-

MEpHOT0 TOTEeHIIHANA
=2 (18)

B nmanprelimem npu pacderax OyneM CUHTATh TO-
TEHIHAJT (¢ W JJIEKTPUYECKUIl 3apsa] e TOJOKHUTENb-

HBIMH BeTMarHaMU. [Ipy 3ToM KHHETHYeCKas SHEPTHs
3apsHKEHHBIX YacTHll Oyzer paBHa e@. lloxcraBmss

B (17) dopmyny (16) s 7, , momydum:

2
dr_Yo, 1 ﬁdﬂxB,. (19)
dr l+¢ (1+g)(1+;/) R, dr
3nech
2mc-eV0|
R, :W. (20)
0

Ota BeJIMYMHA ONpeneNnsieT paguyc KpUBU3HbI Tpa-
eKTOPUU B TOYKE, I'I€ MHIAYKLHUS MarHUTHOTO IIOJIS

paBHa B, a BeIMYMHA DSHEPrHMM YacTHIBI pPaBHA

HAYYHOE ITPUBOPOCTPOEHME, 2023, Tom 33, Ne 4

|e V,|, npuuem R,/d — Ge3pa3mepHblil pagiyc KpH-
BHU3HBI TPACKTOPHUH, M3MEpPEHHBIN B enuHUIax d. Pa-
Hee Mbl HCIOIb30BAIM HECKOJIBKO MHYIO 3alHCh 0e3-
pa3MepHBIX ypaBHeHUH HbioTOHA, IPUBEACHHYIO B [8,
9.

OtmerumMm, uto ypaBHeHue (19) mmeer rmybokoe
¢usnueckoe conepkaHue. B uacTHOCcTH, M3 3TOrO
YPaBHEHHUS CIEAYET, YTO MOCTOSIHHOE IEKTPUIECKOE
[0JIe MPOCTPAHCTBEHHO Pa3leNsieT YacTHIBI TOJBKO
0 3HEPruu. B TO BpeMs Kak NMOCTOSIHHOE MarHUTHOE
[oJIe pa3zenseT YacTUIbl U 110 SHEPTUH, U 0 Macce,
IpUYeM OIMHAKOBBIM 00pa3oM B CHIIy HMIEHTUYHOU
3aBUCHUMOCTH OT & u y. Ilpm atom, B cuiy (16), Ha-

ar4ne pa3dpoca 10 PHEPTUU & M Macce Y TNPHBOIHUT
T K M3MEHEHUIO BPEMEHH JIBMKSHUS YaCTHII.

PE3YJIbTATBI PACUETA

st pacuera TpaeKTOpPUMl 3apsyKEHHBIX YaCTHI]
B JBYMEPHBIX MAarHUTHBIX HPU3Max BOCIOJIb3yeMCs
cllenyomuMH Oe3pa3MepHbIME  ypaBHeHUsIMH Hbro-
TOHA, KOTOpbIe Tomy4atorcs u3 (19) mpu oTcyTcTBHH
JIEKTPUIECKOr0 MOJIs:

KzB,

(I+&)(1+y) ’

. KZ‘B/.X
yE——— 21)

(1+)(1+7)
K(%B,-yB,)

(1+&)(1+y)

3meck TOuKkM 0003HAYAIOT IMPOW3BOAHBIE Oe3pas-
MEpHBIX KOOpAMHAT 10 Oe3pa3MepHOMY BPEMEHHU T,
K — 0e3pa3mepHas 1IOCTOSHHAs, YMCIEHHOE 3Hade-
HUE KOTOpOH moadupaercss B mporecce pacdera. Or-
paHUYMMCSL PACCMOTPEHHEM IIPU3M C CUMMETPHYHOMN
0ceBOl TpaekTopuel. [[jig 3Toro moioxum, 4to B I€H-
Tpe MarauTa, rae y =0 u x =0, 3Havenus y=:z=0,

a x=./2. Torma 3HaueHHe NOCTOSHHON K, COrJIacHO
(19), 6yzmer orpenensTbes BEIpaKSHHEM

2d

K :\/7 . (22)
RO

JeiicTBUTENBHO, OceBast  TPACKTOpHUS  Iy4yKa

¢ ¥y =¢&=0 npu 3TOM OyIeT MI0CKON KPHUBOH, JexKa-
el B INIOCKOCTH Xz TPHU3MBL, JUIS pajiyca KpUBH3-
HBl KOTOPOI MOXKHO 3aIlMCaTh CIEIYIOIIYI0 H3BECT-
HYy10 QopMyITy:
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R ——(xz v ) . (23)

|xz-5z]

[oncrasmss B oty hopmyny y =z =0 , momyanm:

24

Ucnonw3yst Tperbe ypaBHeHue (21) W yduuThIBafd,

4T0 B HeHTpe Marauta B, (0,0) =1, samuimem:
Z=xK. (25)

[Moxcrapmsas (25) B (24) u x :\/E , IOTy4HUM B Oe3-
pa3MepHbIX eIUHHUIIAX

OtmMernM, 4YTO IpU JBMXKEHUH 3apSHKEHHON 4acTH-
(bl B IOCTOSSHHOM MarHMTHOM I10JI€ MOAYJIb CKOPOCTH
He OyIeT WM3MEHSTHCS, MO3TOMY BBIIOIHAETCS COOT-

HOIIICHUEC
i+t 420 =2,

[Ipu 3TOM CcKOpOCTH '"HMEHTpadbHON" YACTHIIBI
B CepeIMHEe MarHuTa onpenemnsercs: GopMyIoi, KoTo-
past coriacyercsi ¢ 3aKOHOM COXpaHEHHs YHEPTHU:

d 2eV;
UOZ\/ET_: mo.
0

[

27

(28)

Pe3ynpTaThl UMCIEHHOTO pacyeTa TpaeKTOpUi yac-
TUI JUIs ipu3Mbl ¢ //d =6 TpexcraBieHbl Ha puc. 4
us.

R, x 2

==X (26)

d K K
) zd
4l

6 4 2 2 4 6 Yd 4
2 - Puc. 4. [Ipoekunn TpaeKTOpWil YacTUIl HA Cpell-
HIOKO [IOCKOCTB TpH3Mbl ¢ [/d =6

0.2

yid

-0.2 -

Puc. 5. IIpoekuus TpaekTopuil 4acTul Ha IUIOC-
KOCTB Xy JUIsl pH3MBI ¢ //d =6

HAVYYHOE ITPUBOPOCTPOEHME, 2023, Tom 33, Ne 4



JUHAMUKA 3APSDKEHHBIX YACTHLl B ABYMEPHBIX MAT'HUTHBIX TTPM3MAX 53

Ha puc. 4 noka3zansl rpaHUIbl MATHUTHBIX IMOJIIO-
COB, a TAaKKE MIPOCKIIMK TPACKTOPUI YaCTHUI] HA Cpel-
HIOIO IUIOCKOCTh NpHU3MBbI Juid Tpex macc ¢ ¥ =0
n y=20.01. Yron mamenus 9acTUIl Ha TPAHUILY Mar-
HUTHBIX TIONOCOB paBeH o =52.502°. Pammyc kpm-
BH3HBI TPAEKTOPUH B LIEHTPE MarHUTa B €AWHULIAX d
paBeH 3.7813, uTo obecreynBaeT TEINECKOMUIHOCTD
HPU3MBL

[Ipoekuust TpaeKTOpUil YacTUIl HAa IVIOCKOCTh X Y
IpeACTaBIeHa Ha puC. 5. 31ech MPU HAKIOHHOM BXO-
Jie 4YacTUI] B IPU3MY YacTUIBI (POKYCHPYIOTCS K Cpel-
Hell TUIOCKOCTH, 00pasysl JHMHEHHBIH (OKyC B IEHTpe
MmarauTa. [Ipu sToM oOecrieunBaercs TeENEeCKONNUY-
HOCTh TIPU3MBI, a TapauieNbHbIi OOBEMHBIA ITYYOK,
BXOAALIMKA B Ipu3My, OyIeT ocTaBaThCs Napajieib-
HBIM M Ha BbIXOAE M3 Hee. M3 pucyHka BHAHO, YTO
YCIIOBHE TEJIECKONUYHOCTH JOCTATOYHO XOPOLIO BbI-
MOJHSIETCS Aa)Ke IPU OTKJIOHEHMSX YacTHUll OT Cpel-
Heil wiockoctn £0.154 .

VYrnoBas  gucrepcuss  OpU3MBL [0 Macce
D! =tga=1.3, 4T0 X0OpOLIO COryIacyercs ¢ pe3yib-
TaTaMH pacuera W JNaHHBIMH MoHorpaduu [4]. [lpu
OTHOCHTENBHOI pa3Huile B Maccax ¥ =+0.01 yrmosas

PacXoaMMOCTh YaCTHI]
Ao =D y=%0.013 pax, (29)

T.€. YyTh MEHBIIE OIHOTO Ipagyca, YTO MOKHO Ha-
OmonaTh Ha puc. 4.

Tabx. Pe3ynapraTel pacyera IByMEPHBIX MAarHUTHBIX ITPU3M

PesynbraTthl pacuera JBYMEpPHBIX MAarHUTHBIX
IIPU3M C Pa3MYHBIMU OTHOIIEHUsMH [/d mpencTas-
JieHbl B Tabmuile, MOMenIeHHol Huxke. M3 mpuBeneH-
HBIX JaHHBIX BUAHO, YTO YIJIOBas IUCIIEPCHUS IBY-
MEpHBIX MAarHUTHBIX NPHU3M II0 MacCe M 3HEpruu
MPUMEPHO OAMHAKOBA M IOYTH HE 3aBHCHUT OT OTHO-
wenus //d.

[IponemoHCTpHpYyEM Temepb YHUBEPCAIBHOCTD
MOJTYYEHHBIX Pe3ysbTaToB. OCHOBHBIM PE3yJIbTaTOM
SIBJISICTCSl BBIYMCIIEHHBIN paglyC KPUBU3HBI OCEBOU
TPAEKTOPHH B LeHTpe MaruuTa. Jst ipusmbl ¢ //d =6

orHowenue R,/d =3.7813. U3 dopmymnst (20) creny-

€T, YTO BEIMYMHA aHAIN3UPYEMOM MacChl ONpEAEs-
€TCsl BBIPAXKEHUEM:

2
(eBO)Z[If;j &
m, = 7 . (30)
eV

[IpoBeneM BBIUKCICHHE aHAIU3UPYEMOM MAaccChl,
ucnonb3yst  ¢dopmyny (30). Ilomaras, Hampumep,
B,=1Tn, eV,=1k3B, BeIn4HHYy MEKIIOIIOCHOIO

3a3opa d =0.01M ¥ WCMONB3ysl aTOMHYIO €IUHHUIY
maccel m, = 1.6605-107%" kr, nomy4um:

m, (1.602:107° 1) -(3.7813) 0.01°

—= =68.97.
m, 2-1.602-107"-10°-1.6605-10"*’

C2))

l/d K Ry/d a(pan) a (rpan) D'
4 0.5700 2.4811 0.9375 53.717 1.362
0.3740 3.7813 0.9163 52.502 1.303
8 0.2780 5.0871 0.9048 51.841 1.273
10 0.2214 6.3876 0.8991 51.515 1.268
12 0.1830 7.7279 0.8889 50.932 1.232
16 0.1364 10.3681 0.8813 50.497 1.213
20 0.1088 12.9983 0.8778 50.294 1.204
30 0.0722 19.5875 0.8723 49.978 1.191
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3AK/IIOYEHHUE

@dusnueckue U NpuOOpPHBIE XapaKTEPUCTUKU JIBY-
MEPHBIX MarHUTHBIX IPU3M PACCUMTAHBI C UCIIOJIB30-
BaHMEM Oe3pa3MepHbBIX ypaBHeHWH HploToHa W aHa-
JUTHYECKUX BBIPAKEHUH, OMHMCHIBAIOIIMX MAarHUTHOE
nose npu3Mal. [Ipyu 3TOM HHAYKIMS MArHUTHOT'O TTOJIS
MPU3MBI BBIYMCIIACTCS KaK IPAJUEHT CKaJSIPHOTO I10-
TeHIMana. Vcnonp3oBanne Oe3pasMepHBIX AuQde-
PEHLMAIBHBIX yYPaBHEHUH U ONMCAHUS JBHMKEHUS
3apsDKEHHBIX YacTHLl B 3JIEKTPOMATHUTHBIX ITOJISIX
yIpoUIaeT NPOBEAECHNE YHCICHHBIX PacyeToB U Jefna-
€T MOJIyYeHHbIE PE3YJIbTaThl pacyeToB Oosiee YHHUBEp-
CallbHBIMM, IIO3BOJISII MCKIIOUUTH HECYIIECTBEHHBIE
napamerpbl. PaccumTaHel KOPIYCKYJISIPHO-ONTHYE-
CKHE CBOMCTBA ABYMEPHBIX MarHUTHBIX IPU3M C Mar-
HUTHBIMH SKpPaHaMH B TEJIECKOIMMYECKOM pexume $o-
KyCHPOBKU C Y4€TOM BIIMSHHS KpaeBbIX IOJIEH Mmar-
HUTA.

Paboma evinonnena 6 pamxax npoekma ¢ SpaHmosbim
¢unancuposanuem Komumema wnayxu MOH PK (UPH
AP09258546).
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DYNAMICS OF CHARGED PARTICLES IN TWO-DIMENSIONAL
MAGNETIC PRISMS WITH ACCOUNT OF THE INFLUENCE
OF FRINGE FIELDS

I. F. Spivak-Lavrov, O. A. Baysanov, S. U. Sharipov, B. O. Sarsembaev

Aktobe Regional University named after. K. Zhubanova, Aktobe, Kazakhstan

The analytical formulas developed for the potential of the electrostatic field of deflector plates with grounded
screens are applied to the scalar magnetic potential of a two-dimensional magnetic prism with magnetic screens.
By defining the induction of the magnetic field of the prism as the gradient of the scalar magnetic potential, we
simultaneously analytically describe the fringe fields of the magnet. In this case, to calculate the trajectories of
charged particles in a two-dimensional magnetic prism, it is convenient to use Newton's dimensionless equa-
tions, which make it possible to take into account the influence of the fringe fields of a magnet on the properties
of prisms. The corpuscular-optical characteristics of two-dimensional magnetic prims with magnetic screens in
the telescopic focusing mode are calculated taking into account the influence of the fringe fields of the magnet.

Keywords: two-dimensional magnetic prisma, magnet fringe fields, Newton's dimensionless equations, telescopic

focusing mode
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INTRODUCTION

Two-dimensional magnetic prisms can be used as
deflecting prism systems in prism magnetic mass
spectrometers and beta spectrometers. Such spectro-
meters are similar in design to prism light-optical
spectrometers. They are equipped with collimator and
focusing lenses [1-5]. The angular dispersions of the
magnetic prism by mass and energy are the same and
equal to D', while the linear dispersion of the device
is determined by the formula:

D=Df,, (1)

where f, is the focal length of the focusing lens.

Therefore, the linear dispersion of a prism device can
be increased without increasing the linear dimensions
of the prism by increasing the focal length £, .

A two-dimensional magnetic prism has a middle
plane, which is the plane of antisymmetry of the mag-
netic field. Fig. 1 schematically shows a two-
dimensional magnetic prism, the magnetic poles of
which are significantly elongated along the axis z.
Therefore, in the region of motion of a beam of
charged particles entering the prism at an angle «, the
magnetic field of the prism depends only on two other
Cartesian coordinates. A parallel flat homogeneous
beam of charged particles moving in the middle plane
of the prism is deflected by the prism and leaves it
also in parallel due to the identity of the particle tra-
jectories. Thus, the parallelism of flat parallel homo-
geneous beams of charged particles moving in the
middle plane is preserved in magnetic prisms. Main-
taining the parallelism of volumetric beams is ensured
by telescopicity [1-5].

Fig. 1. Two-dimensional magnetic prism

Two-dimensional magnetic prisms are considered
in many works (see, for example, [1-6]). In all these
works, the magnetic field of a two-dimensional mag-
netic prism is described using a vector potential.
However, such a description of the magnetic field is
not the only possible one. In the region where there
are no electric conduction currents, the rotor of the
magnetic induction vector is equal to zero:

rotB =0. 2)

This allows us to determine the induction of the
magnetic field B of the prism as the gradient of the

scalar magnetic potential w:
B=-grado=-Vo. 3)

CALCULATION OF PRISM MAGNETIC FIELD

In [7], analytical expressions were obtained for the
scalar potential of deflector plates with two grounded
screens. Similar expressions can be used for the scalar
magnetic potential o (x,y) of a two-dimensional

magnetic prism with magnetic screens:

(a2 —1) cos%

C
o(x,y)= P arctg p -
2ac 7—(a2+1) sin”*Y

(a2 —1) cos "~
—arctg d NG

2ach™X 4+ (a2 +1) sin?Y
d d

Here i% is the potential of the magnetic poles, d is

the distance between the magnetic poles, and the pa-

rameter a is equal
ml
a=exp| —|, 5
p[sz O]

where [/ is the width of the magnetic poles in the direc-
tion of the axis x; it is assumed that the poles are
quite extended in the direction of the axis z to ensure
the two-dimensionality of the field in the region of
motion of charged particles. A two-dimensional mag-
netic prism with screens and the corresponding Carte-
sian coordinate system are schematically depicted in
Fig. 2.

Fig. 2. Schematic representation of a two-dimensional
magnetic prism with magnetic screens

In the figure, magnetic screens with potential
C, =0 are depicted with thin lines, and magnetic
poles with thick lines.

Differentiating (4), we find the components of the
magnetic induction vector B(x,y)=—Vo:

(6)
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where
Y= 2a(a2 —1) cos[ﬂjsh (Exj,
d d
O =44d° chzzx—
d
2r
—4ala® +1)ch z)c sin 2 —2a*cos——y +a’ +1,
(1) [d j [dyj a’
O =4a’ch*Lx+
2r
+4ala®+1) ch z)c sin 2 —2a*cos==y +a* +1,
(e+1) [d j [dyj a’

=) =2a(a2 —l)ch [%xjsin(%yj.

The distribution of magnetic induction in the mid-
dle plane of the prism is determined by the expres-

sion:
(" -1)

44* ch® gx +(a2 —1)2

B,(x,0)=B,(~x,0) __c . (8)

Let B, be the characteristic value of the magnetic
field induction. This may be the induction value at the
center of the magnet if x=0 and y =0; this value can
be measured, for example, by a Hall sensor. Accord-
ing to (8), we get:

Ca’ -1

|3,(0,0) =B, —

©)

Then the expression —%:B, determines the

0
dimensionless magnetic field induction B,. Fig. 3
shows the distribution of the dimensionless magnetic
field induction in the middle plane of a two-
dimensional magnetic prism for a prism with
I/d =6, calculated using formula (8); the value

B, ,(x,0) is plotted along the ordinate axis.

Fig. 3. Distribution of dimensionless magnetic field
induction in the middle plane of a two-dimensional

magnetic prism with //d =6
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NEWTON’S DIMENSIONLESS EQUATIONS

In the nonrelativistic approximation, the motion of
a charged particle with an electric charge e and mass
m can be described by the following Newton’s diffe-
rential equation:

2
((11; =e(E+ 1)><B).

m

(10)

Here r is the radius vector of the particle, E is the
electric field intensity, B is the magnetic field induc-
tion, and vxB denotes the vector product of the par-
ticle velocity v and the magnetic field induction B.

Let us write equation (10) in dimensionless va-
riables, focusing further on the consideration of beams
of charged particles with a spread by mass and energy.
Let's imagine the mass of a particle in the form:

(11

and the energy of the particle at the entrance to the
system in the form:

W, =—(1+&)eV,.

m=m_,(1+7),

(12)

In the last expressions: m_ is the mass of the “cen-
tral” particle moving along the axial trajectory, y is a
dimensionless parameter that determines the relative
spread of particles by mass, & is a dimensionless pa-
rameter that determines the relative spread of particles
by energy at the input into a corpuscular (charge par-
ticle)-optical system (COS) with y=¢g=0 for the
“central” particle. Note that the value (—el, >0) is

always positive (positive ions are drawn out by the
negative potential). The electrostatic potential ¢ is
normalized in such a way that it is equal to zero where
the particle speed is equal to zero, and

E=-Vo. (13)

However, negative potentials are inconvenient to
use in numerical calculations, so we will consider the
potential ¢ to be positive everywhere, and the kinetic

energy of the particles will be equal to |e| Q.

Let us take d — the characteristic linear size of
the COS — as a unit of length, the characteristic elec-
trostatic potential of the COS, B,— characteristic

value of the magnetic field induction value. Let us
also introduce non-dimensional time

t
T=—"1.
Ty

(14)

Now we rewrite equation (10) in the form:
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ddr__eh(l+e) Vo
t,dr? m (1+y)d V,(1+¢)
eB,d dr Vo

_——Xx—
m,(1+y)z,dr B,

In this equation, the components of the radius vec-

torr are measured in units d . If we now choose 7,

equal

(15)

B mc(1+7/)
%o =d eV0(1+8)’ (16)

we come to the equation

d’r Vo eB, Ex
m,(1+y) dr

B,. (17)

= +7
dz? 1+e °

Here V@ is the dimensionless gradient of the di-
mensionless potential

=2 (18)

In future calculations, we will consider the poten-
tial @ and electric charge e to be positive quantities.

In this case, the kinetic energy of charged particles
will be equal to e¢. Substituting formula (16) in (17)

for 7,,, we obtain:

2
dr_Yo, 1 ﬁdﬂxB,. (19)
dr l+¢ (1+g)(1+;/) R, dr
Here
2mc-eV0|
R, :W. (20)
0

This value determines the radius of curvature of the
trajectory at the point where the magnetic field induc-
tion is equal to B,, and the value of the particle ener-

gy is equal to |eV0 ,and R,/d is the dimensionless

radius of curvature of the trajectory, measured in units
d . Previously, we used a slightly different representa-
tion of Newton’s dimensionless equations given in [8,
9].
Note that equation (19) has profound physical sig-
nificance. In particular, it follows from this equation
that a constant electric field spatially separates par-
ticles only by energy but a constant magnetic field
separates particles both by energy and mass similarly
due to an identical dependence on £ and y . Due to

(16), the presence of a spread in energy & and mass

y only leads to a change in the time of particle mo-
tion.

CALCULATION RESULTS

To calculate the trajectories of charged particles in
two-dimensional magnetic prisms, we use the follow-
ing dimensionless Newton’s equations, which are ob-
tained from (19) in the absence of an electric field:

KzB,,
(1+g)(1+;/)’
KzB,
(1+)(1+7)

K(%B,-yB,)

y= 21

(I+&)(1+y)

Here the points denote the derivatives of dimen-
sionless coordinates with respect to non-dimensional
time 7, K is a dimensionless constant, the numerical
value of which is selected during the calculation
process. Let us limit ourselves to considering prisms
with a symmetrical axial trajectory. To do this, let us

assume values y=z=0 and x :\/E. at the center of
the magnet, where y =0and x=0. Then, the value of
the constant K, according to (19), is determined by

the expression
J2d
K= .
RO

(22)

Indeed, the axial trajectory of the beam with
y =& =0 is a flat curve lying in the plane of the xz
prism, for the radius of curvature of which the follow-
ing well-known formula can be written:

3
(¥ +27)?
R="r— (23)
3% —5%2]
Substituting y =z =0 into this formula, we get:

.2
R, =2 (24)
z
Using the third equation (21) and taking into ac-
count that B, (0,0) =1 at the center of the magnet, we
write:

F=%K. (25)
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Substituting (25) into (24) and i =./2 , we obtain
in dimensionless units

R _E_J2
d K K
Note that when a charged particle moves in a con-

stant magnetic field, the velocity module does not
change, so the relation is satisfied

The speed of the “central” particle in the middle of
the magnet is determined by the formula, which is
consistent with the law of conservation of energy:

d 2eV,
e
0 c

The results of numerical calculations of particle
trajectories for prism with //d=6 are presented in
Figs. 4 and 5.

(26)

27

(28)

Fig. 4. Projections of particle trajectories onto the
middle plane of the prism with //d =6

Fig. 4 shows the boundaries of the magnetic poles
as well as the projections of particle trajectories onto
the middle plane of the prism for three masses with
y =0 and y==£0.01. The angle of incidence of par-
ticles on the boundary of the magnetic poles is equal
to o =52.502°. The radius of curvature of the trajec-
tory at the center of the magnet in d units is equal to
3.7813, which ensures the telescopicity of the prism.

The projection of particle trajectories onto a plane
xy is shown in Fig. 5.

Fig. 5. Projection of particle trajectories onto
the xy plane for prism with //d =6

With an inclined entrance of particles into the
prism, the particles are focused towards the middle
plane, forming a linear focus in the center of the mag-
net. In this case, the telescopicity of the prism is en-
sured, and the parallel volumetric beam entering the
prism remains parallel at the exit from it. It can be
seen from the figure that the condition of the telesco-
picity is satisfied quite well even when the particles
deviate from the average plane £0.15d .

The angular dispersion of the prism by mass
D! =tga=1.3 is in good agreement with the calcula-
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tion results and the data in the monograph [4]. With
a relative difference in masses y =+0.01, the angular

divergence of particles

Aa=D!y=+0.013rad, (29)

i.e., slightly less than one degree, which can be ob-
served in Fig. 4.

The calculation results for two-dimensional mag-
netic prisms with various ratios //d are presented in
the table below. From the given data, it is clear that
the angular dispersion of all two-dimensional magnet-
ic prisms in terms of mass and energy is approximate-
ly the same and almost does not depend on the ratio
l/d .

Tab. Results of calculation for two-dimensional mag-
netic prisms

Let us now demonstrate the universality of the re-
sults obtained. The main result is the calculated radius
of curvature of the axial trajectory at the center of the
magnet. For the prism with //d=6 we have an atti-
tude R,/d =3.7813. From formula (20), it follows

that the value of the analyzed mass is determined by

the expression:
R 2
eB))| 2| d’
(e’ %)

m, = . 30
: T (30)

Let us calculate the analyzed mass using the for-
mula (30). Assuming, for example B,=1T,

eV, =1keV, the value of the pole gap d =0.01 m and

using the atomic mass unitm, =1.6605-10"* kg, we
obtain:

m, (1.602:107° 1) -(3.7813) 0.01°
m_ - ——=68.97.
m,  2:1.602-10"°-10° -1.6605-10

C2))

CONCLUSION

The physical and instrumental characteristics of
two-dimensional magnetic prisms are calculated using
Newton's dimensionless equations and analytical ex-
pressions describing the magnetic field of the prism.
The induction of the magnetic field of the prism is
calculated as the gradient of the scalar potential. The
use of dimensionless differential equations to describe
the motion of charged particles in electromagnetic
fields simplifies numerical calculations and makes the
obtained calculation results more universal, allowing
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one to exclude unimportant parameters. The corpuscu- mode are calculated, taking into account the influence
lar-optical properties of two-dimensional magnetic of the fringe fields of the magnet.
prisms with magnetic screens in a telescopic focusing
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