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JANHAMMUKA IIYYKA 3APAKEHHBIX YACTUIL
B TPAHCAKCHAJIBHOM 3EPKAJIE

PaccMoTpeHo moBeneHue Iy4yKka 3apsHKEHHBIX YacTUL], CPOPMHUPOBAHHOTO TOYEYHBIM MCTOYHUKOM, PACIHOJIOKEH-
HBIM B CpeAHel IIOCKOCTH 3epKasa. PacueT TpaekTopHil yacTull B 3epKajie MPOBOJWICS ITyTeM YHCICHHOTO MHTEr-
pHpoBaHMs Oe3pa3MepHBIX ypaBHeHHH HbloTOHA. DIEeKTpocTaTH4ecKoe MoJie TPEXINEKTPOLHOTO 3epKaia ¢ XOpo-
1€ TOYHOCTHIO ONMCHIBATIOCH AHAIMTHYECKUM BhIpaKeHUEM i moTeHImana. [lokasano, 4ro B pesysipTaTe oTpa-
KEHUSI B TPEXUIEKTPOJHOM TPAHCAKCHAIBHOM 3€pKajieé MOXKHO JOOHWTBCS OJHOBPEMEHHO MHPOCTPAaHCTBEHHOU
1 DHEPTeTHYECKON BPEMSAIPOIIETHON (POKYCHPOBKH. PacCMOTpEHBI 1Ba pexXrMa BEPTUKATBHOHN (POKYyCHPOBKH IMydKa.

Kn. cn.: 3apsArKCHHasA 4acTrula, TPaHCAKCUAJIbHOC JJICKTPOCTATUYCCKOEC 3€PKaAJIO, 6e3pa3MepHI>Ie YpaBHCHUA
HBIOTOHa, TCJICCKOIMMYCCKasa CUCTEMaA, CKaJ'IHpHI:IfI MOTCHIIUAJ, TPACKTOPHA YaCTUI]

BBEJIEHUE

N3BecTHO, YTO MpHU pacueTe TPAEKTOPUN 3apsiKeH-
HBIX YaCTHUI[ B 3JIEKTPOCTATUYECKUX 3€pKajlaX BO3HU-
KaloT MaTeMaTU4YeCKHe TPYIHOCTH, CBA3aHHBIE C TEM,
YTO B OKPECTHOCTH TOYEK IOBOPOTa PAIUYChl KpHU-
BHU3HBI TPACKTOpUH cTpeMmsTcs K Hymo. IIpu stom
HAaKJIOHbl TPACKTOPUA K ONTHYECKOH OCH U OTHOCHU-
TEJIbHBIA Pa30poc PHEPruil YacTUl HEOTPaHMYECHHO
BospactarorT [1, 2]. Bce aTu TpyaHOCTH OCTarOTCS
B CTOPOHE, €CJIM UHTETPUPOBATh HE YPaBHEHUS TPAacK-
TOpHUH, a ypaBHeHUs HpI0TOHA 1O BpeMEHHU JBM)KEHUS
yacTull. YWCIEHHOE WHTErPUPOBAHUE YPABHEHUI
HpioTOHA 3HAYMTENBHO YIPOIIAETCS, €CIIM M3BECTHHI
AQHAIMTUYECKHUE BBIPAXECHHUS IS MOTSHIINAIOB, OIH-
CBIBAIOIIIME INIEKTPUUECKHE MO 3epKail. [ Haxox-
JIEHHSI TIOTEHIINAJIOB, OMHCHIBAIOIINX JIIEKTPOCTATH-
YecKHe MOJs KOPIYCKYJSIPHO ONTHYECKHX CHCTEM
(KOC), xaxk mpaBwio, NpUXOAMUTCA pelIaTh 3afady
Hupuxne And CKaJIApHOTO NOTEHLMAJA, YJIOBJIETBO-
pstomiero ypasHeHusiM Jlamaca. [loteHumans! TpaHc-
akcuanbHbiX KOC B HIMIMHAPUYECKON cUCTEME KOOp-
IUHAT P, W, Z 3aBUCAT TOJIBKO OT MEPEMEHHBIX P

¥ z ¥ YIOBJIETBOPSIOT ypaBHEeHMIO Jlamaca [3]:
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OTO ypaBHEHHE OOBIYHO  PEMIAIOT METOJOM
®dypre, 3ammchBasg MOTEHIWAT B BUAE pANOB (PyHK-
uuit beccens [3]. OmHako M3-3a TUIOXOW CXOJIUMOCTH
PSAAOB TONYYEHHBIE TaKUM 00pa3oM aHAIMTHYECKHE
BBIPOKEHHS CIIOKHO HCIOJBb30BaTh MPH YHCICHHBIX
pacuerax moTteHIMana. B paborax [4-9] HaiineHsI
MPOCTHIE MPHUOIIKEHHBIE aHATUTUYCCKUE BBIPAKEHUS
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JUIsl IIOTEHLMANa TPEXIEKTPOJIHON TPaHCAKCUAIBHOMN
JIUH3BI, KOTOPBIE C XOPOIIEH TOYHOCTBIO OMUCHIBAIOT
U TIOJIE TPAaHCAKCHAJIBHOIO 3¢pKana. Takue 3epkaia
MOXHO HCIIOJIb30BaTh, B YACTHOCTH, IPHU CO3JIaHUU
BPEMSIIPOJIETHBIX ~ MAacC-CIIEKTpoMeTpoB.  Pacuery
CBOICTB Takux 3€pKaJl W IOCBSIICHA HacTosIAs pa-
oora.

AHAJIMTUYECKUE BBIPAYKEHUA
JJIA IIOTEHIUAJIA TTOJISA
TPAHCAKCHAJIBHOT O 3EPKAJIA

TpexanexkTponHas TpaHCakCHaldbHAs JIMH3Aa WIH
3epKallo IPEeACTaBIAIOT cOo0OM JABe IapauleibHble
IUTACTHHBI, Pa3pe3aHHble NPSMBIMH KPYTrOBBIMH IH-
JUHIpaMU paauycoB R u R,, ocb KOTOpPBIX COBIaja-

eT ¢ oceto z [7, 9]. Takoe 3epkaio CXEeMaTHYECKU
n3zo0paxeno Ha puc. 1. [lokazana Taxxke COIMYyTCT-
ByIOIIasi IEKapTOBa cHUCTeMa KOOpAWHAT (X, y, z).
Hauano nexapToBoii cHCTeMbI KOOPAWHAT HAXOIUTCS

B CpeldHed IUIOCKOCTH 3€pKaja, COBMNaJarolen
C IUIOCKOCTBIO (x, y); Ve, Vi m V, — mnoreHnuansl
AIEKTPOJOB; d — PACCTOSHHUE MEXKAY TUIACTHHAMHU.

3a30pbl MEXIY 3JIEKTPOJAMU CUUTAIOTCSI OECKOHEUHO
y3KuUMH. Branm oT kpaeB IUTaCTHH TMOTEHIHAN ¢ 3a-

BUCHT TOJILKO OT MEPEMEHHBIX P =~/ X"+ U Z.
BBoas 6e3pa3zmepHblie nepeMeHHble [4-9]:
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IS TIOTEHIIMaia:



JUHAMUKA TIYUYKA 3APSKEHHBIX YACTUIL] 69

Puc. 1. CxemaTuueckoe I/I306pa)KGHI/IG TPAaHCAKCUAJIILHOI'O 3C€pKaja

2 2
e ST(/Z+ séf/; =0. (3)

Hns  pacdera rapMOHHYECKOM COCTaBIISIONIEH

F(n,{) anexTpocTarndeckoro MoTeHnyana @ (77, 4 )
MOXKHO WCIIOJIb30BaTh amnmapar Teopun (QyHKIuH
komrutekcHO# mepemenHoi (TOKII) [10]. IIpu atom

IMOJIy4acTCd aHAJIUTHYCCKOEC BBIPpAXXCHHUE, KOTOPOC
JAacT Xopomee HpI/I6J'II/I)KeHI/I€ JJId BBIYMCJIICHUSA I10-

TEHIHaa (p(n, ¢ ), T.K. OHO TOYHO YyJIOBJIETBOPSAET
3aJaHHBIM TPaHUYHBIM ycioBusiM Jlupuxie, a mpu
p=R (n=0) ynoBnerBopsieT JByMEpPHOMY YypaBHe-

Huro Jlamnaca.

B mumuHApUYecKnX KOOpAWHATAX aHATHTHICCKHE
BBIPDAKEHUS MJIS AJIEKTPOCTATUYECKOr0 MOTEHLMAaja
TPEXAIEKTPOIHBIX TPAHCAKCUATBHBIX JIMH3 MOTYT
OBITH 3aIMCAaHbI B CIIeAYIONIeM Bue [7, 9]:
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AL ey HUR AT E ey

1 2

TIae
2cos£z
Pk[Rﬁ,z,RJzzarctg m d x|
k P d [ p d
R
(k=1,2).
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910 AOCTATOYHO MHNPOCTOC AHAJIUMTUYCCKOC BbIpa-
KCHUC I DJICKTPOCTATUYCCKOr'0 IMOTCHOHAIa TPEX-
BHCKTpO,I[HOﬁ TpchaKCI/IaJIbHOﬁ JIJMH3bl MOJ>XHO HC-
IMMOJIb30BAaTh U JIA pacy€Ta TpaHCaKCUAJIbHBIX 3€pKaJl.

BE3PASMEPHBIE YPABHEHUSI HBIOTOHA

[Ipu uccnenoBaHnK TUHAMUKH ITy4Ka 3apsDKEHHBIX
YacTHUI[ B TPAHCAKCHAJIBHBIX 3epKajiax OyaeM HCIOJb-
30BaTh Oe3pasMepHble ypaBHeHHs HrrloroHa [4].
VYpaBHEHUs] IBUXKEHHS 3apsSKECHHOM YacTHULBI C 3aps-
JOM ¢ M Maccol m B 3IEKTPOCTATUYECKOM IIOJIE
B 0Oe3pa3MepHBIX [I€KapTOBBIX KOOpIMHATAX X, Y, Z
MOXKHO 3aIlMCaTh B CIEAYIOIEM BUIE:

=0, j}=d5y Z=@_. (6)
3neck Oe3pa3MepHbI ToTeHIMaN @ U3MepseTcs
B €AMHULIAX V; uHAEKCH npu @ 0003HAYAIOT YacT-
HbIC TIPOU3BOJIHBIE IO COOTBETCTBYIOLIUM KOOpPIMHA-
TaM; 3a eUHUILY JJIMHBI OepeTcs BennuuHa d — pac-
CTOSIHE MEXIy MapajleNbHBIMH TIOCKOCTSIMH TPaH-
CaKCHAIILHOTO 3€pKajia; TOYKH 0003HAYaI0T TMPOU3-
BOJIHBIE 10 0€3pa3MEepHOMY BPEMEHHU T =t/ 7, ,Tae

r,=d | qu . (7)

HauanbHele ycnoBus ajsi pacueTa TpaeKTOPUH MpH
WHTETPUPOBAHUN YpaBHEHHH (6) MOXKHO 3ajaTh Cie-
JTyIOTITIM 00pa3oMm:

Xy=a, v, =b, z,=0; i, =y 21+&)-y2 -2,

¥y =+/ 2(0+ &) sina, 2, =+/2(1+¢)sinf. ®)
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31ech & — OTHOCHUTENIBHBIN pa3dpoc IO SHEpruu Ha
BXOJIE B CHCTEMY, YIUIBI @ W 5 OTPEAEISIOT MpoeK-
UM CKOPOCTH Ha TOPU3OHTANbHOE W BEPTHKAIbHOE
Hanpasyienus. [Ipyu nBwKeHNH B cpeiHell IIOCKOCTH
3epkana, rue z, =z,=0, yrom o ompenenser Ha-
KJIOH TPAaeKTOPHH K OCH X, KOTOpas SIBISETCS IJIaB-
HOH ONTHYECKO! OCBIO 3€pKajla, U ONPEAEIACTCS BbI-
pasKCHUEM:

tga :&. )
Xo
Jlyig BBIYMCIIEHUS TPOU3BOAHBIX MOTEHIIMANA, BXO-
IAMAX B ypaBHEHHA (6), MCIIONB3YIOTCS CIIEAYIONIHe
¢dopMynbl A7 MPOU3BOSHBIX MOTEHLMANa, OIpene-
nsemMoro BelpaxkeHusmMu (4) u (5):

TR, _AR
op, Rd d |\R, R, |
7SR S ra— : (10)
P < P K 2 T
Sl B +4cos” —z
R, R, d
on_ondp _oR x
ox Op ox Opp’ (11
o _oRdp 0By,
dy opdy opp
R =R
d d
es(a) 2
a})k k k
Ez_ TR TR 2 ' (12)

d 4
LA +4cos’ =z
R, R, d

[IpuBeneHHble 3HaUCHHUA MPOM3BOJHBIX MOJCTAB-
JsuMch B nipoanddepeHIMpoBaHHOE BhIpaxkeHue (4),
U TaKUM 00pa3oM OINPEAEISIINCH IPaBble YacTH ypaB-
Henuit (6).

PE3YJBTATHBI YUCJIIEHHOI'O PACYUETA

bespasmepnsie ypaBHenus HoroToHa (6) uHTErpH-
POBAJIUCh UYUCIEHHO YETHIPEXTOYEYHBIM METOJOM
Anamca ¢ aBTOMaTHYECKMM BBIOOPOM IIara MHTETPH-
poBaHusA. Pa3roHHble TOYKHM HaXOAWIUCh METOJOM
nocnenoBaTeNnbHeIX cOmmkernii KpsutoBa. OTHOCH-
TeJbHasi TOYHOCTh MHTETPUPOBAaHMS BHIOMpaach pas-

Hoii 107 +107.

beumm IMPOBCJACHBI YUCJICHHBIC PaCUCThl IJIA TpaH-
CaKCHAJIbHOIO 3epKaja, Yy Koroporo R, =23d,
R, =25d, V,=1, 0<V, <1, V, <0. 3a equnauny mmu-
HBI BeIOMpanock d =1-— paccTosHHE MeEXAy Mapaj-

JIENIBHBIMU IIJIOCKOCTSIMHM TPAHCAKCHAJIBHOI'O 3€pKala.
HauanbHele ycnoBusi MOJENMPOBAIM TOUYEUHBIH HC-
TOYHHMK, PAcCHOJOXEHHBIH B 00JacTH BHE MOJ

B CpelHel IUIOCKOCTH 3epKana B Touke: X, =—10,
v, =14, z,=0. OceBas TpaekTopus HamIpaBislach

MOJ yIJIoM @ =2° K OCH X IYTeM 3aJIaHHs CIIEIyI0-

2

LMX HAYaIbHBIX YCIOBHI: X, =\/ 2(1+&)—yy —z;

rae v, =—0.0528,
SHEepreTHUecKuii pa3opoc B myuke. OObEMHBIN My4OK
MOJICITAPOBAJICS TIyTEM CIEAYIOMNX W3MEHEHUH Ha-
YaIlbHBIX yCIIOBHIA: |Aa|£0.001 pan, |8|S0.01. Ipu
VKa3aHHBIX W3MEHEHWSX HaYajJbHBIX YCJIOBHUH elre
JIOCTATOYHO XOPOIIO BBIMOJHACTCS TMAPAKCHATBHOE

MpHOIIKEHHeE.

Pe3ysbraThl pacyeToB MpEJICTaBICHBI Ha pHC. 2
u 3.

z'0| <0.001, ¢ — oTHOCHTENBHBIIH

Puc. 2. IloBeneHue my4ka B MPOEKIUH
Ha CPEJHIO0 IIOCKOCTh 3epKajia

HAVYYHOE ITPUBOPOCTPOEHMUE, 2022, Tom 32, Ne 1
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Ha puc. 2 nokazano nosefieHue my4ka B IPOEKIIUU
Ha CPEIHIOK IUIOCKOCTh 3€pKaia, a Ha puc. 3 — Io-
BEJICHUE KpAallHUX TPAEKTOPUI IIy4Ka B BEPTUKAILHOM
HanpasiieHud. lloTeHIuManbsl 3JIEKTPONOB MoAOHpa-
JUCh TaKuM 00pa3oM, YTOOBI OCYIIECTBIISTUCEH IPO-
CTPaHCTBEHHAs] M JHEPreTHUYecKas BPEMSNPOJIETHBIE
(hOKYCHPOBKH, a JTUHEHHBIH (OKYC B BEPTHKAILHOM
HanpaBJIeHUH ObLI PACIOJIOKEH CHMMETPHUYHO II0JIO-
JKEHUIO NCTOYHMKA OTHOCUTENIBFHO OCH X . JTa CHTya-
Ul OCYLIECTBIIIACH IPU CIEAYIONIMX MOTEHIHANIAX
atextponos: V, =1, ¥, =0.969, V,=-0.093. Onpe-
JEISI0Ch TAaKKe BpEeMsl IIPOJIeTa YacTHIl JIO0 ILUIOCKO-
CTH JIETEKTOpa, KOTOpas MPOXOJUT 4Yepe3 TOUYKY
X, =x, =—10 nepneHAUKyISIPHO OCEBOW TPAEKTOPUU
nyuka. J{ns oceBoit Tpaektopuu (& =0) Bpems npu-
JeTa B JieTeKTop D paBHO 7,,=53.541, a nna da-

CTHUIl, JBIXKYIIMXCS IO OCEBOH TPAEKTOpUH C
£=0.01, momyunm 7,,=53.576, a nmpu &=-0.01

HOJIyYMM BpeMs IpUiIeTa B AETeKTop 7,, =53.556. U3

3THX JAaHHBIX BUJHO, YTO C JIOCTATOYHO XOpOIIeH
TOYHOCTBIO OCYIIECTBIISIETCS] BpeMsIIposieTHast (OKy-
CHPOBKA IO 3HEPTHH U OJHOBPEMEHHO MPOCTPAHCT-
BeHHasl (POKYCHPOBKA My4YKa.

bespa3zmepnbie ypaBHeHust HproToHa nipu pasmmd-
HBIX HAYalbHBIX YCIOBHUSAX WHTETPUPOBAIUCH MO 0€3-
pa3MepHOMY BpEMEHHM T JI0 OJHOTO M TOTrO Xe KO-

HEYHOIO 3HAYEHUs Ty =T;(. IIpu 3TOM HEKOTOpEIE

YaCTULBl HE JMOXOJWIM JO IUIOCKOCTH JETEKTOpa,
a HEKOTOpbIE TMepeNieTaln IIIOCKOCTh JAETEKTOpa.
B sToMm ciyuae BpeMs ImpuiieTa 3apsKEHHBIX YaCTHL]
B JIETEKTOP OIPEEISIIOCh C YIETOM TOTO, 9TO BOJHM3U
IIJIOCKOCTU JETEKTOPA, TIe MOJIE OTCYTCTBYET, YaCTU-
bl JABWXKYTCS II0 HPSIMOJUHEHHBIM TPACKTOPHIM
C IOCTOSIHHOM CKOPOCTBIO. ECiIM K MOMEHTY BpEMEHU

T =T} 4YacTHIA HAaXOAWJACh B TOYKe (X, Vi,Zj)
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x/d Puc. 3. Ilpoexuuu kpaHUX TpaeKTOpuit
My4Ka Ha BEPTUKAJIbHOE HANPaBJICHUE

U JBUTAJACh CO CKOPOCTBIO (X,,Y,,Z, ), TO HaxXomu-

JIOCh PACCTOSHHUE JI0 TUIOCKOCTH JIeTEeKTopa. Y paBHe-
HHUE TUIOCKOCTH JIETEKTOpa, MPOXOJIAINEH Yepe3 TOUKY
(x,,y,) napaIesbHO OCHU Z :

(13)

rae k, =—1/tga. YpaBHeHHE IPOEKIUU TPAEKTOPUU

Y=y, =k, (x-x,),

Ha MJIOCKOCTh XV :

(14)

rne k, =y, /%, . KoopauHaTel TOYKH IepecedeHus
3TOMW MPOEKIMH € TTIOCKOCTBIO IETEKTOPA:

Y=y, =k (x—x,),

:kk X~k X, Y0~V

k—k, s W=k (x —x)+y. (15)

X

Terneps BpeMsi TIpUIICTA B JICTEKTOP OMpPEAEISIETCS
o opmyie:

Jon=x ) +(n -,

v,,

(16)

T,=T,0 %

3nmeck 3HaK "+" OepeTcs, eciiM YacTHia He JOoJeTaeT
IO TUTOCKOCTH JIETEKTOpa, a 3HaK "—", eciiu oHa rmepe-

JICTACT INIOCKOCTh JACTCKTOPA, ny — IIPOCKIHA CKO-

POCTH Ha IJIOCKOCTh X :

v,, :w/xj +y7 . (17)

Bo3MOXHO Takke OCYIIECTBUTH APYroe IoBele-
HHUE Iy4Ka B BEPTUKaJIbHOM HAIIPABICHUU, HE3HAYU-
TEJIBHO W3MEHMB MOTEHLMA] HAa OTPAXKAIOIIEM 3JICK-
tpose. Ecnu nopars Ha Hero nmorexuuan V= 0.957,
TO Ha BBIXOAE M3 3€pKaja IOIy4UM MapajjelbHbIHI
my4Jok yactull. Ha puc. 4 mokasan Xox KpaHHX Tpa-
€KTOPHH IydKa JJI 3TOrO CIydasl.



Puc. 4. IIpoekunu kpaHUX TPaeKTOPUIL
ITy4Ka Ha BEPTUKAILHOE HAIIPABIICHHE

ters // Bulletin of the Russian Academy of Sciences: Phys-
2018. Vol. 82, no. 10. P. 1353-1358. DOL:
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ics.
Hcnonp3oBaHne  aHAIMTUYECKHX  BBIPAXKECHUH,

OTHCHIBAIOMINX II0JIE€ TPAHCAKCHAJIBHBIX TPEXDIIEK-
TPOJHBIX 3€pKajl, IMO3BOJIMIO IPOBECTH YHCIEHHOE
WHTETpHUpoBaHne Oe3pa3MepHBIX ypaBHeHNH HproToHa
JUISL 3apsKEHHOM 4YacTHILBI B TOJE 3€pKaja M TaKuM
o0pa3oM H3y4YUTh NOBEJACHHE ITy4YKa 3apsHKEHHBIX
YacTUI B TpaHCaKCHaJIBHOM 3epkane. [lokazaHo, 4ro
B pe3yJIbTaTe OTPAKEHHUS B TPAHCAKCHAIBHOM 3epKajie
MOJKHO pacXoJAlIuiicd My4OK HPEBPaTUTb B IMOYTH
MapaJuIeibHbI U OCYLIECTBUTH MPHU 3TOM BBICOKOKA-
YECTBEHHYIO TPOCTPAHCTBEHHO-BPEMEHHYIO (DOKyCH-
POBKY. DTO CBOICTBO TPaHCAKCHAIBHBIX 3€pKaJl MOYKHO
UCIIOJIL30BaTh Ui CO3J@HUSl  BBICOKO3(D(EKTHBHBIX
BPEMSAMPOJIETHBIX MacC-CIEKTPOMETPOB,  COCTOSIINX
U3 Pa3IMYHBIX KOMOMHAIIMIA TPAHCAKCHAITBHBIX 3epKaJl.

Paboma evinonnena 6 pamxax npoekmos ¢ epanmoevim
@unancuposarnuem Komumema wnayku MOH PK (UPH
AP09258546, UPH AP09562705).
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DYNAMICS OF CHARGED PARTICLES BEAM
IN A TRANSAXIAL MIRROR
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The behavior of a beam of charged particles formed by a point source located in the middle plane of the mir-
ror is considered. The calculation of the trajectories of particles was carried out by numerical integration of di-
mensionless Newton equations. The electrostatic field of the three-electrode mirror was described by an analyti-
cal expression for the potential with good accuracy. It is shown that as a result of reflection in a three-electrode
transaxial mirror, it is possible to achieve both spatial and energy time-of-flight focusing. Two modes of vertical

beam focusing are considered.

Keywords: charged particle, transaxial electrostatic mirror, dimensionless Newton equations, telescopic system,

scalar potential, trajectory of particles

INTRODUCTION

It is known that calculating the trajectories of
charged particles in electrostatic mirrors can cause
mathematical difficulties due to the fact that in
the vicinity of the turning points, the radii of curvature
of the trajectories tend to zero. In this case, the incli-
nations of the trajectories to the optical axis and the
relative spread of the particle energies increase indefi-
nitely [1, 2]. All these difficulties disappear, if we in-
tegrate not the trajectory equations, but Newton's equ-
ations with respect to the time of motion of the par-
ticles. The numerical integration of Newton's equa-
tions is greatly simplified if the analytical expressions
for the potentials describing the electric fields of the
mirrors are known. As a rule, solving the Dirichlet
problem for a scalar potential that satisfies the Laplace
equations is required to find the potentials describing
the electrostatic fields of corpuscular-optical systems
(COS). The potentials of transaxial COS in a cylin-
drical coordinate system p, w, z depend only on

the variables p and z and satisfy the Laplace equa-
tion [3]:
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The most general method for solving the Dirichlet
boundary value problem for equation (1) is the me-
thod of separation of variables. In this case, the poten-
tials are represented in the form of series of Bessel
functions [3]. However, because of the poor conver-
gence of the series, these solutions are difficult to use
for numerical calculations. In [4-9], simple approx-
imate analytical expressions were found for the poten-
tial of a three-electrode transaxial lens, which describe
the field of the transaxial mirror with good accuracy
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too. Such mirrors can be used, in particular, for creat-
ing time-of-flight mass spectrometers. This work is
devoted to the calculation of the properties of such
mirrors.

ANALYTICAL EXPRESSIONS
FOR THE POTENTIAL
OF THE TRANSAXIAL MIRROR FIELD

A three-electrode transaxial lens or mirror are two
parallel plates cut by straight circular cylinders of ra-
dii R, and R, , their axis coincides with the axis z [7,
8]. Such a mirror is shown schematically in Fig. 1.
The corresponding Cartesian coordinate system (x, y,
z) is also shown. The origin of the Cartesian coordi-
nate system is in the middle plane of the mirror, which

coincides with the plane (x, y); Vy, V, and V, are the
potentials of the electrodes; d is the distance between
the plates. The gaps between the electrodes are consi-
dered infinitely narrow. Far from the edges of the
plates, the potential ¢ depends only on the variables

p=+x+y° and z.

Fig. 1. Schematic representation of a transaxial mirror

Introducing dimensionless variables [4-9]:

z
n=m§, &=, @)

where R =,/ R, R, , we obtain the following equation

for the potential:
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The harmonic component F£(1,4) of the electros-

tatic potential ¢ (17, ¢ ) satisfies the two-dimensional
Laplace equation and is a harmonic function of
the dimensionless variables  and ¢ . Therefore, for
the calculation of F(17,{), one can use the apparatus
of the theory of functions of a complex variable
(TFCV) [9]. The analytical expression for the poten-
tial obtained in this way gives a good approximation
for the potential ¢ (17, ¢ ), since it exactly satisfies
the specified Dirichlet boundary conditions, and for
p=R (n=0) satisfies the two-dimensional Laplace
equation.

In cylindrical coordinates, analytical expressions
for the electrostatic potential of three-electrode trans-
axial lenses can be written in the following form [7,

2cos—z
Pk(p,z,RJ:—arctg — — |
R GEG
R, R, &)
(k=12).
This rather simple analytical expression for

the electrostatic potential of a three-electrode trans-
axial lens can also be used to calculate transaxial mir-
rors.

DIMENSIONLESS NEWTON EQUATIONS

When studying the dynamics of a beam of charged
particles in transaxial mirrors, we use the dimension-
less Newton equations [4]. The equations of motion of
a charged particle with charge ¢ and mass m in
an electrostatic field in dimensionless Cartesian coor-

dinates x, y, z can be written in this form:
X=o_, V=2, Z=9_. (6)

Here the dimensionless potential @ is measured in
V, units; subscripts of @ denote partial derivatives

with respect to the corresponding coordinates; d

which is the value of the distance between the parallel
planes of the transaxial mirror is taken as the length
unit; dots denote derivatives with respect to dimen-

sionless time 7 =t/7, , where

r,=d | qu . (7)

When integrating equations (6), the initial condi-
tions for calculating trajectories can be set as follows:

X,=a, y,=b, z,=0; X, =\/2(1+5)—y§—z'§ R

Vo =~/ 2(1+ &) sina, z,=42(1+¢&)sinf.

Here ¢ is the relative spread in energy at the en-
trance to the system, the angles aand g determine
the projection of the velocity on the horizontal and
vertical directions. When moving in the middle plane
of the mirror, where z,=2,=0, the angle « deter-
mines the inclination of the trajectory to the axis x,
which is the main optical axis of the mirror, and is
defined by the expression:

®)

tga =&. )

X0

To calculate the derivatives (from (6)) of the po-
tential (determined by (4) and (5)), the following for-
mulas are used

TR, _TR
d d
2R 7, (P] [P]
op d  d || R, R,
—t=- ; ; (10)
op xR _zR
d d
[;;J —(;] +4cos’ =z
k k
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The given values of the derivatives were substi-
tuted into the differentiated expression (4) and thus
the right-hand sides of equations (6) were obtained.

RESULTS OF NUMERICAL CALCULATIONS

Dimensionless Newton equations (6) were inte-
grated numerically by the four-step Adams method
with an automatic choice of the integration step. The
accelerating points were found using the method of
successive approaches of Krylov. The relative accura-

cy of integration was chosen equal to 107 +107" .
Numerical calculations were carried out for
a transaxial mirror with R, =23d, R, =25d, V=],
0<V, <1, V,<0. The distance between the parallel
planes of the transaxial mirror d=1 was chosen as a

unit of length. The initial conditions simulated a point
source located in the area outside the field in the mid-
dle plane of the mirror at the point: x, =—10, y, =14,

z,=0. The axial trajectory was plotted at an angle

o =2° to the axis x by setting the following initial
iy=y2(1+e) =02 -2,
¥, =—0.0528, |Z'0|£0.001, ¢ 1is the relative energy

spread in the beam. The volumetric beam was mod-
eled by means of the following changes in the initial

conditions: |A(x| <0.001rad, |£|£0.01. Given these
changes, the paraxial approximation is still quite well

satisfied.
The calculation results are shown in Fig. 2 and 3.

conditions: where

Fig. 2. Behavior of the beam in the projection onto the
middle plane of the mirror

Fig. 3. Projections of the extreme trajectories of the
beam to the vertical direction

Fig. 2 shows the behavior of the beam projected
onto the middle plane of the mirror, and Fig. 3 shows
the behavior of the extreme trajectories of the beam in
the vertical direction. The potentials of the electrodes
were selected in such a way that allows for the spatial
and energy time-of-flight focusing, and the linear fo-
cus in the vertical direction was located symmetrically
to the position of the source relative to the axis x.
This case was realized for the following electrode po-
tentials: V=1, ¥, =0.969, V,=-0.093. The time of

HAVYYHOE [NPUBOPOCTPOEHMUE, 2022, Tom 32, Ne 1

flight of particles to the detector plane, which passes
through a point x, =x,=-10 perpendicular to
the axial trajectory of the beam, was also determined.
For the axial trajectory (&=0), the arrival time at
the detector D is 7,,=53.541, and for particles mov-

ing along the axial trajectory with & =0.01 we obtain
the arrival time at the detector 7,, =53.576 and with

£=-0.01 the arrival time is T =53.556. It can be

seen that time-of-flight energy focusing and, at the
same time, spatial focusing of the beam are carried out
with a sufficiently good accuracy.

Dimensionless Newton equations with different in-
itial conditions were integrated over dimensionless
time 7 to the same final value 7, =7,,. Some par-
ticles did not reach the detector plane, and some flew
over the detector plane. In this case, the time of arrival
of charged particles into the detector was determined
taking into account the fact that near the detector
plane, where there is no field, the particles moved
along rectilinear trajectories with a constant velocity.

If by the time instant 7 =7 the particle was at the
point (Xj,);,Z;,) and moved with the velocity

(X, V-2, ), then the distance to the detector plane got
determined. The equation of the detector plane pass-
ing through the point ( x,,y, ) parallel to the axis z is:

(13)

where k, =—1/tga. The equation of the projection of
the trajectory onto the plane xy :

Y=y, =k, (x—x,),

Y=y =k (x—x,), (14)

where k, =y, /X, . Coordinates of the point of inter-
section of this projection with the detector plane:

:kk X, =k, X, + V.=
] kk _kd
Now the time of arrival at the detector is deter-
mined by the formula:

\/(x] X )2 +(y = n )2 .

U,y

s =k (x —x)+y,.(15)

(16)

T, =T, %

Here, the "+" sign is taken if the particle does not
reach the detector plane, and the "-" sign is taken if it

flies over the detector plane; and v, is the velocity

projection onto the plane xy:

_[2, -2
L, =/X; + ;.

(17
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It is also possible to differ a behavior of the beam
in the vertical direction, slightly changing the poten-
tial at the reflecting electrode. If we apply a potential
V,=0.957 to it, then at the outlet from the mirror we

get a parallel beam of particles. Fig. 4 shows
the course of the extreme trajectories of the beam for
this case.

Fig. 4. Projections of the extreme trajectories of the
beam to the vertical direction

CONCLUSION

The use of analytical expressions describing the
field of transaxial three-electrode mirrors made it
possible to numerically integrate Newton's dimension-
less equations for a charged particle in the field of
a mirror, and thus to study the behavior of a beam of
charged particles in a transaxial mirror. It is shown
that, as a result of reflection in a transaxial mirror,
a diverging beam can be converted into an almost pa-
rallel one and high-quality spatio-temporal focusing
can be achieved. This property of transaxial mirrors
can be used to create highly efficient time-of-flight
mass spectrometers consisting of various combina-
tions of transaxial mirrors.
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