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PROPERTIES OF MEDIAN UNDER DRIFT
OF ONE OF GROUP OF MEASURING INSTRUMENTS
(ON THE EXAMPLE OF UNIFORM DISTRIBUTION)

The detailed derivation of the formulas for calculation of expected value and dispersion of the median is presented.
Thus the uniform law of distribution is considered and it is supposed that data from one of the group of measuring
instruments are subject to drift. The number of measuring instruments is odd, therefore as a median we take only
one value which appeared in the middle of the sorted list. For the uniform law of distribution it was possible to take
integrals and to receive exact analytical formulas, — at some values of the size of drift. The results of calculations,
which allow to compare the parameters of the median and arithmetic mean, and also to form the expert opinion on
the necessary number of measuring instruments, are presented.

K. cn.: median, arithmetic mean, expected value, dispersion, sensitivity drift

INTRODUCTION

Application of a median is necessary everywhere,
in particular and when developing devices of radiation
control. To current trends of development of intellec-
tual systems of such appointment placement of mea-
suring devices onboard unmanned aerial vehicles
(UAVs) is characteristic [1]. At the same time there is
an opportunity to choose various types of UAVs,
without being limited to an easy class with a loading
capacity up to 3 kg. For example, the "Chirok"
("Teal") [2] UAV lifts 275 kg of payload. It means
that the dose rate measuring unit (DRMU) [3-5] hav-
ing the weight of 17 kg developed for land vehicles
also can be installed on the UAV. And also it is possi-
ble not to be limited to 24 Geiger counters (in the ex-
isting developed modification); the way to develop-
ment of more difficult units is open.

Accumulation of number of sensors is made for in-
crease of measurement accuracy of dose rate and an-
gle of the direction on a radiation source essentially in
connection with the casual nature of radioactive radia-
tion. Such need is caused also by limitation of an in-
terval of time of measurement (a moving window) in
traffic conditions of the UAV or other vehicle with the
demanded speed.

Parameters of various made counters of radiation
registration are presented in [6]. In the column "Sensi-
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tivity" it is specified, for example: 60-75 imp/uR for
the Gamma-7 counter; 285-385 imp/uR for the Gam-
ma-8 counter; 31-39 imp/uR for the Gamma-10 coun-
ter. We see, each model allows initial dispersion about
25%. In this regard control of software parameters
(sensitivity coefficients) in radiation control devices is
required: first of all at a fabrication stage, as well as
periodically at an operational phase.

Relevance of article is caused by increase of re-
quirements for accuracy and reliability of measure-
ments in extreme service conditions when replace-
ment of faulty sensitive elements (sensors) is difficult
or impossible and there is a need to be protected from
their malfunctions and sensitivity drifts.

All sensors are subject to drift, but in a period be-
tween sessions of recalculation of sensitivity coeffi-
cients excessive drift is most probable only at one
sensor. Therefore in this article the object to receive
the formulas allowing to analyze (to estimate) influ-
ence of drift of one sensor on expected value and dis-
persion of a median is set.

The solution of that objective depends on a type of
probability density function (PDF) of distribution of
the values received from sensor. Within this article the
uniform (rectangular) distribution is chosen as it is the
simply and allows receiving convenient analytical
formulas.
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INITTIAL CONDITIONS

Let p(a,x) — PDF of the measured size x in the

field of values which width is characterized by para-
meter a.

We will write down also cumulative distribution
function:

P(a,X) =ip(a,x)dx.

Let L — drift size towards understating. It means
that PDF takes form p(a,x+L).

We will assume that the initial odd number N of
identical sensors is used; n is integer half of N:
N=2n+1.

For example, DRMU [3, 4, 5] contains 24 sensitive
elements. In [5] it is reported that in case of existence
of a dot source of radiation 17 sensors completely ac-
cept its radiation, and 5 sensors, remaining in the cy-
linder shadow, accept only a background. It is clear,
that at the expense of the analysis of such data it is
possible to calculate a direction angle on a source. But
the main requirement is reliable calculation of a dose
rate. Therefore pertinently to ignore 7 smallest values,
irrespective of the reason of their replacement to the
top of the list of the sorted values, and to consider the
remained 17 values for dose rate calculation.

We will consider that the size of a middle interval
is equal to 1. As the total measured value we will take
the value which has appeared in the middle of the
sorted list.

INITIAL CONDITION OF SENSORS
(WITHOUT DRIFT)

Any of N sensors can be as middle (with value
X) in the sorted list, and in each of two groups of

n sensors with values Xx<X or x> X all
variants of sequence are equivalent. We have
"shifts with repetitions" [7, p. 48] which number
is defined by multinomial coefficient:

W(n)=(2n+1)!

n’
Probability of obtaining value of a median in the
range from X to X+d.X:

O(a,X,n)dX =W (n)P(a,X)" (1-P(a,X)) x
X p(a,X)dX. (1)

In [8,p. 96] W(n) is presented through binomial
coefficient, and in [9, pp. 17-18] — by means of beta
function.

Further, to take integrals, we will use property of
probability of a totality of events:

_TQ(a,X,n)dle. (2)

The expected value of a median (the moment of
the first order) has an appearance:

M(l,a,n)z TQ(a,X,n)XdX. 3)

The moment of the second order of a median (for
calculation of a mean square deviation):

M(2,a,n)=TQ(a,X,n)X2dX, 4)

We will consider variant of uniform distribution on
the set interval. Without restriction of a community
for convenience of calculations it is possible to con-
sider that average value is equal to zero. Designate

[-a,a] — interval of casual dispersion of the values
received from each sensor. PDF has an appearance:

p(a,x) =1/(2a) npu —a<x<a;

p(a,x)=0 npH X<-a WM X>a. ®)
Integrals are proportional to integration intervals:

P(a,X)=(a+X)/(2a); (6)

1-P(a,X)=(a-X)/(2a). (7)

Substituting (6) and (7) in (1), thenin (2), tak-
ing into account symmetry of integrand expression we
receive:

2W(n)I(a2 -x) dx/(za)z"“ =1. (8

Further this integral will be required as well in a
look:

j(az—xz)ndx=(2a)2"+1/(2W(n)). )

0
We consider that all sensors are identical. There-
fore for calculation of expected value integration of
odd function happens evidently:

M(l,a,n)zO.
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DISPERSION OF THE MEDIAN
AT IDENTICAL SENSORS

Symmetry of integrand expression allows to be li-
mited to consideration of positive area:

M(2,a,n) = 2W(n)j‘x2 (a2 —x )n dx/(2a)2"+l . (10)

Displacing an index n, we will write down (9) in a
look:

(¢ =) de=(22)"" (2w (n+1)). (D)

O

This integral can be written down also as two inte-
grals:

~af(e e acfl@ ) va

0

Equating the right parts of equalities (11) and (12), we
receive:

ji(az —x’ )n xldx =
0

— (@ =) av-(2a)" 2 (n+1). (13)
Substituzing (9) in (13), we receive:
()
)
=a*(2a)™" [(2(2n+3)W (n)). (14)
Substituting (14) in (10), we receive:
M(2,a,n)= : (15)

2n+3

We will notice that in [8, p. 101] the formula (15) is
presented without proof and without reference to the
source. Therefore executed here the receiving of for-
mula (15) is an educational example of application of
a formula (9). Further also other formulas will be si-
milarly received.

For comparison we will calculate dispersion of an
arithmetic average:

2

rn(2,a,n) = j:xzdx/(2a(2n + l)) = ﬁ.

Comparing (15) and (16), we see that the nature
obliges us to pay some cost for our desire to be pro-
tected from excessive changes of the resultant value
received from a set of sensors. That cost is the excess
number of sensors (but no more than three times), or
the increased dispersion of values. It while for receiv-
ing a formula (15) a condition has been set: the statis-
tical dispersion of the measured values occurs still
equally for all sensors, without shifts.

(16)

ARITHMETIC AVERAGE
IN THE CONDITIONS OF DRIFT

For uniform distribution the displaced PDF has an
appearance:

p(a,x+L) =1/(2a) mpu (—a—L)<x<(a—-L);

frece- (7
npu

p(a,x+L)=0 x>(a-1L).

In these conditions, considering the known proper-
ties of expected value [10, p. 100], for comparison we
will write down expected value of an arithmetic aver-
age:

L
2n+1

m(l,a,n,L)z— (18)

Considering the known properties of dispersion
[10, pp. 103—105], it is easy to be convinced that dis-
persion of an arithmetic average doesn't depend on L,
remains to a constant in the form of (16).

BASIC FORMULAS OF THE MEDIAN
IN THE CONDITIONS OF DRIFT

We will designate K — an order of the calculated
moment: 1 — for expected value; 2 — for dispersion.

Unlike formulas (1)—(4), now the integral consists
from three items, corresponding to three variants of
obtaining value from the drifting sensor in comparison
with a median:

M(K,a,n,L) =R, (K,a,n,L)JrR2 (K,a,n,L)+

+Ry(K,a,n,L). (19)
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1) Value from the drifting sensor was a median:

R (K.an,L)= (2’;)!x
n!
xT P(a,X)n (I—P(a,X))" p(a,X+L)XKdX. (20)

—0

2) Value from the drifting sensor has appeared more
median:

R, (K,a,n,L) = n'((in—)'l)' X
X[O[P(a,X)” (1-P(a,X))" (1= P(a, X +L))x

xp(a,X)XKJdX. 21)

3) Value from the drifting sensor has appeared less
median:

G

x(1-P(a, X)) P(a.X + L) p(a, X) X* |dX.  (22)

R,(K,a,n,L)=

Formulas (19)—(22) are fair for any form of PDF.

FORMULAS OF THE MOMENTS

We will designate:
(2}1)!
Vin)= . 23
() nl(n-1)1(2a)™" @)

Taking into account the shift specified in (17) for-
mulas (20)—(22) take a form:

R(K,a,nL)= Mf (8 -X°) X dx, (24
n —a
R,(K,a,nL)=

=v(n) [ (a-X*)" (a+X)(a-L-X)X"dX, (25)

—a

R,(K,a,n,L)=
= V(n)ar(az ~X*)"(a-X)(a+L+ X)X AX +
+2aV (n) j (¢ -x*)" (a-X)X*dX.  (26)

a-L

Substituting (24)—(26) in a formula (19), we re-
ceive:

M(K,a,n,L)= V(n)T(a2 ~X*)"

—a

n

x[az - X +2(a’ - X7 —LX)jXKdX+

+2aV(n) f (a2 —Xz)n_l(a—X)XKdX.
a-L
We will consider also other view of this expres-

sion:

27)

M(K,a,n,L)=

_ o 2 y2\! l K _

- (n)_J;(a X)(n+2jX dx
a-L

—2LV(n) [ (- X7)" X*'dx +
+2aV(n) jf (a2 —Xz)nf

a-L

1

(a-X)X"dx. (28)

For an expected value, i.e. at K=1, the formula (28)
has an appearance:

M(La,n,L)= V(n)ar(az —x*Y (l+2deX_

—a n
—2LV (n j X)X+
+2a (n) [ (a*-X?) " xdx -
a—L
~2aV (n j (a-x?) XX, (29)
As one would expect, at L=0 it turns out:
M(l,a,n,O) =0. (30)

We won't paint a formula (29) in details in a gen-
eral view here, we will be limited to consideration of
two special cases at which it is possible to apply a
formula (14).

At L=a we receive:

a(G(n)-1)

2n+1

M(l,a,n,a)= (31)
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Here the amendment which is difference of a for-
mula (31) from a formula (18) is designated:

_ (2n+1)
Gln)= 2" n)(n+ 1)1

It is easy to receive a recurrent formula:

G(n)=G(n-1)(2n+1)/(2n+2). (32)
As an example we will write down several decreas-
ing values:

1 3 5 35

We see that the expected value of a median is always
better, than expected value of an arithmetic average.
But at small drift (within half-width of statistical dis-
persion) the received improvement is insignificant,
decreasing in process of growth of number of the used
Sensors.

At L=2a the formula (29) with application of a
formula (14) takes a form:

M (1,a,n,2a)=-a/(2n+1). (33)
Comparing (33) and (18), we see that when measure-
ments from the drifting sensor have reached border of
range of statistical dispersion, the expected value of a
median is twice better than an expected value of an
arithmetic mean (arithmetic average). It is obvious
that at further drift the median doesn't worsen (unlike
an arithmetic mean).

It is also clear that this expected value of a median
coincides with expected value of an arithmetic mean
for a case L =a. Therefore the corresponding two
columns are presented in table as one general column.

DERIVATIVES OF THE MOMENTS

We will consider a derivative of expression (28) on
L. By rules of calculation of a derivative on limits of
integral we receive:

M, (K,a,n,L)=
— v (n)(a-) (@ ~(a-)) G+2)_
- 2V(n)T(a2 ~ X3 XA

—a

n—1

+2LV(n)(a —L)K+l (a2 —(a —L)z) +

+2a¥ (n)(a-L1)" (¢’ ~(a=L)) (a=(a-L)).
At L=0 we receive:

n—1

M, (K,a,n,0)==2V (n) j (a8 -x7)" x*dx.

At L=a we receive:

M, (K,a,n,a)=M, (K,a,n,0)/2.
At L=2a we receive:

M, (K,a,n,Za)zO. (34)

For an expected value of a median (at K=1), apply-
ing a formula (14), we receive:

-1
M, (1 =
. (La,n,0) T (35)
-1
M, (1 =— 36
(Lan.a) 2(2n+1) (36)

In addition to direct calculations of a function
graph on a formula (29), considering simple formulas
(30)—(36) for calculations of values of function and its
derivatives in three points, we have an opportunity to
better understand character of median.

DISPERSION OF THE MEDIAN

The full set of events gives us the chance on the
basis of a formula (27), setting an index n+1, to
write down the following equation at K =0::

M(0,a,n+1,L)=2aV (n+1)x

X ]ﬁ (a2 —Xz)(a2 —Xz)n_l(a—X)dX+
a-L
+V(n+1)ar(a2 —Xz)(a2 —XZ)H X
x[az X +2(a* - X —LX)]dle.
n+l1

In this expression the moments (at K =0 and at
K =2) set by the same formula (27) are looked
through:
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1 :( 1 _lj“r(az_Xz)n+ldX+
V(n+1) n+l n)-,
+a2M(0,a,n,L)—M(2,a,n,L)
v (n) '

Considering that the full set of events gives us
M(0,a,n,L)=1, in the following step of transforma-

tion we receive:
Vin) . V(n) ¢
_l’_
V(n+1) n(n-i—l)fa
=a2—M(2,a,n,L).

(a2 _ Xz )n+1 dX _

(37)

We will rewrite a formula (23) to the displaced in-
dex:

(2n+2)!

V(I’l +1)= 2n+3 °
n!(n+1)!(2a)

Available in (37) relation takes a form:

V(n) _2na
V(n+l) 2n+1

2

Finally from (37) we receive:
M(2,a,n,L)=
_ a2 _ V(”l) alk n+l
- 2n+1 n(n + 1)

(38)

For a case L=0 considering symmetry of integrand
expression, rewriting a formula (9) to the displaced
index and substituting in (38), it is easy to be con-
vinced that, as one would expect, the formula (15)
turns out.

For L=a case i.e. when PDF of the drifting sensor
was displaced on a half of the width, from a formula
(38) it is similarly received:

a’ (2n+2)

M(Z,a,n,a)zm.

(39)

Substituting (31) and (39) in a dispersion calcula-
tion formula [10, p. 103], we receive:

M(2,a,n,a)—M(1,a,n,a)2 =

— 4 2n+2n+3_(G(n)_1) ] (40)

(2n+1)2

For L=2a case i.e. when PDF of the drifting sen-
sor was displaced out of limits of range of dispersion
of values of all other sensors of group, from a formula
(38) we receive:

M(2,a,n,2a) = az/(Zn +1).

(41)

Substituting (33) and (41) in a dispersion calcula-
tion formula [10, p. 103], we receive:

2na?

(2n+1)"
The difference between (42) and (15) is
) 2n—1
a 2
(2n+1) (2n+3)

M(2,a,n,2a)-M(1,a,n,2a)" = (42)

and allows us to notice that in process of drift of one
of sensors dispersion of a median increases.

RESULTS OF CALCULATIONS
ON THE RECEIVED FORMULAS

The calculated data of the expected value (EV) and mean square deviation (MSD) of a median and the
arithmetic mean (AM) for the rated range of random values of the uniform law of distribution are presented in

the table (we consider that a=1).
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Parameters of a median and arithmetic mean for the uniform law of distribution
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EV MSD
:: median median, AM AM median AM
N
; a 2a (median), 2a
a (AM) 0 a 2a
3 0.27083 0.33333 0.66667 0.44721 0.43968 0.47140 0.33333
5 0.16875 0.,20000 0.40000 0.37796 0.37809 0.40000 0.25820
7 0.12333 0.14286 0.28571 0.33333 0.33433 0.34993 0.21822
9 0.09744 0.11111 0.22222 0.30151 0.30252 0.31427 0.19245
11 0.08066 0.09091 0.18182 0.27735 0.27823 0.28748 0.17408
13 0.06887 0.07692 0.15385 0.25820 0.25894 0.26647 0.16013
15 0.06012 0.06667 0.13333 0.24254 0.24317 0.24944 0.14907
17 0.05337 0.05882 0.11765 0.22942 0.22996 0.23529 0.14003
19 0.04799 0.05263 0.10526 0.21822 0.21868 0.22330 0.13245
21 0.04361 0.04762 0.09524 0.20851 0.20892 0.21296 0.12599
CONCLUSION 4. Izmeritel' moshchnosti dozy i differencial'nyh potokov

1. The relation of an expected value of a median
EVied to an expected value of an arithmetic mean
EVam reaches the level 1/2 when PDF of the drifting
sensor goes beyond PDF of other sensors.

2. At the same time the sums EVieqT MSDied
and EV v+ MSDgay are approximately identical, dif-
fering within 15%. It means that in drift conditions
use of a median with its property of broader disper-
sion not only is justified, but also doesn't create feel-
ing of decline in quality of the obtained information
for the user.

3. On the basis of the received formulas and results
of calculations an opportunity to form expert opinion
on the necessary number of sensors is given.

REFERENCES

1. Arkadiev V.B., Lapin O.E., Lopota A.V., Pervishko A.F.,
Putilov A.A. [Gamma-radiation detecting unit to operate
as part of light-class UAV]. Robototekhnika i tekhni-
cheskaya kibernetika [Robotics and Technical Cybernet-
ics], 2013, vol. 1, no. 1, pp. 75-76 (In Russ.).

2. URL: http://www.rosinform.ru/razrabotki/42969-chirok-
mal-da-udal/ (Accessed 15.04.2016) (In Russ.).

3. Vlasenko A.N., Demchenkov V.P., Lapin O.E., Lopo-
ta V.A., Nikulenkov K.P., Shelepkov E.A., Judin V.I
Ustrojstvo dlja izmerenija potokov fotonnogo izluchenija.
Patent RF no. 2299450. [Patent for the device for mea-
surement of streams of photon radiation]. Prioritet
20.05.2007 (In Russ.).

10.

NAUCHNOE PRIBOROSTROENIE, 2016, Vol. 26, No. 2

gamma-izlucheniya IMD-24. [Measuring instrument of
dose rate and differential streams of gamma radiation
IMD-24]. URL: http://www.rtc.ru/index.php/sredstva-
radiatsionnogo-kontrolya/imd-24 (Accessed 04.04.2016)
(In Russ.).

. Arkad'ev V.B., Golubeva O.A., Ilyin A.S., Lapin O.E.
[Features of the software of the measuring instrument of
dose rate and differential streams of gamma radiation,
presentation]. URL: http://www.atomic-energy.ru/
presentations/19074 (Accessed 19.11.2015) (In Russ.).

. Katalog schetchikov registracii izluchenij [Catalog of
counters of registration of radiations]. NPF "Konsensus".
URL: http://consensus-group.ru/katalog (Accessed
11.04.2016) (In Russ.).

. Vilenkin N.Ja., Vilenkin A.N., Vilenkin P.A. Kombinato-
rika [Combinatorics]. Moscow, FIMA Publ. and Mos-
cow center of continuous mathematical education Publ.,
2006. 400 p. (In Russ.).

. Gilbo E.P., Chelpanov 1.B. Obrabotka signalov na os-
nove uporjadochennogo vybora (mazhoritarnoe i blizkie k
nemu preobrazovanija) [Processing of signals on the basis
of the ordered choice (majority and other transforma-
tions)]. Moscow, Sovetskoe radio Publ., 1976. 344 p. (In
Russ.).

. David H., Nagaraja H. Order statistics. 3rd ed. Wiley,

2003. (Russ. ed.: Dehjvid G. Poryadkovye statistiki. Mos-

cow: Glavnaya redakciya fiziko-matematicheskoj litera-

tury Publ., 1979. 336 p.). Doi: 10.1002/0471722162.

Chistjakov V.P. Kurs teorii verojatnostej [Probability

theory course]. Textbook, 3rd edition. Moskow, Nauka

Publ., 1987. 240 p. (In Russ.).



100

State Scientific Center for Robotics and Technical
Cybernetics, Saint-Petersburg, Russia

Contacts: Ilyin Anatolij Stepanovich,
TOLY@RTC.RU

A.S.ILYIN

Article received in edition: 12.04.2016

NAUCHNOE PRIBOROSTROENIE, 2016, Vol. 26, No. 2



